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Lecture 9. THE SCHRODINGER REPRESENTATION

9.1 Let V be a real finite-dimensional vector space with a skew-symmetric nondegenerate
bilinear form S : V x V — R. For example, V = R"” & R” with the bilinear form

S((d,v"), (", v") =u'v'—ud"Vv. (9.1)

We define the Heisenberg group V as the central extension of V by the circle C} = {z €
C : |z| = 1} defined by S. More precisely, it is the set V' x C; with the group law defined
by
(z,A) - (&, ) = (z + 2, 5@\, (9.2)
There is an obvious complexification f/(c which is the extension of Vo = V ® C with the
help of C*.
We shall describe its Schrodinger representation. Choose a complex structure on V

J:V =V

(i.e., an R-linear operator with J2 = —Iy/) such that
(i) S(Jz,Jz') = S(z,2') for all z,2' € V;
(ii) S(Jz,z") > 0 for all z, 2’ € V.
Since J2 = —1Iy, the space Vo = V ® C = V + 4V decomposes into the direct sum
Ve = A@ A of eigensubspaces with eigenvalues i and —i, respectively. Here the conjugate
is an automorphism of V¢ defined by v + iw — v — tw. Of course,

A={v—iJv:veV}, A={v+iJv:veV} (9.3)
Let us extend S to V¢ by C-linearity, i.e.,
S(v +iw, v +iw') := S(v,v") — S(w,w’) +i(S(w,v") + S(v,w")).
Since

S(v+iJv, v £iJv') = S(v,v") = S(Jv, Jv') £i(S(v, Jv') + S(Jv,v"))
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= +i(S(Jv, J2') + S(Jv,v")) = +i(S(Jv, —v') + S(Jv,v"))

= +i(—S(Jv,v") + S(Jv,v")) =0, (9.4)
we see that A and A are complex conjugate isotropic subspaces of S in V. Observe that

S(Jv,w) = S(J*v, Jw) = S(~v, Jw) = =S (v, Jw) = S(Jw,v), v,w€E V.
This shows that (v, w) — S(Jv,w) is a symmetric bilinear form on V. Thus the function
H(v,w) = S(Jv,w) +iS(v,w) (9.5)

is a Hermitian form on (V,J). Indeed,

H(w,v) = S(Jw,v) +iS(w,v) = S(J?w, Jv) — iS(v,w) = S(Jv,w) — iS(v,w) = H(v,w),

H(iv,w) = H(Jv,w) = S(J?*v,w) +iS(Jv,w) = —S(v,w) + iS(Jv,w) =

= i(S(Jv,w) +iS(v,w)) = iH (v, w).

By property (ii) of S, this form is positive definite.
Conversely, given a complex structure on V' and a positive definite Hermitian form H

on V, we write
H(v,w) = Re(H(v,w)) + iIm(H (v, w))

and immediately verify that the function
S(v,w) =Im(H (v, w))
is a skew-symmetric real bilinear form on V', and
S(iv,w) = Re(H (v, w))

is a positive definite symmetric real bilinear form on V. The function S(v,w) satisfies
properties (i) and (ii).

We know from (9.4) that A and A are isotropic subspaces with respect to S : Ve — C.
For any a = v —1Jv,b = w — iJw € A, we have

S(a,b) = S(v—iJv,w+iJw) = S(v,w) + S(Jv, Jw) — i(S(Jv,w) — S(v, Jw))
=2S(v,w) — i(S(Jv,w) + S(Jw,v)) = 25(v,w) — 2iS(Jv,w) = —2iH (v, w).
We set for any a = v —iJu,b=w—iJw e A

{(a,b) = 4H (v,w) = 2iS(a,b). (9.6)

9.2 The standard representation of V associated to .J is on the Hilbert space S (A) obtained
by completing the symmetric algebra S(A) with respect to the inner product on S(A)
defined by

(a1a2 Tt an‘b1b2 Tt bn) = Z <a17 I_)a(l)> T <a’n7 BO’(TL)) (97)
ocEX,
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We identify A and A with subgroups of f/iby a — (a,1) and a — (a,1). Consider the

space Hol(A) of holomorphic functions on A. The algebra S(A) can be identified with the

subalgebra of polynomial functions in H ol(A)_by considering each a as the linear function
z — {(a,z) on A. Let us make A act on Hol(A) by translations

a-f(z) = f(z—a), z€A4,
and A by multiplication

a- f(2) = e () = 50 £ (),
Since _ _
[a,b] = [(a, 1), (b, 1)] = (0,€*5(*P) = (0, ef>"),

we should check that )
aob=e*poa.

We have . .
boa- f(z) = e(“’z_b>f(z —b) = e_<“’b)e<“’z>f(z —b),

aob-f(z)=el% f(z—b) = el@pogq- f(z),

and the assertion is verified. 3 ) .
This defines a representation of the group V¢ on Hol(A). We get representation of V

on Hol(A) by restriction. Write v =a+a, a € A. Then
(’U, 1) = ((I, +a, 1) = (a’7 1) ) (a’a 1) ) (07 e—iS’(a,&)). (98)

This gives _ .
v-f(z) = e @B (@ f(z)) = e 20D el02) £z — g). (9.9)

The space S(A) can be described by the following:

Lemma 1. Let W be the subspace of C4 spanned by the characteristic functions x, of
{a},a € A, with the Hermitian inner product given by

<Xa3 Xb> = e(a,b),

where x, is the characteristic function of {a}. Then this Hermitian product is positive
definite, and the completion of W with respect to the corresponding norm is S(A).

Proof. To each £ € A we assign the element e* =1+ a+ % + ... from S(A). Now we
define the map by x, — e®. Since

n

(el = (3 o

n=1 n=1 n=
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o0 1 " oo 1 a_
Z n—)%v a,b)" =Y — e, )" = efob) (9.10)
n=1 n=1

we see that the map W — S(A) preserves the inner product. We know from (9.7) that the
inner product is positive definite. It remains to show that the functions e® span a dense
subspace of S (A). Let F be the closure of the space they span. Then, by differentiating

et at t = 0, we obtain that all a™ belong to F. By the theorem on symmetric functions,
every product a; - - -a, belongs to F'. Thus F' contains S (A) and thus must coincide with

S(A).
We shall consider e® as a holomorphic function z — e{®#) on A.

Let us see how the group V acts on the basis vectors e®. Its center Ci acts by
(0,A) - e® = er, (9.11)

We have B .
h-e*=p- e(a zy e(a z—b) _ e—(a,b)e(a,z) — 6—(a,b)6a’
b

6% = b @) — p{b2) o(a2) — gatb
Let v=>b+b¢€ V, then
(v,1) = (b+b,1) = (b,1) - (b,1) - (0,5 BD)).

Hence

v-e® = e SODY . (f. o) = 3B (@B gatd — o~ BB ~(ab) gath (9.12)
In particular, using (9.10), we obtain

||v . eaH2 — <ea‘ea> — e—(b,E)—2(a,B)||ea+b||2 — e—(b,B)—2(a,,5)<ea+b|ea+b> —

— o OB Hab) (atbath) _ o= (bB)=2(ab) o(a.8)+2ab)HEE) _ o(08) _ ||eo|2,

This shows that the representation of V on S(A) is unitary. This representation is called
the Schrodinger representation of V.

Theorem 1. The Schriodinger representation of the Heisenberg group V is irreducible.

Proof. The group C* acts on S (A) by scalar multiplication on the arguments and, in
this way defines a grading:

SAr={f): f(A-2) =X f(2)}, k>0.

The induced grading on S(A) is the usual grading of the symmetric algebra. Let W be an
invariant subspace in S(A). For any w € W we can write

w(z) = Zwk wy(2) € S(A)g. (9.13)
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Replacing w(z) with w(Az), we get

w(Az) = iwk()\z) = f:)\kwk(z) ew.
k=0 k=0

By continuity, we may assume that this is true for all A € C. Differentiating in ¢, we get

dw(Az)
d\

(0) = lim (A + )2) — w(X)] = w(2) € W,

Continuing in this way, we obtain that all wy belong to W. Now let S(A) = W L W',
where W' is the orthogonal complement of W. Then W' is also invariant. Let 1 = w +w’,
where w € W, w' € W’. Then writing w and w’ in the form (9.13), we obtain that either
1€ W,or1e W' On the other hand, formula (9.12) shows that all basis functions e®
can be obtained from 1 by operators from V. This implies W = S(A) or W' = S(A). This
proves that W = {0} or W = S(A).

9.3 From now on we shall assume that V is of dimension 2n. The corresponding complex
space (V,J) is of course of dimension n. Pick some basis ey, ..., e, of the complex vector
space (V,J) such that eq,Jeq,...,e,, Je, is a basis of the real vector space V. Since
e; +iJe; = i(Je; + iJJe;) we see that the vectors e; + iJe;,i = 1,...,n, form a basis of
the linear subspace A of V. Let us identify A with C* by means of this basis. Thus we
shall use z = (21,...,2,) to denote both a general point of this space as well as the set of
coordinate holomorphic functions on C*. We can write

z2=xX+1iy = (T1,-. s Zn) + (Y1, Yn)

for some x,y € R". We denote by z-z’ the usual dot product in C™. It defines the standard
unitary inner product z - z’. Let

l2]|* = |21f* + .. [zn]* = (81 +97) + - + (27 + y) = [x]* + [y

be the corresponding norm squared.

Let us define a unitary isomorphism between the space L?(R™) and S(A). First let
us identify the space S (A) with the space of holomorphic functions on on A wich are
square-integrable with respect to some gaussian measure on A. More precisely, consider
the measure on C™ defined by

f(z)dp = f(z)e_"llz||2dz = e_”(“x"zﬂ'y”?)dxdy. (9.14)
Jro] /

R2n

Notice that the factor 7 is chosen in order that

2
/e"’”z”2dz = (/e‘”(w2+y2)dxdy> = (//e_r2rdrd0> = </e_tdt) = 1.
Cn R 0 R R
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Thus our measure p is a probability measure (called the Gaussian measure on C*).
Let

H, ={f(z) € Hol(C") : / |f(z)\2e_”||z||2dz converges}.
(Cn

Let

f@) =) az = D a5,
i

i15eenrin =0

be the Taylor expansion of f(z). We have

[is@ran=tm [ rera=
(Cn

max{|z;|}<r

oo
= E aia; lim / z'Zdy = E aiaj/sz,u
T—>00
Li=1 max{|z; |} <r L Cn

Now, one can show that

/ziijd,u = (i)"/ziije_”zdzdi = (i)”/ziije_”zdzdi =0 if i#],
Ccr Cr Cr
and

2T

/ziiidp, = H //(:ci +y,%)ike_”(wz+y’%)dmdy = H //7-2ike—7rr2rdrd9 =
R 0 R

Cn k=1 R k=1

n n
=11 W/tike_”tdt = [ [ ixl/mt =it liL.
k=1 R k=1
Here the absolute value denotes the sum #; + ...+ 4, and i! = ¢;!---4,!. Therefore, we get
[1r@Pau= 3" afr .
Cr i
From this it follows easily that
[ Fa@dan = Y b,
Cn i

where b; are the Taylor coefficients of ¢(z). Thus, if we use the left-hand-side for the
definition of the inner product in H,,, we get an orthonormal basis formed by the functions

mlil

Y2z, (9.15)

¢i(2) = (

i!
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Lemma 2. H, is a Hilbert space and the ordered set of functions 1); is an orthonormal
basis.

Proof. By using Taylor expansion we can write each ¢ (z) € H,, as an infinite series

P(z) =) cics. (9.16)

1

It converges absolutely and uniformly on any bounded subset of C*. Conversely, if ¢ is
equal to such an infinite series which converges with respect to the norm in H,, then

Ci = (,(pa ¢1) and
1917 =) lep|* < 0.

By the Cauchy-Schwarz inequality,

S el < (3 lesf?)Femli=llr2,

.

i i

This shows that the series (9.16) converges absolutely and uniformly on every bounded
subset of C". By a well-known theorem from complex analysis, the limit is an analytic
function on C™. This proves the completeness of the basis ().

Let us look at our functions e® from S(A). Choose coordinates ¢ = (C1,..-,(n) in A
such that, for any ¢ = ((1,---,Cn) € A, 2= (21,---,2n) € A,

(¢, 2) =7m(Crzr+ ...+ Cnzn) = 7C - 2.
We have
N () L I
ef =eml@ntbnt) = gren =y : (iv i > %( > %Clzl) = 4i(Oi(2).
n=1 ' " NMij=n i

Comparing the norms, we get

— i

1

li] . .
(€%, = SR = 3 TG 6 =

-y TICP _ ree — 60 = (e€1e6)

n! S(A)

n=1

So our space S (A) is maped isometrically into H,. Since its image contains the basis
functions (9.16) and S(A) is complete, the isometry is bijective.

9.4 Let us find now an isomorphism between H,, and L*(R"). For any x € R",z € C", let

k(x,z) = 2% g IIx|? g2mixz g 5 lall® (9.17)
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Lemma 3.

/k(x, 2)k(x, ()dx = e™¢%.
Rn
Proof. We have

/k(x, 2)k(x, ()dx = 2% ¢ 5 (=" +II<II®) /e—2w||x||2e—27rix-(<—z)dx =

Rn R™

_ E (i) L /e—||y||2/2e—iﬁy-<<—z)dy = 3=+ p(y/r(z — ¢)).
v (27m
R

—

where F(t) is the Fourier transform of the function e~!I¥II/2. It is known that e=#*/2 =
e~t"/2. This easily implies that F(t) = e~ !lt/I*/2. Plugging in t = \/7(z — (), we get the
assertion.

Lemma 4. Let

k(x,2z) = Z hi(x)¢i(z)

be the Taylor expansion of k(x,z) (recall that ¢; are monomials in z). Then (h;i(x)); forms
a complete orthonormal system in L2(R"). In fact,

hi(z1, ..., 2Zn) = by (1) - - - hi, (24,),

where hy(z;) = Hi(v/2nx;) with Hi(x) being a Hermite function.

Proof. We will check this in the case n = 1. Since both k(x,2z) and ¢; are products
of functions in one variable, the general case is easily reduced to our case. Since k(z, z) =
2%e7r:1:26—27r(w—iz/2)2’ we get

hi(x) = /k(x,z)qﬁi(m)dm:2%(7r/z'!)1/2/e”$2e_2”(m_iz/2)2xida:.
R R

We omit the computation of this integral which lead to the desired answer.

Now we can define the linear map

@ : L*(R™) — Hol(C"), (x) — / k(x, z)(x)dx. (9.18)
RBr

By Lemma 3 and the Cauchy-Schwarz inequality,

[2(¢)(2)] < </k(x,Z)k(x, Z)dX)\I¢(X)|| = eI/ g (x) .

Rn



112 Lecture 9

This implies that the integral is uniformly convergent with respect to the complex para-
meter z on every bounded subset of C*. Thus ®(%) is a holomorphic function; so the map
is well-defined. Also, by Lemma 4, since ¢; is an orthonormal system in Hol(C") and h; is
an orthonormal basis in L%(R"), we get

[ 126)@ P = 3 [, D = 191 < .
Cn

1

This shows that the image of ® is contained in H,,, and at the same time, that ® is a
unitary linear map. Under the map @, the basis (h;(x)); of L?(R™) is mapped to the basis
(¢3i); of Hy. Thus @ is an isomorphism of Hilbert spaces.

9.5 We know how the Heisenberg group V acts on H,. Let us see how it acts on L?*(R")
via the isomorphism ® : L?(R") & H,,.

Recall that we have a decomposition Vo = A @ A of V¢ into the sum of conjugate
isotropic subspaces with respect to the bilinear form S. Consider the map V — A,v —
v —iJv. Since Jv — iJ(Jv) = i(v — iJv), this map is an isomorphism of complex vector
spaces (V,J) — A. Similarly we see that the map v — v + iJv is an isomorphism of
complex vector spaces (V, —J) — A. Keep the basis eq,...,e, of (V,J) as in 9.3 so that
Ve is identified with C™. Then e; —iJe;, 2 =1,...,n is a basis of A, e; +1Je;, i =1,...,n,
is a basis of 4, and the pairing A x A — C from (9.6) has the form

((C1y- o5 Cn)s (215025 20)) = W(ZQ%‘) =7(-z.
=1
Let us identify (V,J) with C* by means of the basis (e;). And similarly let us do it for A
and A by means of the bases (e; —iJe;) and (e; +iJe;), respectively. Then V¢ is identified
with A@ A =C" @ C*, and the inclusion (V,J) C V¢ is given by z — (z, z).
The skew-symmetric bilinear form S : V¢ x Vo — C is now given by the formula

S((z,w), (z',w')) = %(z -w' —w-z).

Its restriction to V' is given by

S(z,2') = S((z,%), (z,7')) = %(Z-Z'—Z-z’) = %(Mlm)(z-i') = nIm(z-7') = 7(yx' —xy'),

where z = x + 1y, 2z’ = x' —iy’. Let
Vie={z€V :Im(z) =0} = {z=x € R"},
Vim ={z €V :Re(z) =0} = {z =iy € iR" }.
Then the decomposition V = V,. ® V;,, is a decomposition of V into the sum of two

maximal isotropic subspaces with respect to the bilinear form S.
As in (9.8), we have, for any v =x+ iy € V,

v=x+iy=a+a=(x+1iy,0)+ (0,x —iy) € A® A.
The Heisenberg group V acts on Hol(A) by the formulae
x +iy - f(z) = e 5@ . af(z) = e 5@ @2 f(z —7) =
— e 3V0TVEf(y —g) = e 3 XFYV)mOAW)Z £ (7 _ x 4 jy). (9.19)



Schrodinger representation 113

Theorem 2. Under the isomorphism ® : H, — L*(R"), the Schridinger representation
of V on H,, is isomorphic to the representation of V on L?(R"™) defined by the formula

(v +iu, £)ah(x) = te™V e 2T Veh(x — u). (9.20)
Proof. In view of (9.9) and (9.10), we have

(v -+ i) D) = [ (v in)k(x, 2 (x)dx

Rn
= /e_%(“'“Jrv'v)e”(v““)'zk(z — v +iu)y(x)dx
Rn
— / e—%(u-u+v-v)ew(v—l—iu)-zeZ'/rix(—v—i-iu)e%(2z(—v+iu)+(—v+iu)~(—v+iu)) k(X, z)v,b(x)dx
Rn
— /e—7ru~u+27riu-z—27rixv—27rxu—7riv-uk(X, Z)’lp(X)dX.
Rn
B((v + i) - (x)) = / (%, 2) eV e 2TV ) dx
Rn

— / k(t +u, z)e'/riv-ue—27ri(t+u)~v¢(t)dt — /k(x +u, Z)ewiv~ue—2m'(x+u)~v,¢(X)dx

Rn Rn

/ e—7ru~u—27rux+27riu-z—7r7lV~ll—27FiXVk(x z)tp(x)dx
, .
R

By comparing, we observe that
(v +iu) - (¢ (x)) = S((v +1u) - ¢ (x)).
This checks the assertion.

9.6 It follows from the proof that the formula (9.20) defines a representation of the group
V on L?(R"). Let us check this directly. We have

(v +iu, ) (v + ', ) - p(x) = (v + V') +i(u 4 o), e V) Ly (x) =

— ttleiw(u-v'—v-u')e7r7}(v+v')~(u+u')e—27rix-(v+v')¢(x —u-— ul) —

— ttleiﬂ(v-u+v'~u'+2v'-u)e—27rix-(v+v'),¢)(x —u-— 11/).

(v+iu t) - (v + 0, t)  p(x) = (v +iu, 1) - (Fe™ Y e 2V g(x — o)) =
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. . . 1 . ’
— ttlem’uve—%rwoveuru v e—27rz(x—u)~v w(x —u-— ul) —

— ttleiw(v-u+v'~u'+2v'-u)e—27rix~(v+v'),l)b(x —u-— ll,).

So this matches. .
Let us alter the definition of the Heisenberg group V' by setting

(z,) - (2, 1) = (z+ 2, 1t'e™™Y"),

where z = x4+ iy, 2z’ = x’' +4y’. It is immediately checked that the map (z,t) — (z,te™ V)
is an isomorphism from our old group to the new one. Then the new group acts on L?(R")
by the formula

(v 4 iu,t) - (x) = te” 2" *Vep(x — u), (9.21)

and on Hol(A) by the formula
(V + 4u, t) . f(Z) _ te—%(u-u-l-v-v)+7rz-(v-|-iu)-|-i7rv~uf(z _ u) —
— e7r((z—%v)-v—%u~u)+i7r(z+v)~uf(z _ 11). (922)
This agrees with the formulae from [Igusal, p. 35.

9.7 Let us go back to Lecture 6, where we defined the operators V(v) and U(u) on the
space L?(R™) by the formula:

Uu)p(q) = e’ PrtFunPuly(q) = 4p(q — hu),

V(V)lp(q) — ei(U1Q1+"'+U"Q")'¢(Q) — eiv-qlp(q).
Comparing this with the formula (9.19), we find that

1

U(u)y(q) = ihu-v¢(q), V(v)Y(q) = ~5V Y(q),

where we use the Schrodinger representation of the (redefined) Heisenberg group V in
L?(R™). The commutator relation (6.18)

[U(w), V(v)] = e7t

agrees with the commutation relation
. 1 . 1 2mi(u-— 5=v) —iu-v
[Zh'l.l, _%V] = [(Zhll, 1)7 (_%Va 1)] = (07 € 2 ) = (Oa € )

In Lecture 7 we defined the Heisenberg algebra H. Its subalgebra A generated by the
operators a and a* coincides with the Lie subalgebra of self-adjoint (unbounded) operators
in L2(R) generated by the operators P = ihdiq and Q = ¢q. If we exponentiate these

operators we find the linear operators e?’?, e®P. It follows from the above that they
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form a group isomorphic to the Heinseberg group V, where dimV = 2. The Schrodinger
representation of this group in L2(R) is the exponentiation of the representation of N
described in Lecture 7. Adding the exponent e of the Schrédinger operator H = waa* —
%" leads to an extension

12V 3G —>R —1.

Here the group G is isomorphic to the group of matrices

1 =z Y z
0 w 0 Y
0 0 w'l! —x
0 0 0 1

oo o

where x,y € R", 2z, w € R. More generally, we can introduce the full Heisenberg group as
the extension

1=V —=G—Sp2n,R) —1,

where Sp(2n, R) is the symplectic group of 2n x 2n matrices X satisfying

On _In t __ On _In
X(In on)X_ I, 0, )"

The group G is isomorphic to the group of matrices

1 x vy z
0 A B yt
0 C D —xt |’
0 0 O 1

where (é g) is an n x n-block presentation of a matrix X € Sp(2n, R).
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Exercises.

1. Let V be a real vector space of dimension 2n equipped with a skew-symmetric bilinear
form S. Show that any decomposition Vo = A & A into a sum of conjugate isotropic
subspaces with the property that (a,b) — 2iS(a,b) is a positive definite Hermitian form
on A defines a complex structure J on V such that S(Jv, Jw) = S(v,w), S(Jv,w) > 0.

2. Extend the Schrodinger representation of V on S (A) to a projective representation of
the full Heisenberg group in P(S(A)) preserving (up to a scalar factor) the inner product
in S(A). This is called the metaplectic representation of order n. What will be the

corresponding representation in P(L?(R"))?
3. Consider the natural representation of SO(2) in Ly(R?) via action on the arguments.
Desribe the representation of SO(2) in Hy obtained via the isomorphism @ : Hy & Ly(R?).

4. Consider the natural representation of SU(2) in H, via action on the arguments.
Describe the representation of SU(2) in Ly(R?) obtained via the isomorphism ® : Hy =
Lo(R?).
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Lecture 10. ABELIAN VARIETIES AND THETA FUNCTIONS

10.1 Let us keep the notation from Lecture 9. Let A be a lattice of rank 2n in V. This
means that A is a subgroup of V' spanned by 2n linearly independent vectors. It follows
that A is a free abelian subgroup of V and thus it is isomorphic to Z2?". The orbit space
V/A is a compact torus. It is diffeomorphic to the product of 2n circles (R/Z)?". If we
view V as a complex vector space (V,J), then T has a canonical complex structure such
that the quotient map

m:V-o>V/A=T

is a holomorphic map. To define this structure we choose an open cover {U;};c; of V such
that U; NU; +~ = 0 for any v € A. Then the restriction of 7 to U; is an isomorphism and
the complex structure on 7(U;) is induced by that of U;.

The skew-symmetric bilinear form S on V defines a complex line bundle L on T which
can be used to embed T into a projective space so that T becomes an algebraic variety.
A compact complex torus which is embeddable into a projective space is called an abelian
variety.

Let us describe the construction of L. Start with any holomorphic line bundle L over
T. Tts pre-image n*(L) under the map 7 is a holomorphic line bundle over the complex
vector space V. It is known that all holomorphic vector bundles on V' are (holomorphically)
trivial. Let us choose an isomorphism ¢ : 7*(L) = L xp V' — V x C. Then the group A
acts naturally on 7*(L) via its action on V. Under the isomorphism ¢ it acts on V' x C by
a formula

v-(v,t) = (v+7v,,)t), yEAveEV,teC (10.1)

Here o, (v) is a non-zero constant depending on y and v. Since the action is by holomorphic
automorphisms, a.,(v) depends holomorphically on v and can be viewed as a map

a:A—=>0)", ~v—= a,(v),

where O(V') denotes the ring of holomorphic functions on V' and O(V)* is its group of
invertible elements. It follows from the definition of action that

gyt (V) = (v + 7 )y (v). (10.2)
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Denote by Z(A, O(V)*) the set of functions « as above satisfying (10.2). These func-
tions are called theta factors associated to A. Obviously Z!(A,O(V)*) is a commutative
group with respect to pointwise multiplication. For any g(v) € O(V)* the function

ay(v) = g(v+7)/9(v) (10.3)

belongs to Z(A,O(V)*). It is called the trivial theta factor. The set of such func-
tions forms a subgroup B(A,O(V)*) of Z1(A,O(V)*). The quotient group is denoted
by H'(A,O(V)*). The reader familiar with the notion of group cohomology will recog-
nize the latter group as the first cohomology group of the group A with coefficients in the
abelian group O(V*) on which A acts by translation in the argument.

The theta factor a € Z'(A,O(V)*) defined by the line bundle L depends on the
choice of the trivialization ¢. A different choice leads to replacing ¢ with g o ¢, where
g:VxC —= V xC is an automorphism of the trivial bundle defined by the formula
(v,t) = (v,g(v)t) for some function g € O(V)*. This changes ., to a,(v)g(v +7)/g(v).
Thus the coset of a in H*(A, O(V)*) does not depend on the trivialization ¢. This defines
a map from the set Pic(T') of isomorphism classes of holomorphic line bundles on T to the
group H'(A, O(V)*). In fact, this map is a homomorphism of groups, where the operation
of an abelian group on Pic(T) is defined by tensor multiplication and taking the dual
bundle.

Theorem 1. The homomorphism
Pic(T) — H' (A, O(V)*)

is an isomorphism of abelian groups.

Proof. Tt is enough to construct the inverse map H'(A, O(V)*) — Pic(T). We shall
define it, and leave to the reader to verify that it is the inverse.

Given a representative a of a class from the right-hand side, we consider the action
of A on V' x C given by formula (10.2). We set L to be the orbit space V' x C/A. It comes
with a canonical projection p : L — T defined by sending the orbit of (v,t) to the orbit of
v. Its fibres are isomorphic to C. Choose a cover {U;};cs of V as in the beginning of the
lecture and let {W;};cs be its image cover of T. Since the projection 7 is a local analytic
isomorphism, it is an open map (so that the image of an open set is open). Because T is
compact, we may find a finite subcover of the cover {W;};c;. Thus we may assume that
I is finite, and 7= 1(W;) = [1,eaUi + 7). Let m; : U; — W; be the analytic isomorphism
induced by the projection 7. We may assume that =, ' (W; N W;) = 7rj_1(Wi N W;) + vij
for some 7;; € A, provided that W; N W; # (. Since each U; x C intersects every orbit of
Ain V x A at a unique point (v,t), we can identify p~*(W;) with W; x C. Also

W; x C D p;y H(Wi N Wy) = p; H(W; N W;) € W x C,

where the isomorphism is given explicitly by (v,t) — (v, ay,;(v)t). This shows that L is
a holomorphic line bundle with transition functions gw, w,(z) = a.,,(7; *(z)). We also
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leave to the reader to verify that replacing a by another representative of the same class
in H' changes the line bundle L to an isomorphic line bundle.

10.2 So, in order to construct a line bundle L we have to construct a theta factor. Recall
from (9.11) that V acts on S(A) by the formula

v-ed = e—(b,b)/2—(a,b)ea+b’

where v = b+ b. Let us identify V with A by means of the isomorphism v — b = v — iJv.
From (9.6) we have

(v —iJv,w+iJw) = 4H (v, w) = 45 (Jv,v) + 4iS (v, w).

Thus _ _
e~ (0:0)/2—(a;b) _ —2H(7,7)—4H(v,7)
Set
oy (v) = e 27 —4H(v),
We have

! ! ! ! ! ! !
iyt (V) = e 2H(+Y ) —4H(v,y+7") — o—2H(v)—2H(v' v )—4ReH (v,y')—4H (v,7)—4H(v,7")

. ’ 1 1o 1] . 7

We see that condition (10.2) is satisfied if, for any v, € A,
ImH(y,7') =8(v,7) € gZ-
Let us redefine o by replacing it with
ay(v) = e~ ™H (1) =27 H (v,7) (10.4)

Of course this is equivalent to multiplying our bilinear form S by —%. Then the previous
condition is replaced with
S(AxA)CZ. (10.5)

Assuming that this is true we have a line bundle L,. As we shall see in a moment it is
not yet the final definition of the line bundle associated to S. We have to adjust the theta
factor (10.4) a little more. To see why we should do this, let us compute the first Chern
class of the obtained line bundle L.

Since V is obviously simply connected and 7 : V' — T is a local isomorphism, we can
idenify V with the universal cover of T" and the group A with the fundamental group of T'.
Since it is abelian, we can also identify it with the first homology group H;(T,Z). Now,

we have
k

Hy(T,Z) = \(H:\(T,Z)
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because T is topologically the product of circles. In particular,

H*(T,Z) = Hom(Hy(T,Z),2) = \(H:(T,2))* = (\ A)". (10.6)

This allows one to consider S : A x A — Z as an element of H?(T,Z). The latter group is
where the first Chern class takes its value.

Recall that we have a canonical isomorphism between Pic(T) and H(T, O%) by com-
puting the latter groups as the Cech cohomology group and assigning to a line bundle L
the set of the transition functions with respect to an open cover. The exponential sequence
of sheaves of abelian groups

27d
0—Z—0r = 0F—1 (10.7)
defines the coboundary homomorphism
HY(T,0%) — H*(T,Z).

The image of L € Pic(T) is the first Chern class ¢ (L) of L. In our situation, the cobound-
ary homomorphism coincides with the coboundary homomorphism for the exact sequence
of group cohomology

HY(A,O(V)) = HY (A, 0(V)Y) - H2(A,Z) = H*(T,Z)

arising from the exponential exact sequence

17 -—0WV) 25 oW —1. (10.8)

Here the isomorphism H?(A,Z) = H?(T,Z) is obtained by assigning to a Z-valued 2-
cocycle {c, '} of A the alternating bilinear form é&(vy,v’) = ¢4 — ¢y 4. The condition for
a 2-cocycle is

Cya,v3 = Cya4v1,7s + Cyi,y24+vs = Cyi,ye = 0. (10'9)

It is not difficult to see that this implies that ¢ is an alternating bilinear form.
Let us compute the first Chern class of the line bundle L, defined by the theta factor
(10.4). We find 3,(v) : A x V — C such that a.,(v) = €2™%+ (). Then, using

1= @iy (v) /ety (v + 7 )ty (v),
we get
Cyyt (V) = Bty (V) = By (v +9') = By (v) € Z.

By definition of the coboundary homomorphism 6(L,) is given by the 2-cocycle {c, 4 }.
Returning to our case when a.,(v) is given by (10.4), we get

By(0) = £ (H,7) + 2H(0,7))
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Cyyt (V) = Bygyt (V) = By (v +7') = By (v) = %(2R6H (v,7") —2H(', 7)) = —ImH (v,").

Thus
c1(La) = {cyy = Cyr oy} = {=2ImH(v,7")} = —28.

We would like to have ¢;(L) = S. For this we should change H to —H/2. However the
corresponding function a.,(v)’ = e3HMN+7H©) js not a theta factor. It satisfies

Uy (’U)I _ eiWS(%’YI)Oé,Y (1) + ’YI),a'y’ (’U),.
We correct the definition by replacing o, (v)" with o (v)'x(v), where the map
x:A—C]

has the property ) )
X(v+7) = x(M)x ()™, vy, 4" € A, (10.10)

We call such a map a semi-character of A. An example of a semi-character is the map
x(7) = €™ (1) where S’ is any bilinear form on A with values in Z such that

S’ (v, ) =S8'"(v,v) = S(v,7)- (10.11)
Now we can make the right definition of the theta factor associated to S. We set
oy (v) = e%H(%WHwH(v,W)X(,y)_ (10.12)

Clearly v — x%(v) is a character of A (i.e., a homomorphism of abelian groups A —
C}). Obviously, any character defines a theta factor whose values are constant functions.
Its first Chern class is zero. Also note that two semi-characters differ by a character and
any character can be given by a formula

x(7) = 2O,
where [ : V' — R is a real linear form on V.
We define the line bundle L(H, x) as the line bundle corresponding to the theta factor

(10.12). It is clear now that
c1(L(H,x)) =S. (10.13)

10.3 Now let us interpret global sections of any line bundle constructed from a theta factor
a € ZYV,0(V)*). Recall that L is isomorphic to the line bundle obtained as the orbit
space V x C/A where A acts by formula (10.2). Let s : V' — V x C be a section of the
trivial bundle. It has the form s(v) = (v, ¢(v)) for some holomorphic function ¢ on V. So
we can identify it with a holomorphic function on V. Assume that, for any v € A, and
any v € V,

Bv +7) = (1) (0). (10.14)
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This means that v - s(v) = s(v + 7). Thus s descends to a holomorphic section of L =
V x C/A — V/A = T. Conversely, every holomorphic section of L can be lifted to a
holomorphic section of V' x C satisfying (10.14).

We denote by I'(T, L,) the complex vector space of global sections of the line bundle
L, defined by a theta factor a. In view of the above,

I(T, La) = {¢ € Hol(V) : ¢(z +7) = ay (v)(v)}. (10.15)

Applying this to our case L = L(H, x) we obtain

[(T, L(H, x)) = {$ € Hol(V) : (v + ) = e3TOTHHEN N ()p(v), Vo € V.7 € A,
(10.16)
Let B,(v) = g(v+)/g(v) be a trivial theta factor. Then the multiplication by g defines
an isomorphism

(T, L) 2 T(T, Lop).

We shall show that the vector space I'(T, L(H, X)) is finite-dimensional and compute
its dimension.
But first we need some lemmas.

Lemma 1. Let S : A x A — Z be a non-degenerate skew-symmetric bilinear form. Then
there exists a basis wi, . . .,wan of A such that S(w;,w;) = di0iyn j,i = 1,...,n. Moreover,
we may assume that the integers d; are positive and di|ds|...|d,. Under this condition
they are determined uniquely.

Proof. This is well-known, nevertheless we give a proof. We use induction on the
rank of A. The assertion is obvious for n = 2. For any v € A the subset of integers
{S(v,7"),~" € A} is a cyclic subgroup of Z. Let d, be its positive generator. We set d;
to be the minimum of the d,’s and choose w1, wp4+1 such that S(wi,wn+1) = di. Then for
any v € A, we have d1|S(y,w1), S(7,wn+1). This implies that

S(v,w S(v,w
5 — (77 1)wn+1 _ (77 n+1)w1 e AI — (Zw1 + an—i—l)J_-
d1 dl
Now we use the induction assumption on A’. There exists a basis wa, . . ., Wy, Wpi2, - - - Wan

of A’ satisfying the properties from the statement of the lemma. Let ds,...,d, be the
corresponding integers. We must have dy|da, since otherwise S(kwi + wa, W41 + Wnto) =
kdi1 + d2 < dy for some integer k. This contradicts the choice of dy. Thus wi,...,ws, is
the desired basis of A.

Lemma 2. Let H be a positive definite Hermitian form on a complex vector space V and
let A be a lattice in V' such that S = Im(H) satisfies (10.5). Let w1, ...,ws, be a basis
of A chosen as in Lemma 1 and let A be the diagonal matrix diag|dy,...,dy,]. Then the
last n vectors w; are linearly independent over C and, if we use these vectors to identify V
with C", the remaining vectors wyy1, - -.,ws, form a matrix Q = X +14iY € M,(C) such
that
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(i) QA™! is symmetric;
(ii) YA~ is positive definite.

Proof. Let us first check that the vectors wy41,...,ws, are linearly independent over
C. Suppose \wpy1 + ... + Apwa, = 0 for some A\; = z; + 2y;. Then

n n
w = — E TiWn4q =1 E YiWn4q = 0.
=1 =1

We have S(iv,v) = S(w,v) = 0 because the restriction of S to Rw,41 + ... + Rwsy, is
trivial. Since S(iv,v) = H(v,v), and H was assumed to be positive definite, this implies
v=w=0and hence z; =y, =\, =0, =1,...,n.

Now let us use wpy1,...,ws, to identify V with C"*. Under this identification, wy,4+; =
ei, the ¢-th unit vector in C". Write

w]‘ = (w1j, .. .,wnj) = (ﬂ?lj, .. -;mnj) +?:(y1j, . -aynj) = Re(wj) +iIm(wj), j = 1, PPN 'R

We have

n n

diéz-j = S(wi, ej) = Z (mkiS(ek, ej)+yki5(iek, ej)) = ZykiS(iek, ej) = ZS(’iej, ek)yki.
k=1 k=1 k=1

Let A = (S(iej, ex));jk=1,..n be the matrix defining H : C* x C* — C. Then the previous
equality translates into the following matrix equality

A=A-Y. (10.17)

Since A is symmetric and positive definite, we deduce from this property (ii). To check
property (i) we use that

n n
0= S(wi, wj) = S(Z Tki€k + Ykillk, Z Trjer + ykjiek) =
k=1 k=1

=Y @i (D ymiSlier, ew)) = Y wri( Y yriS(ieh, er)) =
k=1

k'=1 k=1 k'=1
n n
E : E : -1 —1
= :Ekrjdi(sklz' — xkidjékj = ngdz — -'L'jz'dj = dzdj (a:ijdj — .’Eﬂdz )
k'=1 k=1

In matrix notation this gives

X A7l =(X-ATH,

This proves the lemma.
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Corollary. Let H : V x V — C be a Hermitian positive definite form on V such that
Im(H)(A x A) C Z. Let II be a 2n X n-matrix whose columns form a basis of A with
respect to some basis of V over R. Let A be the matrix of Im(H) with respect to this
basis. Then the following Riemann-Frobenius relations hold

(i) TIA7IIE = 0;

(ii) —iIIAIE > 0.

Proof. It is easy to see that the relations do not depend on the choice of a basis. Pick
a basis as in Lemma 2. Then, in block matrix notation,

M=(Q I,), A:(B”A (ﬁ) (10.18)

This gives

-1 t
AT = (Q I,) (_&11 P ) (SI2 ) — ATl QA T =0,
n n

. —17t . On A_l Qt .
—i[MA™II" = —i (Q I")<—A_1 0, I )=

= —i(—ATI + QAT = —i(2iYATY) =2YATE > 0.

Lemma 3. Let A : I' = C} be a character of A. Let w1, ...,ws, be a basis of A. Define
the vector c, by the condition:

Aw;) = e2mSWien) =1, ... 2n.
Note that this is possible because S is non-degenerate. Then
$(v) = (v + cy)emH N

defines an isomorphism from I'(T, L(H,x)) to T'(T,L(H, x - \)).

Proof. Let ~
P(v) = p(v + cx)e™ ),

Then
(/;(U—F’Y) _ e”H(“JF"Y’C*)qﬁ(v—I-c,\—I-'y) _ e”H(U’CA)qﬁ(U—}—c,\)X(’Y)BW(%H(7’7)+H(U+CA’7))6WH(’Y’C)‘)
- &(U)eW(H(%CA)—H(C,\77))eﬂ(%H(’Y”Y)JrH(U,’Y))X(,y) — é(v)e%is(%cweW(%H(’Yv’Y)JFH(“”Y))X('y)

= $(u)emGHOM Iy (1) A().
This shows that ¢ € [(T,L(H,x - A). Obviously the map ¢ —  is invertible.
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10.4 From now on we shall use the notation of Lemma 2. In this notation V' is identified
with C" so that we can use z = (z1,...,2,) instead of v to denote elements of V. Our
lattice A looks like

ANA=Zw+ ...+ 2wy, +Zei+ ...+ Ze,.

The matrix
Q=|wi,...,wy (10.19)

satisfies properties (i),(ii) from Lemma 2. Let
Vi=Re; +...+Re, ={z € C": Im(z) = 0}.

We know that the restriction of S to Vi is trivial. Therefore the restriction of H to Vj is a
symmetric positive definite quadratic form. Let B : V x V — C be a quadratic form such
that its restriction to Vi x V; coincides with H (just take B to be defined by the matrix
(H(ei,ej)). Then

ol (v) = Of,y(’l))e_ﬂ-B(z”Y)_%B(’y”Y) - av(v)(e_%B(ZJF%”V)/e_%B(Z’Z)) =

Since a and o’ differ by a trivial theta factor, they define isomorphic line bundles.
Also, by Lemma 3, we may choose any semi-character x since the dimension of the
space of sections does not depend on its choice. Choose x in the form

Xo(y) = €S ), (10.20)

where S’ is defined in (10.11) and its restriction to V3 and to Vo = Rwy + ... + Rw, is
trivial, For example, one may take S’ to be defined in the basis wy,...,wy,€1,...,€, by

the matrix (g" A —(l; I") . We have

xo(v) =1,7€ ViU V3.
So we will be computing the dimension of I'(T, L,:) where

Using (10.17), we have, foranyz € Vand k=1,...,n

(H— B)(z,ex) = Y _ zi(H — B)(ei,ex) =0,

(H — B)(2,wy) = 7- (H(ei; ¢5)) - wp — 7~ (Bei, ¢5)) - wi = z(H (es, €5)) (W — wi) =
—24Z - (S(zez, ej)) . Imu_Jk = -7z - (AY)ek =—-21z-A- €L = —2idkzk. (10.22)
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Theorem 2.
dimc(T,L(H, x)) = |A| =dy - - - dy,.

Proof. By (10.22), any ¢ € I'(T, L},) satisfies
¢(z +ex) = e, (2)9(2) = ¢(2), k=1,....n,

Bz + wi) = o, (2)P(2) = e 2B EETI0R) g(5) k=1, n. (10.23)

The first equation allows us to expand ¢(z) in Fourier series

¢(Z) — Z are27rir-z'

rezm

By comparing the coefficients of the Fourier series, the second equality allows us to find
the recurrence relation for the coefficients

ar = e_"i@r"‘”“"'d’““’k’“)ar_dkek. (10.24)

Let
M={m=(mq,...,my) €Z":0<m; < d;}.

Using (10.24), we are able to express each a, in the form

ay = 627r'i)\(r)an17
where A(r) is a function in r, r = m mod (di, ..., d,), satisfying

1
)\(I‘ — dkek) = )\(I‘) — T W — idkwkk

This means that the difference derivative of the function A is a linear function. So we
should try some quadratic function to solve for \. We can take

Ar) = %r-Q-(A‘l-r).

We have .
)\(I‘ — dkek) = 5(—dkek —+ I‘) -Q- (—ek + AL I‘) =

1 1
:)\(r)—§<—dkek-QA_1-r—r-Q-ek-l—dkek-Q-ek) :)\(r)—r-wk—ﬁdkwkk.

This solves our recurrence. Clearly two solutions of the recurrence (10.24) differ by a

constant factor. So we get
¢(z) = Z cm0Om(2),
meM
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for some constants ¢y, and

em(z) — Z 627rz')\(m+A~r)e27riz-(m—|—A-r) — Z ewi((m~A_1+r)-(AQ)~(A_1m+r)+2z~(m+A~r)).

rezn rezn
(10.25)

The series converges uniformly on any bounded subset. In fact, since ' = Q- A~!is
a positive definite symmetric matrix, we have

[Tm(Q- A7) -x|| > C|Jr| )%,
where C' is the minimal eigenvalue of €2'. Thus

Z ‘627ri)\(m+A-r)HeZﬂ'iz-(m-l-A-r)‘ — Z ‘6—71'ITTL(Q’)||(III-|-A'1‘)||2 ‘qm+A-r|
rezmn rezn

< Z e—C7r||m+A-r||2‘q‘m+A~r

> )

rezmn

where q = 2™, The last series obviously converges on any bounded set.

Thus we have shown that dimI'(T, L,) < #M = |A|. One can show, using the unique-
ness of Fourier coefficients for a holomorphic function, that the functions 6,, are linearly
independent. This proves the assertion.

10.5 Let us consider the special case when

This means that éS |A x A is a unimodular bilinear form. We shall identify the set of
residues M with (Z/dZ)™. One can rewrite the functions 0, in the following way:

gm(z) _ Z e7ri(%m+r)-(dQ)-(%m+r)+27ridz-(ém—i—r). (1026)
rezn

Definition. Let (m,m’) € (Z/dZ)" & (Z/dZ)™ and let Q be a symmetric complex n X n-
matrix with positive definite imaginary part. The holomorphic function

b () = 3 i (mer) 2 (Gmer)42(at fm') (b))

rezm

is called the Riemann theta function of order d with theta characteristic (m,m’) with
respect to 2.

A similar definition can be given in the case of arbitrary A. We leave it to the reader.

So, we see that I'(T, L,:) =2 I'(T, L(H, xo)) has a basis formed by the functions

Om(2z) = Om o(dz;d?), m € (Z/dZ)". (10.27)
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Using Lemma 3, we find a basis of I'(T, L(H, x))- It consists of functions
e~ 2= A2 o(d(z + ¢;dQ)),

where A is the symmetric matrix (H(e;,e;)) = (S(ie;,e;)) and ¢ € V is defined by the

condition '
X(’Y) = 627”5(677)7 Y = €, wiai = 17 RN

Let us see how the functions 6y, m’ (2, 2) change under translation of the argument by

vectors from the lattice A. We have

em m’(z + ek,Q) — Z eﬂ'i((ém—{—r)-f}(%m+r)+2(z+ek+%m')~(%m+r)) —

rezn

. 27wim; 2wim
- Z 67"1((%m+l‘)-Q-(%m+r)+2(z+%m’).(%m+r))e Tt —eat Om,m' (2;2),
rezm
Ot (2 + ;@) = 3 i ((mer—cn) 0 Gmer—cu) +2(atontm) (Gmtr—en)
R )

rezmn

_ 2 :e7ri((%m+r)-9-(%m+r)+2(z+wk+ém')-(%m+r))e—7r(2zk+wkk)+2”;nk —
rczn
2mwim/

— et e—iﬂ'(2zk+wkk)9m,m, (z; Q). (10.28)
Comparing this with (10.23), this shows that

O (2; Q)% € T(T, L) = T(T, L(H, x0)).- (10.29)

This implies that 0m m'(2z;2) generates a one-dimensional vector space I'(T, L), where
L®4 = [,(H, xo). This line bundle is isomorphic to the line bundle L(%H, x) where x" =
Xo- A line bundle over T' with unimodular first Chern class is called a principal polarization.
Of course, it does not necessary exist. Observe that we have d?" functions O ms(z; )4
in the space I'(T, L,:) of dimension d”. Thus there must be some linear relations between
the d-th powers of theta functions with characteristic. They can be explicitly found.

Let us put m = m’ = 0 and consider the Riemann theta function (without character-
istic)

O(z; Q) = ) efrlmrien), (10.30)
rezn
We have . .
Oz + m' + Jm- Q) = § (@At am )
rezn
_ Z ez"/r((r—i—%m)-Q~(r+%m)+2(z+%m')(%m+r)—d%(m~m'+m~Q%m) _

rezn
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_ e—iﬂd%(m.m’+m~ﬂém)9m7m,(Z; Q) (1031)

Thus, up to a scalar factor, 0y, m' is obtained from © by translating the argument by
the vector

1 1
8(m'+mQ) € EA/A:Tn ={a €T :na=0}. (10.32)

This can be interpreted as follows. For any a € T denote by t, the translation
automorphism z — x + a of the torus T'. If v € V represents a, then ¢, is induced by the
translation map ¢, : V — V,z — z+v. Let L, be the line bundle defined by a theta factor
a. Then f: v — ay(z + v) defines a theta factor such that Lg = t%(L). Its sections are
functions ¢(z + v) where ¢ represents a section of L. Thus the theta functions O m/(2; 2)
are sections of the bundle ¢*(L*) where © € I'(T,L*) and a is an n-torsion point of T
represented by the vector (10.32).

10.6 Let L be a line bundle over T'. Define the group
G(L)={aeT:t,(L)=L}.

If L is defined by a theta factor a.,(z), then ¢} (L) is defined by the theta factor o.,(z + v),
where v is a representative of @ in V. Thus, ¢} (L) =2 L if and only if ay(z + v)/a,(2) is a
trivial theta factor, i.e.,

ay(z +v)/ay(2) = g(z +7)/g(v)
for some function g € O(V)*. Take L = L(H, x). Then

g(z +7)/g(z) = e3HOMFT2H(EHv.7)) /o5 (Hlym)+2H (7)) — orH(v,7)

Multiplying g(z) by e™ @) ¢ O(V)*, we get that

eﬂ-H(U"y)eﬂ'H(Z—'—’y’U)/eﬂ'H(Z,U) — 67I'(H(U7'Y)+H('Yav)) — ezﬂZImH(U”Y) f— 627‘-18(1}’7) (10_33)

is the trivial theta factor. This happens if and only if e275(:7) = 1. This is true for
any theta factor which is given by a character x : A — Cj. In fact x(A\) = g(z+v)/9(2)
implies that |g(z)| is periodic with respect to A, hence is bounded on the whole of V. By
Liouville’s theorem this implies that g is constant, hence x(A) = 1. Now the condition

e2mi5(v:7) = 1 is equivalent to
S(v,y) € Z, Vv e€A.
So
G(L(H,x)) =2 As:={v €V :S(v,7) €Z, VyeA}/A=P(Z/dZ) . (10.34)
=1
If the invariants d, ..., d, are all equal to d, this implies

G(L(H, x)) = %A/A _T, (éZ/Z)?ﬂ ~ (2./dZ)>".
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Now let us define the theta group of L by
G(L) ={(a,¥):a € G(L),y:t:(L) — L is an isomorphism}.
Here the pairs (a, ), (a/,9) are multiplied by the rule

((a, ) (0, 9') = (a+a', o t5(W) s tayar (L) = 2(t5 (L)) =B (1) L),

The map G'(L) — G(L),(a,9) — a is a surjective homomorphism of groups. Its kernel is
the group of automorphisms of the line bundle L. This can be identified with C*. Thus
we have an extension of groups

1-C = G(L)— G(L) — 1.

Let us take L = L(H, x). Then the isomorphism ¢}(L) — L is determined by the trivial
theta factor e™(*7) and an isomorphism % : ¢*(L) — L by a holomorphic invertible
function g(z) such that

g9(z+7)/g(z) = ™), (10.35)

It follows from (10.33) that 9 (z) = e™H(*%) satisfies (10.35). Any other solution will differ
from this by a constant factor. Thus

G(L) = {(v, Ae™H@)) y € G(L), X € C*}.
We have

(v, Ae™HE)) (o )\'e”H(z’”’)) = (v+, )\)\'e"H(”“’“’)eﬂH(z’”)) =
= (v+1/, )\)\'e”H(z’“+U’)e”H(”’“’)).

This shows that the map
(v, Ae™HE@)Y 5 (9, )

is an isomorphism from the group G(L) onto the group Ag which consists of pairs (v,A\),v €
G(A, S), A € C which are multiplied by the rule
(v, A) - (v, X) = (v 4 v/, AN e™H @),
This group defines an extension of groups
15 C > Ag — Ag — 1.

The map (v, \) = (v, A\/|A]) is a homomorphism from Ag into the quotient of the Heisen-
berg group V by the subgroup A of elements (7,A) € A x Cj. Its image is the subgroup of
elements (v, A), v € G(L) modulo A. Its kernel is the subgroup {(0,): A € R} = R.

Let us see that the group G (L) acts naturally in the space I'(T, L). Let s be a section of
L. Then we have a canonical identification between t*(L),_, and L,. Take (a, ) € G(L).
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Then x — v (s(x)) is a section of ¢t%(L), and x — ¥ (s(z — a)) is a section of L. It is easily
checked that the formula
((a,9) - 5)(z) = ¥(s(z — a))

is a representation of G(L) in I'(T, L). This is sometimes called the Schrédinger repre-

(a3

sentation of the theta group. Take now L,: = L(H,xo). Identify s with a function ¢(z)
satisfying
¢(z —+ f)/) = Xo(ry)eﬂ(%(H_B)(’Y,’Y)+(H_B)(Z’U))QS(Z)-

Represent (a, ) by (v, )\e”H(z*“))%. Then

$(2) = (a,9) - p(z) = Ae"H-BIE=vv)g(7 — ). (10.36)
We have, by using (10.22),

1 1,1
362' . Hm(z) = eW(H_B)(Z_Eei’Eei)em(z o %62) = Hm(z - lez) =

Z emi(3m4r)(dQ)- (3 m+r)+2mid(z—Le;)-(fm+r) _ ewem(z)’
rezmn
1 1
Wi On(z) = "B Emd00awg (; — Suy) =
_ e—27ri(zi+%) Z eﬂi(%m+r).(dQ)~(%m—|—r)+2ﬂ'id(z—%wi)-(%m—i—r) _
rezmn
e~ 2mi(zitsy) Z eTi( G (m—ei)+r)-(dQ)- (3 (m—e)+r)+2mid(z- (g (m—ei)+r) _ Om—e, (). (10.37)
rezn

10.7 Recall that given N + 1 linearly independent sections sg, ..., sy of a line bundle L
over a complex manifold X they define a holomorphic map

f: X' PNz (so(x)....,sn(x)),

where X’ is an open subset of points at which not all s; vanish. Applying this to our case
we take L.+ = L(H,Xxo) and s; = 0y, (z) (with some order in the set of indices M) and
obtain a map

f:T"—-P¥, N=dy---d, —1.

where d|...|d, are the invariants of the bilinear form I'm(H)|A x A.

Theorem (Lefschetz). Assume d; > 3, then the map f : T — PV is defined everywhere
and is an embedding of complex manifolds.

Proof. We refer for the proof to [Lange].
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Corollary. Let T = C" /A be a complex torus. Assume that its period matrix IT composed
of a basis of A satisfies the Riemann-Frobenius conditions from the Corollary to Lemma
2 in section 9.3. Then T is isomorphic to a complex algebraic variety. Conversely, if
T has a structure of a complex algebraic variety, then the matrix Il of A satisfies the
Riemann-Frobenius conditions.

This follows from a general fact (Chow’s Theorem) that a closed complex submanifold
of projective space is an algebraic variety. Assuming this the proof is clear. The Riemann-
Frobenius conditions are equaivalent to the existence of a positive definite Hermitian form
H on C" such that I'm(H)|A x A C Z. This forms defines a line bundle L(H, x). Replacing
H by 3H, we may assume that the condition of the Lefschetz theorem is satified. Then
we apply the Chow Theorem.

Observe that the group G(L) acts on T via its action by translation. The theta
group G(L) acts in I'(T,L)* by the dual to the Schrodinger representation. The map
T — P(I(T, L)*) given by the line bundle L is equivariant.

Example 1. Let n = 1, so that F = C/Zw; +Zws, is a Riemann surface of genus 1. Choose
complex coordinates such that we = 1,7 = w; = a + bi. Replacing 7 by —7, if needed, we
may assume that b = Im(7) > 0. Thus the period matrix IT = [r, 1] satisfies the Riemann-
Frobenius conditions when we take A = _01 (1)> . The corresponding Hermitian form
on V = C is given by

2z 2z

H(z,7')=2ZH(1,1) = 27'S(1,1) = zZ'S(%('r —a),l)= 3 S(r,1) = Lr (10.38)
The Riemann theta function of order 1 is
O(r,z) = Y eim(rriH2ra), (10.39)
re’
The Riemann theta functions of order d with theta characteristic are
O (7, 2) = 3 D TR0 ), (10.40)

TEZL

where (m,m') € (Z/dZ)?. Take the line bundle L with ¢, (L) = dH whose space of sections
has a basis formed by the functions

O (2) = O o(dr, dz) = Y eI+ dr2(drim)z) (10.41)
TrEZL

where m € Z/dZ. It follows from above that L = L, where

# _—2mi(bdz+db%T
Qe (2) =€ ( ).
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The theta group G/(L) is isomorphic to an extension
0= C =G — (Z/dZ)? -1

Let 01 = (3 +A,1),09 = (% + A, 1). Then o1, 09 generate G with relation
d d

(o1, 73] = (0, 2™ mUID(@D)) = (0,1, (10.42)

It acts linearly in the space I'(E, L(dH, x&)) by the formulae (10.36)

_ 27wim

01(0m(2)) = €7 Om(2), 02(0m(2)) = Om—1(2).

Let us take d = 2 and consider the map
f:E =P z2— (00(27,22),01,0(27,22)).

Notice that the functions 6., o(27,2z) are even since

90’0(27_7 2Z) — Zeiﬂ'((r22'r)—|—2(—22)) — Zeiﬂ'((—r)QZ'r—}—Z((—‘r)Qz) — 0070(27_7 22,)
reZ rEZ

01 0(2’7', —22) = Z eiﬂ'((_T_%)2274—2((—7"—%)22') _
TEZ

_ Z eiﬂ((—T+1_%)227)+2((_T+1_%)2'2) = 01,0(27', 22’).
reZ

Thus the map f is constant on the pairs (a, —a) € E. This shows that the degree of f is
divisible by 2. In fact the degree is equal to 2. This can be seen by counting the number of
zeros of the function 6,,(z) — ¢ in the fundamental parallelogram {A + p7: 0 < A\, < 1}.
Or, one can use elementary algebraic geometry by noticing that the degree of the line
bundle is equal to 2.

Take d = 3. This time we have an embedding f : E — P2. The image is a cubic
curve. Let us find its equation. We use that the equation is invariant with respect to the
Schrodinger representation. If we choose the coordinates (¢, %1,%2) in P? which correspond
to the functions 6y (z), 01(z), 02(z) then the action of G is given by the formulae

o1 : (to, t1,t2) = (fo, Ct1,(Pta), o2 : (fo,t1,t2) — (2,0, 1),
where ( = e*5" . Let W be the space of homogeneous cubic polynomials. It decomposes into
eigensubspaces with respect to the action of o1: W = Wy + Wy + W3. Here W; is spanned
by monomials t3tt5 with a + b+ ¢ = 3,b+ 2c =i mod 3. Solving these congruences, we
find that (a,b,c) = (¢, ¢, c) mod 3. This implies that the equation of f(FE) is in the Hesse
form

Aoty + Aits + Aats + Agtotite = 0.
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Since it is also invariant with respect to o9, we obtain the equation
F(X) = t5 + 13 + 5 + Motats = 0. (10.43)

Since f(FE) is a nonsingular cubic,
A3 £ —27.

we can also throw in more symmetries by considering the metaplectic representation. The
group Sp(2,7Z/3Z) is of order 24, so that together with the group E3 = (Z/37)? it defines
a subgroup of the group of projective transformations of projective plane whose order is
216. This group is called the Hesse group. The elements g of Sp(2,Z/3Z) transform the
curve F'(A) = 0 to the curve F/(X') = 0 such that the transformation g : A — X\’ defines an
isomorphism from the group Sp(2,Z/3Z) onto the octahedron subgroup of automorphisms
of the Riemann sphere P!(C).

Example 2. Take n = 2 and consider the lattice with the period matrix

n= (V2 V3 0 )

Suppose there exists a skew-symmetric matrix

0 biz bz bus

A— —b12 0 baz Doy
—biz —baz 0 b3

—byg —bay —b3z4 O

such that IT- A - TI* = 0. Then
big + b13V—3 + b1aV—7 — bag/—2 + bzs vV —14 — bosa/—5 — b3za/—15 = 0.
Since the numbers 1,v/—3,v/—=7,v/—14 — \/—15,+/—2 are linearly independent over R, we

obtain A = 0. This shows that our torus is not algebraic.

Example 3. Let n =d =2 and T be a torus admiting a principal polarization. Then the
theta functions 0m 0(22;29Q), m € (Z/2Z)? define a map of degree 2 from T to a surface of
degree 4 in P3. The surface is isomorphic to the quotient of T' by the involution a — —a.
It has 16 singular points, the images of 16 fixed points of the involution. The surface is
called a Kummer surface. Similar to example 1, one can write its equation:

o(ta + 15+ 15 +13) + Ay (8282 + 1262) + Ao (8242 + 1242) + A3 (£33 + 1213) + Aatotitats = 0.

Here
A= Ao(AZ+ A2+ A2 — M) + 2210223 = 0.

If n =2,d =3, the map f : T — P® has its image a certain surface of degree 18. One
can write its equations as the intersection of 9 quadric equations.
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10.8 When we put the period matrix II satisfying the Riemann-Frobenius relation in the
form II = [Q I,,], the matrix QA~! belongs to the Siegel domain

Z,={Z=X+iY € My(C) : Q=Q'Y > 0}.

It is a domain in C*(®+1)/2 which is homogeneous with respect to the action of the group

— . On In . t— On In
Soen®) = (M eGrenm M (%)= (%))

The group Sp(2n,R) acts on Z,, by the formula
M:Z—-M-Z:=(AQ+ B)-(CQ+ D)™ (10.44)
where we write M as a block matrix of four n x n-matrices
w2 1)
( one proves that CQ + D is always invertible). So we see that any algebraic torus defines
a point in the Siegel domain Z,, of dimension n(n + 1)/2. This point is defined modulo the

transformaton Z — M - Z, where M € I';, o := Sp(2n,Z)a is the subgroup of Sp(2n,R)
of matrices with integer entries satisfying

0n AY ¢ (0n A
M(—A 0n>M_<—A 0,

This corresponds to changing the basis of A preserving the property that S(w;,wjtn) =
d;0;;. The group I';, A acts discretely on Z,, and the orbit space

Ag,dl,...,dn - n/Fn,A

is the coarse moduli space of abelian varieties of dimension n together with a line bundle
with ¢1(L) = S where S has the invariants dy,...,d,. In the special case when d; =
...=dy, =d, we have I';, o = Sp(2n,Z). It is called the Siegel modular group of order n.
The corresponding moduli space Ag 4. a4 = Ap1,.1 is denoted by A,. It parametrizes
principal polarized abelian varieties of dimension n. When n = 1, we obtain

Zi=H:={z=z+1iy:y >0}, Sp(2,R) = SL(2,R).

The group I'y is the modular group I' = SL(2,Z). It acts on the upper half-plane H
by Moebius transformations z — az + b/cz + d. The quotient H/I' is isomorphic to the
complex plane C.

The theta functions 0, m'(2; 2) can be viewed as holomorphic function in the variable
Q € Z,. When we plug in z = 0, we get

(0,0 = 3 emi (G40 @ Gmt) 2 m') (o)
rezn
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These functions are modular forms with respect to some subgroup of I';,. For example in
the case n = 1,d = 2k
Oo(d’?’, O) — Zeiﬂ'2k’r‘2T
reZ

is a modular form of weight k£ with respect to I' (see [Serre]).

Exercises.
1. Prove that the cohomology group H¥(A,Z) is isomorphic to /\k(A)*

2. Let T be any group acting holomorphically on a complex manifold M. Define automor-
phy factors as 1-cocycles from Z1(I', O(M)*) where T" acts on O(M)* by translation in
the argument. Show that the function a.,(z) = det(dy,)* is an example of an automorphy
factor.

3. Show that any theta factor on C" with respect to a lattice A is equivalent to a theta
factor of the form e® % where a : ' — C*,b: A — C are certain functions.

4. Assuming that the previous is true, show that
(i) a is a homomorphism,
(ii) E(v,7') =ay -7 — ay - is a skew-symmetric bilinear form,
(iii) the imaginary part of the function c¢(y) = by — 1a. - v is a homomorphism.
5. Show that the group of characters x : T — C* is naturally isomorphic to the torus
V*/A*, where A* = {¢:V — R: ¢(A) C Z}. Put the complex structure on this torus by
defining the complex structure on V* by Jo(v) = ¢(Jv), where J is a complex structure
on V. Prove that
(i) the complex torus T* = V*/A* is algebraic if T = V/A is algebraic;
(ii) T* = V*/A* 2 T if T admits a principal polarization;
(iii) T* is naturally isomorphic to the kernel of the map ¢, : Pic(T) — H*(T,Z).
6. Show that a theta function 6y m(2z;2) is even if m - m’ is even and odd otherwise.

Compute the number of even functions and the number of odd theta functions O, m’(z;€2)
of order d.

7. Find the equations of the image of an elliptic curve under the map given by theta
functions 6y, (z) of order 4.
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Lecture 11. FIBRE G-BUNDLES

11.1 From now on we shall study fields, like electric, or magnetic or gravitation fields.
This will be either a scalar function t(x,t) on the space-time R, or, more generally, a
section of some vector bundle over this space, or a connection on such a bundle. Many
such functions can be interpreted as caused by a particle, like an electron in the case of
an electric field. The origin of such functions could be different. For example, it could
be a wave function ¢ (z) from quantum mechanics. Recall that its absolute value |¢)(x)|
can be interpreted as the distribution density for the probability of finding the particle at
the point z. If we multiply ¥ by a constant e®® of absolute value 1, it will not make any
difference for the probability. In fact, it does not change the corresponding state, which is
the projection operator P. In other words, the “phase” 6 of the particle is not observable.
If we write ¥ = 11 + 11 as the sum of the real and purely imaginary parts, then we may
think of the values of 9 as vectors in a 2-plane R? which can be thought of as the “internal
space” of the particle. The fact that the phase is not observable implies that no particular
direction in this plane has any special physical meaning. In quantum field theory we allow
the interpretation to be that of the internal space of a particle. So we should think that
the particle is moving from point to point and carrying its internal space with it. The
geometrical structure which arises in this way is based on the notion of a fibre bundle.
The disjoint union of the internal spaces forms a fibre bundle 7 : § — M. Its fibre over a
point x € M of the space-time manifold M is the internal space S;. It could be a vector
space (then we speak about a vector bundle) or a group (this leads to a principal bundle).
For example, we can interpret the phase angle 6 as an element of the group U(1). It is
important that there is no common internal space in general, so one cannot identify all
internal spaces with the same space F'. In other words, the fibre bundle is not trivial, in
general. However, we allow ourselves to identify the fibres along paths in M. Thus, if
z(t) depends on time ¢, the internal state () € S, describes a path in S lying over
the original path. This leads to the notion of “parallel transport” in the fibre bundle, or
equivalently, a “ connection ”. In general, there is no reason to expect that different paths
from z to y lead to the same parallel transport of the internal state. They could differ
by application of a symmetry group acting in the fibres (the structure group of the fibre
bundle). Physically, this is viewed as a “phase shift”. It is produced by the external field.
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So, a connection is a mathematical interpretation of this field. Quantitatively, the phase
shift is described by the “curvature” of the connection .

If ¢(x) € R™ is a section of the trivial bundle, one can define the trivial transport by
the differential operators ¢(z) — ¢(z + A, x) = ¢(x) + %gbAux. In general, still taking

the trivial bundle, we have to replace 9, = % with
Vu=0u+ Ay,

where A, (x) : Sz — S is the operator acting in the internal state space S; (an element of
the structure group G). The phase shift is determined by the commutator of the operators
Vi

Fo,=[V,,V,]=0,A, —0,A, +[A,, ALl

Here the group G is a Lie group, and the commutator takes its value in the Lie algebra g
of G. The expression {F),, } can be viewed as a differential 2-form on M with values in g.
It is the curvature form of the connection {A,}.

In general our state bundle S — M is only locally trivial. This means that, for any
point & € M, one can find a coordinate system in its neighborhood U such that ==1(U;)
can be identified with U x F, and the connection is given as above. If V is another
neighborhood, then we assume that the new identification 7=1(V) = V x F differs over
U NV from the old one by the “gauge transformation” g(z) € G so that (z,s) € U x F
corresponds to (z, g(z)s) in V x F. We shall see that the connection changes by the formula

A, — g_lAu + g_laug.

Note that we may take V' = U and change the trivialization by a function g : U — G. The

set of such functions forms a group (infinite-dimensional). It is called the gauge group.
This constitutes our introduction for this and the next lecture. Let us go to mathe-

matics and give precise definitions of the mathematical structures involved in definitions

of fields.

11.2 We shall begin with recalling the definition of a fibre bundle.

Definition. Let F' be a smooth manifold and G be a subgroup of its group of diffeomor-
phisms. Let w : S — M be a smooth map. A family {(U;, ¢;)}):er of pairs (U;, ¢;), where
U; is an open subset of M and ¢; : U; x F — 7= 1(U;) is a diffeomorphism, is called a
trivializing family of © if

(i) for any i € I, mo ¢; = pr;

(ii) foranyi,j € I, (b;loqﬁi : (UiNU;)x F — (U;NU;) x F is given by (z,a) — (z, gij(z)(a)),

where g;;(z) € G.

The open cover (U;);cr is called the trivializing cover. The corresponding diffeomor-
phisms ¢; are called the trivializing diffeomorphisms. The functions g;; : U;NU; — G,z —
9ij(z), are called the transition functions of the trivializing family. Two trivializing fam-
ilies {(U;, ¢:) }ier and {(V},9;)}jes are called equivalent if for any i € I,j € J, the map
zpj—l op;: (UiNV;) x F — =1 (U; NV;) is given by a function (z,a) — (z, g(x)(a)), where
g9(z) € G.
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A fibre G-bundle with typical fibre F' is a smooth map 7 : § — M together with an
equivalence class of trivializing families.

Let m: S — M be a fibre G-bundle with typical fibre F'. For any x € X we can find
a pair (U, ¢) from some trivializing family such that z € U. Let ¢, : F — S, := 7~ (2)
be the restriction of ¢ to {x} x F. We call such a map a fibre marking. If ¢, : F — F
is another fibre marking, then, by definition, ¥, ! o ¢, : F — F belongs to the group G.
In particular, if two markings are defined by (U;, ¢;) and (Uj, ¢;) from the same family of
trivializing diffeomorphisms, then, for any a € F',

(#1)z(a) = (¢5)2(gi5(2)(a)), (1L.1)

where g;; is the transition function of the trivializing family.
Fibre G-bundles form a category with respect to the following definition of morphism:

Definition. Let 7 : S — M and 7’ : S’ — M be two fibre G-bundles with the same typical
fibre F. A smooth map f : S — S’ is called a morphism of fibre G-bundles if 7 = 7’ o f
and, for any z € M and fibre markings ¢, : F — S, ¢, : F — S., the composition
P lo¢, : F — F belongs to G.

A fibre G-bundle is called trivial if it is isomorphic to the fibre G-bundle pri : M x F —
M with the trivializing family {(M,idyxr)}-

Let f : S — S’ be a morphism of two fibre G-bundles. One may always find a common
trivializing open cover (U;);cr for m and 7’. Let {¢; }icr and {4;};c1 be the corresponding
sets of trivializing diffeomorphisms. Then a morphism f : S — S’ is defined by the maps
fi : U; = G such that the map (z,a) — (z, f;(x)(a)) is a diffeomorphism of U; x F, and

filz) = ggj(:v)_l o fi(x) o gij(z), Ve UnNUj, (11.2)

where g;; and g;; are the transition functions of {(U;, #;)} and {(U, ;)}, respectively.

Remark 1. The group Diff(F') has a natural structure of an infinite dimensional Lie
group. We refer for the definition to [Pressley]. To simplify our life we shall work with
fibre G-bundles, where G is a finite-dimensional Lie subgroup of Diff(F'). One can show
that the functions g;; are smooth functions from U; N U; to G.

Let (U;)ier be a trivializing cover of a fibre G-bundle S — M and g;; be its transition
functions. They satisfy the following obvious properties:
(i) gi5 =957
(lll) gij (e] gjk = g;k over Uz N Uj N Uk

Let g;j be the set of transition functions corresponding to another trivializing family
of § — M with the same trivializing cover. Then for any x € U; N Uj,

gij (@) = hi() ™" 0 gij () o by (x),

where
hi(z) = (¥i); ' o (hi)e : Ui = G i€ 1.



140 Lecture 11

We can give the following cohomological interpretation of transition functions. Let
Oum (G) denote the sheaf associated with the pre-sheaf of groups U — {smooth functions
from U to G'}. Then the set of transition functions {g;;}; jer with respect to a trivializing
family {(U;, #4)} of a fibre G-bundle can be identified with a Cech 1-cocycle

{9i;} € Z'({Ui}ier, Om(G)).

Recall that two cocycles {g;;} are called equivalent if they satisfy (11.2) for some collection
of smooth functions f; : U; — G. The set of equivalence classes of 1-cocycles is denoted
by H'({U}ier, Om(G)). Tt has a marked element 1 corresponding to the equivalence
class of the cocycle g;; = 1. This element corresponds to a trivial G-bundle. By taking
the inductive limit of the sets H'({U;}icr, On(G)) with respect to the inductive set of
open covers of M, we arrive at the set H'(M,Op(G)). It follows from above that a
choice of a trivializing family and the corresponding transition functions g;; defines an
injective map from the set FIBy/(F';G) of isomorphism classes of fibre G-bundles over M
with typical fibre F' to the cohomology set H(M, Oy (G)). Conversely, given a cocycle
9ij : UiNU; — G for some open cover (U;);cr of M, one may define the fibre G-bundle as
the set of equivalence classes

S=[]vi x F/R, (11.3)

1€l
where (z;,a;) € U; x F is equivalent to (zj,a;) € U; x F if v; = z; = v € U; N U; and
a; = gij(x)(a;). The properties (i),(ii),(iii) of a cocycle are translated into the definition
of equivalence relation. The structure of a smooth manifold on S is defined in such a way
that the factor map is a local diffeomorphism. The projection 7 : S — M is defined by
the projections U; x F' — U;. It is clear that the cover (U;);ers is a trivializing cover of S
and the trivializing diffeomorphisms are the restrictions of the factor map onto U; x F'.
Summing up, we have the following:

Theorem 1. A choice of transition functions defines a bijection
FIBy(F;G) +— H* (M, 0y (G))

between the set of isomorphism classes of fibre G-bundles with typical fibre F' and the set of
Cech 1-cohomology with coefficients in the sheaf Ops(G). Under this map the isomorphism
class of the trivial fibre G-bundle M x F' corresponds to the cohomology class of the trivial
cocycle.

A cross-section (or just a section) of a fibre G-bundle 7 : S — M is a smooth map
s : M — S such that pos = idy. If {U;, d;}tier is a trivializing family, then a section
s is defined by the sections s; = ¢~ Lo s|U; : U; — U; x F of the trivial fibre bundle
U; x F — U;. Obviously, we can identify s; with a smooth function s; : U; — F' such that
si(z) = (z, si(x)). It follows from (11.1) that, for any z € U; N Uj,

5j(%) = 95(w) o s:(), (11.4)
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where g;; : U; NU; — G are the transition functions of m : § — M with respect to
{Ui, ¢i}ier-

Finally, for any smooth map f: M’ — M and a fibre G-bundle 7 : S — M we define
the induced fibre bundle (or the inverse transform) f*(S) = S xp M’ — M'. Tt has a
natural structure of a fibre G-bundle with typical fibre F'. Its transition families are inverse
transforms

(i) = i xid: f7HU;) x F = (U x F) xy, {71 ({Us) = = (U3) xu, f~H(Uy).

of the transition functions of S — M. If M’ — M is the identity map of an open
submanifold M’ of M, we denote the induced bundle by S|M’ and call it the restriction
of the bundle to M’.

11.3 A sort of universal example of a fibre G-bundle is a principal G-bundle. Here we take
for typical fibre F' a Lie group G. The structure group is taken to be G' considered as a
subgroup of Diff(F") consisting of left translations Ly : @ — g - a. Let PFIB(G) denote
the set of isomorphism classes of principal G-bundles. Applying Theorem 1, we obtain a
natural bijection

PFIBy(G) +— HY (M, Oy (Q)). (11.5)

Let sy : U — P be a section of a principal G-bundle over an open subset U of M. It
defines a trivialization of ¢y : U X G — 7~ (U) by the formula

¢v((2,9)) = su(z) - g.

Since ¢u((z,9-9') = su(x)-(9-9") = (sv(z)-9) -9 = ¢u((z,9)) - g, the map ¢y is
an isomorphism from the trivial principal G-bundle U x G to P|U. Let {(U;, ¢;) }ic1 be a
trivializing family of P. If s; : U; — P is a section over Uj;, then for any € U;NU}, we can
write s;(z) = s;j(x) - ui;(x) for some u;; : U; " U; — G. The corresponding trivializations
are related by

¢u, ((z,9)) = si(z) - g = (5§ () - iz (@) - g = v, (&, wij(2) - 9))- (11.6)

Comparing this with formula (11.1), we find that the function wu;; coincides with the
transition function g;; of the fibration P.

Let m : P — M be a principal G-bundle. The group G acts naturally on P by right
translations along fibres ¢’ : (z,9) — (z,9 - ¢'). This definition does not depend on the
local trivialization of P because left translations commute with right translations. It is
clear that orbits of this action are equal to fibres of P — M, and P/G = M.

Let P — M and P’ — M be two principal G-bundles. A smooth map (over M)
f: P — P’is a morphism of fibre G-bundles if and only if, for any g € G,p € P,

flp-9)=f(p)- g

This follows easily from the definitions. One can use this to extend the notion of a mor-
phism of G-bundles for principal bundles with not necessarily the same structure group.
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Definition. Let 7 : P — M be a principal G-bundle and «’ : P’ — M be a principal
G’-bundle. A smooth map f : P — P’ is a morphism of principal bundles if 7 = 7’ o f
and there exists a morphism of Lie groups ¢ : G — G” such that, for any p € P,g € G,

f(p-9)=f(p)- o(g)

Any fibre G-bundle with typical fibre F' can be obtained from some principal G-bundle
by the following construction. Recall that a homomorphism of groups p : G — Diff (F)
is called a smooth action of G on F' if for any a € F, the map G — F,g — p(g)(x) is
a smooth map. A smooth action is called faithful if its kernel is trivial. Fix a principal
G-bundle P — M and a smooth faithful action p : G — Diff(F') and consider a fibre
p(G)-bundle with typical fibre F' over M defined by (11.4) using the transition functions
p(gij), where g;; is a set of transition functions of P. This bundle is called the fibre G-
bundle associated to a principal G-bundle by means of the action p : G — Diff (F') and
transition functions g;;. Clearly, a change of transition functions changes the bundle to an
isomorphic G-bundle. Also, two representations with the same image define the same G-
bundles. Finally, it is clear that any fibre G-bundle is associated to a principal G'-bundle,
where G’ — G is an isomorphism of Lie groups.

There is a canonical construction for an associated G-bundle which does not depend
on the choice of transition functions.

Let p : G — Diff(F) be a faithful smooth action of G on F. The group G acts on
P x F by the formula g : (p,a) — (p- g,p(g71)(a)). We introduce the orbit space

Px,F:=PxF/G, (11.7)

Let 7’ : Px,F — M be defined by sending the orbit of (p, a) to m(p). It is clear that, for any
open set U C M, the subset 7~ !(U) x F' of P x F is invariant with respect to the action of
G, and 7'~ (U) = 771 (U) x F/G. If we choose a trivializing family ¢; : U; x G — =~ (1),
then the maps

(Ui x G) X F = U; X F, ((z,9),a) = (z, p(g) (z))

define, after passing to the orbit space, diffeomorphisms 7'~} (U) — U; x F. Taking inverses
we obtain a trivializing family of 7’ : P x, FF — M. This defines a structure of a fibre
G-bundle on P x, F.

The principal bundle P acts on the associated fibre bundle P x, F' in the following
sense. There is a map (P X, F) x P — P X, F such that its restriction to the fibres over
a point x € M defines the map F' x P, — F which is the action p of G = P, on F.

Let S — M be a fibre G-bundle and G’ be a subgroup of G. We say that the structure
group of S can be reduced to G’ if one can find a trivializing family such that its transition
functions take values in G'. For example, the structure group can be reduced to the trivial
group if and only if the bundle is trivial.

Let G’ be a Lie subgroup of a Lie group G. It defines a natural map of the cohomology
sets

i: HY(M,0n(G")) = HY (M, Oy (G)).
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A principal G-bundle P defines an element in the image of this map if and only if its
structure group can be reduced to G’.

11.4 We shall deal mainly with the following special case of fibre G-bundles:

Definition. A rank n vector bundle m : E — M is a fibre G-bundle with typical fibre F'
equal to R® with its natural structure of a smooth manifold. Its structure group G is the
group GL(n,R) of linear automorphisms of R™.

The local trivializations of a vector bundle allow one to equip its fibres with the struc-
ture of a vector space isomorphic to R™. Since the transition functions take values in
GL(n,R), this definition is independent of the choice of a set of trivializing diffeomor-
phisms. For any section s : M — E its value s(z) € E, = n~!(z) cannot be considered
as an element in R™ since the identification of E, with R® depends on the trivialization.
However, the expression s(z) = 0 € E, is well-defined, as well as the sum of the sections
s + s’ and the scalar product As. The section s such that s(z) = 0 for all z € M is called
the zero section. The set of sections is denoted by I'(E). It has the structure of a vector
space. It is easy to see that

E:U—-T(E|U)

is a sheaf of vector spaces. We shall call it the sheaf of sections of E.

If we take E = M x R the trivial vector bundle, then its sheaf of sections is the
structure sheaf Qs of the manifold M.

One can define the category of vector bundles. Its morphisms are morphisms of fibre
bundles such that restriction to a fibre is a linear map. This is equivalent to a morphism
of fibre GL(n,R)-bundles.

We have

{ rank n vector bundles over M /isomorphism} <— H'(M, Op;(GL(n,R))).

It is clear that any rank n vector bundle is associated to a principal GL(n,R)-bundle
by means of the identity representation id. Now let G be any Lie group. We say that E is
a G-bundle if F is isomorphic to a vector bundle associated with a principal G-bundle by
means of some linear representation G — GL(n,R). In other words, the structure group
of E can be reduced to a subgroup p(G) where p : G — GL(n,R) C Diff(R") is a faithful
smooth (linear) action. It follows from the above discussion that

{rank n vector G-bundles/isomorphism} +— H"(M, O (G)) x Rep, (G).

where Rep,,(G) stands for the set of equivalence classes of faithful linear representations
G — GL(n,R) (p ~ p' if there exists A € GL(n,R) such that p(g) = Ap'(g)A~?! for all
g €Gq).

For example, we have the notion of an orthogonal vector bundle, or a unitary vector
bundle.

Example 1. The tangent bundle T'(M) is defined by transition functions g;; equal to the

Jacobian matrices J = (ngg), where (z1,...,2,), (Y1, - . -, Yn) are local coordinate functions
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in U; and Uj, respectively. The choice of local coordinates defines the trivialization ¢; :
U; xR — n~}(U;) by sending (=, (a1, ..., an)) to (z,> 1, a;z>-). A section of the tangent
bundle is a vector field on M. It is defined locally by n = Y"1, ai(m)a%p where a;(z) are

smooth functions on U;. If n=>"" | b, (y)aiyi represents 7 in U;, we have

One can prove (or take it as a definition) that the structure group of the tangent bundle
can be reduced to SL(n,R) if and only if M is orientable. Also, if M is a symplectic
manifold of dimension 2n, then using Darboux’s theorem one checks that the structure
group of T'(M) can be reduced to the symplectic group Sp(2n,R).

Let F(M) be the principal GL(n,R)-bundle over M with transition functions de-
fined by the Jacobian matrices J. In other words, the tangent bundle T'(M) is as-
sociated to F(M). Let eq,...,e, be the standard basis in R". The correspondence
A — (Aey,...,Aey,) is a bijective map from GL(n,R) to the set of bases (or frames)
in R™. It allows one to interpret the principal bundle F'(M) as the bundle of frames in the
tangent spaces of M.

Example 2. Let W be a complex vector space of dimension n and Wx be the corresponding
real vector space. We have GLc(W) = {g € GL(Wg) : go J = J o g}, where J :
W — W is the operator of multiplication by ¢ = y/—1. In coordinate form, if W =
C*,Wr = R>" = R" + i(R"), GL(W) = GL(n,C) can be identified with the subgroup
of GL(Wg) = GL(2n,R) consisting of invertible matrices of the form (_AB i), where

A, B € Mat,(R). The identification map is

A B

X =A+iBeGL(n,C) — <—B A

) € GL(2n,R).

One defines a rank n complex vector bundle over M as a real rank 2n vector bundle
whose structure group can be reduced to GL(n,C). Its fibres acquire a natural structure of
a complex n-dimensional vector space, and its space of sections is a complex vector space.

Suppose M can be equipped with a structure of an n-dimensional complex manifold.
Then at each point £ € M we have a system of local complex coordinates z1, ..., z,. Let
x; = (2 + %) /2,y; = (2; — Z;)/2i be a system of local real parameters. Let 21,..., 2/, be
another system of local complex parameters, and (z,y!),i = 1,...,n, be the corresponding
system of real parameters. Since (z1,...,2,) = (fi(z1,---y2n)s- s fn(21,--.,2,)) 1s a
holomorphic coordinate change, the functions f;(z1,...,2,) satisfy the Cauchy-Riemann
conditions . . . .

or; 0y, Oux; B 0y;
(9.73j B 8yj’ 8yj (9ﬂ7j’

and the Jacobian matrix has the form

(21, - T, Y1, - - Yn) (A B)
6(./1:1,...,./L'n7y17"'7yn)
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where , . . .
A:(?(a:l,...,xn) Bza(arl,...,a:n).
(1, Tn)’ (Y1, -+, Yn)

This shows that T'(M) can be equipped with the structure of a complex vector bundle of
dimension n.

11.5 Let E be a rank n vector bundle and P — M be the corresponding principal GL(n, R)-
bundle. For any representation p : GL(n,R) — GL(n,R) we can construct the associated
vector bundle E(p) with typical fibre R” and the structure group p(G) C GL(n,R). This
allows us to define many operations on bundles. For example, we can define the exterior
product A*(E) as the bundle E(p), where

k
p:GL(n,R) — GL(/\(R") A—>/\A

Similarly, we can define the tensor power E®¥, the symmetric power S*(E), and the dual
bundle E*. Also we can define the tensor product E® E’ (resp. direct sum E @ E') of two
vector bundles. Its typical fibre is R*™ (resp. R"*™), where n = rank E, m = rank E’. Its
transition functions are the tensor products (resp. direct sums) of the transition matrix
functions of E and E'.

The vector bundle E* ® E is denoted by End(FE) and can be viewed as the bundle of
endomorphisms of E. Its fibre over a point z € M is isomorphic (under a trivialization
map) to V* ® V = End(V, V). Its sections are morphisms of vector bundles £ — E.

Example 3. Let £ = T(M) be the tangent bundle. Set
— ® * ®
TP (M) =T(M)®? @ T*(M)®1. (11.8)
A section of TP (M) is called a p-covariant and g-contravariant tensor over M (or just a
tensor of type (p,q)). We have encountered them earlier in the lectures. Tensors of type

(0,0) are scalar functions f : M — R. Tensors of type (1,0) are vector fields. Tensors of
type (0,1) are differential 1-forms. They are locally represented in the form

where dmj(a%i) = 6;; and a;(z) are smooth functions in U;. If § = ", b;(y)dy; represents
¢ in Uj, then
0Yi
a.? (:L. Z 833_7
In general, a tensor of type (p, ¢) can be locally given by

i1 0
= Z Z Ji 31;37@’ ®%®d$jl®...®dqu.

7:17 7Zp_1.717 7.7q—1 P
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So such a tensor is determined by collections of smooth functions ajin_ i assigned to an
open subset U; with local cooordinates zi,...,z,. If the same tensor is defined by a
. 11 ... . . .
collection bji... j’; in an open subset U; with local coordinates y1,. .., y,, we have
it Oz;, Oz, Oy Oy it
R Jo= P “ .. .y -
J1---Jq ayz’l ayz’p ale aqu J1---3y°
where we use the “Einstein convention” for summation over the indices 41, . .., 4y, 1, - - -, Jg-

A section of \* T*(M) is a smooth differential k-form on M. We can view it as an anti-
symmetric tensor of type (0, k). It is defined locally by >°7 @i, .0, AT, @ ... ®@dx;,,
where

yeenstp=1

ai"(l) "'ia(k) = G(J)ail...ik

where €(o) is the sign of the permutation o. This can be rewritten in the form

§ : ail...ikdmil /\/\d.’L‘Zk,
1§21<<Zk3n

where
dz;, N...Ndzx;, = Z G(U)dxigu) Q... dmia(k)‘
1<11<...<1, <1

In particular, A\"(T*(M)) is a rank 1 vector bundle. It is called the volume bundle. Its
sections over a trivializing open set U; can be identified with scalar functions aqs2.. ,. Over
U; NU; these functions transform according to the formula

a1..n(x) = | H ‘bm,,_n (y(x)).

A manifold M is orientable if one can find a section of its volume bundle which takes
positive values at any point. Such a section is called a volume form. We shall always
assume that our manifolds are orientable. Obviously, any two volume forms on M are
obtained from each other by multiplying with a global scalar function f : M — Rso. A
volume form €2 defines a distribution on M, i.e., a continuous linear functional on the space
C§° (M) of smooth functions on M with compact support. Its values on ¢ € C§°(M) is
the integral [,, ¢(z)Q. For example, if M = R™, we may take Q = dz1 A...Adz,. In this
case, physicists use the notation

/(b(a:)dxl A...Ndx, = /dnx¢(x).
Rn

Example 4. Recall that a structure of a pseudo-Riemannian manifold on a connected
smooth manifold M is defined by a smooth function on @ : T(M) — R such that its
restriction to each fibre T (M), is a non-degenerate quadratic form. The signature of
Q|T (M), is independent of z. It is called the signature of the pseudo-Riemannian manifold
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(M, Q). We say that (M, Q) is a Riemannian manifold if the signature is (n,0), or in
other words, Q, = Q|T (M), is positive definite. We say that (M, Q) is Lorentzian (or
hyperbolic) if the signature is of type (n —1,1) (or (1,n —1)). For example, the space-time
R?* is a Lorentzian pseudo-Riemannian manifold. One can define a pseudo-metric Q by
the corresponding symmetric bilinear form B : T(M) x T(M) — R. It can be viewed as a
section of T*(M) @ T*(M). It is locally defined by

n

B(z) = Z a;j(z)dz; ® dzj, (11.9)

1,5=1

where a;;(x) = aji(x). The associated quadratic form is given by

Za“da: + 2 Z a;j(x)dz;dx;.

1<i<ji<n

Its value on a tangent vector 1, = ;| Cipe (% € T(M), is equal to

Qaz (nw Z auC + 2 Z GIZJ Cij.

1<i<i<n

Using a pseudo-Riemannian metric one can define a subbundle of the frame bundle of
T (M) whose fibre over a point € M consists of orthonormal frames in T'(M),. This
allows us to reduce the structure of the frame bundle to the orthogonal group O(k,n — k)
of the quadratic form #3 +...4+ 27 — 27, —...— z2. The structure group of the tangent
bundle cannot be reduced to this subgroup unless the curvature of the metric is zero (see
below).

11.6 The group of automorphisms of a fibre G-bundle P is called the gauge group of P
and is denoted by G(P).

Theorem 2. Let P be a principal G-bundle and let P¢ be the associated bundle with
typical fibre G and representation G — Aut(G) given by the conjugation action g - h =
g-h-g~! of G on itself. Then

G(P) 2 T'(P°).

Proof. This is obviously true if P is trivial. In this case the both groups are isomorphic
to the group of smooth functions M — G. Let (U;);cr be a trivializing cover of P with
trivializing diffeomorphims ¢; : U; x G — P|U;. Any element g € G(P) defines, after
restrictions, the automorphisms g; : P|U; — P|U; and hence the automorphisms s; =
gbi_l ogo¢; of U; x G. By the above, s; is a section of Oy (G)(U;). If ¢ : V; x G — P|V;
is another set of automorphisms, and s;- € Opm(Vj) is the corresponding automorphism of
Vi x G, then s;- = 1[)3._1 o go ;. Comparing these two sections over U; N Uj;, we get

s$; = ((bz_l o 1[)J) o s; o ('gbj_l o)) = gi_j1 o s; 0 gij-
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This shows that g defines a section of P¢. Conversely, every section (s;) of P¢ defines
automorphisms of trivialized bundles P|U; which agree on the intersections.

Let S — M be a fibre G-bundle associated to a principal G-bundle P. Let p : G —
Diff (F') be the corresponding representation. Then it defines an isomomorphism of the
gauge groups G(P) — G(S). Locally it is given by g(z) — p(g(z)).

Exercises.
1. Find a non-trivial vector bundle E over circle S! such that E & F is trivial.

2. Let C**1\ {0} — P*(C) be the quotient map from the definition of projective space.
Show that it is a principal C*-bundle over P (C). It is called the Hopf bundle (in the case
n = 1 its restriction to the sphere S = {(21,22) € C? : |21|2 + |22/? = 1} is the usual Hopf
bundle S? — S2). Find its transition functions with respect to the standard open cover of
projective space.

3. A manifold M is called parallelizable if its tangent bundle is trivial. Show that S* is
parallelizable (a much deeper result due to Milnor and Kervaire is that S, S and S7 are
the only parallelizable spheres).

4. Show that a rank n vector bundle is trivial if and only if it admits n sections whose
values at any point are linearly independent.

5. Find transition functions of the tangent bundle to P*(C). Show that its direct sum
with the trivial rank 2 vector bundle is isomorphic to L®**! where L is the rank 2 vector
bundle associated to the Hopf bundle by means of the standard action of C* in R2.

6. Prove that any fibre R-bundle over a compact manifold is trivial.

7. Using the previous problem prove that the structure group of any fibre C*-bundle (resp.
R*) can be reduced to U(1) (resp. Z/2Z).

8. Show that any principal G-bundle with finite group G is isomorphic to a covering space
N — M with the group of deck transformations isomorphic to G. Using the previous two
problems, prove that any line bundle over a simply-connected compact manifold is trivial.
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Lecture 12. GAUGE FIELDS
In this lecture we shall define connection (or gauge field) on a vector bundle.

12.1 First let us fix some notation from the theory of Lie groups. Recall that a Lie group is
a group object G in the category of smooth manifolds. For any g € G we denote by L, (resp.
R,) the left (resp. right) translation action of the group G on itself. The differentials of the
maps Ry,L, transform a vector field n to the vector field (Lg)«(n), (Rg)«(n), respectively.
The Lie algebra of G is the vector space g of vector fields which are invariant with respect
to left translations. Its Lie algebra structure is the bracket operation of vector fields.
For any n € g, the vector (dL, 1)4(ny) belongs to the tangent space T(G); of G at
the identity element 1. It is independent of ¢ € G. This defines a bijective linear map
wg : Lie(G) — T(G)1. By transferring the Lie bracket, we may identify the Lie algebra
of G with the tangent space of G at the identity element 1 € G. Let v € T(G); and ¥ be
the corresponding vector field. We have ¢4 = (dLg)1(v), so that (dRg-1)4(?4) = dc(g)1(v),
where c(g) : G — G is the conjugacy action h — g - h - g~1. The action v — dc(g)1(v) of
G on T(G); is called the adjoint representation of G and is denoted by Ad : G — GL(g).
We have for any v € T(G)1,

(Rg)«(9) = Ad(g™")(v)- (12.1)

From now on we shall identify vectors v € T(G); with left-invariant vector fields ¥ on G.
The adjoint representation preserves the Lie bracket, i.e.,

Ad(g)([n, 7]) = [Ad(g)(n), Ad(g)(T)]. (12.2)

Let n € g and G — g be the map g — Ad(g)(n). Its differential at 1 € G is the linear map
Lie(G) — g. It coincides with the map 7 — [n, 7]. The latter is a homomorphism of the
Lie algebra to itself. It is also called the adjoint representation (of the Lie algebra) and is
denoted by ad : g — g.

Most of the Lie groups we shall deal with will be various subgroups of the Lie group
G = GL(n,R). Since GL(n,R) is an open submanifold of the vector space Mat, (R) of
real n X n-matrices, we can identify T'(G); with Mat, (R). The matrix functions z;; : A =
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(aij) — a;; are a system of local parameters. We can write any vector field on Mat,, (R)
in the form
" 0
n= Y (X )Ta

i1 xz]

i,j
where ¢;;(X) are some smooth functions on Mat,, (R). The left translation map L4 : X —
A - X is a linear map on Mat, (R), so it coincides with its differential. It maps % to
S or_1 aik%, where a;; is the ¢j-th entry of A. From this we easily get

J

If we assign to 7 the matrix function ®(X) = (¢;;(X)), then we can rewrite the previous
equation in the form

(La)«(2)(X) = D(AX)A™.

In particular, n is left-invariant, if and only if ®(AX) = ®(X)A for all A, X € G. By taking
X = E,, we obtain that ®(A) = A®(I,). This implies that n — X, = ®(I,,) € Mat,(R)
is a bijective linear map from Lie(G) to Mat, (R). Also we verify that

I:’r” 7'] f— I:X"]’XT] = XT]XT — XTX’I7'

The Lie algebra of GL(n,R) is denoted by gl(n,R). We list some standard subgroups of
GL(n,R). They are
SL(n,R) ={A € GL(n,R) : det(A) =1}

(special linear group).
Its Lie algebra is the subalgebra of Mat,, (R) of matrices with trace zero. It is denoted
by sl(n,R).

(orthogonal group of type (n — k, k)).
Its Lie algebra is the Lie subalgebra of Mat, (R) of matrices A satisfying A*J,, g +
Jn—k kAt = 0. It is denoted by o(n — k, k).

Sp(2n,R) = {A € GL(2n,R) : A* - J-A=J := (_(} Ié”)}

(symplectic group).
Its Lie algebra is the Lie subalgebra of Mat,, (R) of matrices A such that A*-J+J-A = 0.
It is denoted by sp(2n, R).

X Y

GL(n,C) = {A = (_Y ¥

) € GL(2n,R), X, Y € Mat,(R)}
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(complex general linear group).
Its Lie algebra is isomorphic to the Lie algebra of complex (n x n)-matrices and is
denoted by gl(n,C).
U(n)={A€GL(n,C) : A" - A=1I5,}

(unitary group).

Its Lie algebra consists of skew-symmetric matrices A from gl(n,C)). It is denoted by
u(n).

Other groups are realized as subgroups of GL(n,R) by means of a morphism of Lie
groups G — GL(n,R) which are called linear representations. For example, GL(n,C)
is isomorphic to the Lie group of complex invertible n X n-matrices X + ¢Y under the

representation
. X Y
X +1Y — (—Y X) .

Under this map, the unitary group U (n) is isomorphic to the group of complex invertible
n X n-matrices A satisfying A - A* = I,,, where X +1Y = X — Y.

12.2 We start with a principal G-bundle P — M. For any point p = (z,g) € P, the
tangent space T'(P), contains T'(P;), as a linear subspace. Its elements are called vertical
tangent vectors. We denote the subspace of vertical vectors T'(FP;), by T'(P),.

A connection on P is a choice of a subspace H, C T'(P), for each p € P such that

T(P), = H, ®T(P),.
This choice must satisfy the following two properties:
(i) (smoothness) the map T'(P) — T(P) given by the projection maps T'(P), — T'(P), C

T(P), is smooth;
(ii) (equivariance) for any g € G, considered as an automorphism of P, we have

(dg)p(Hp) = Hp.g.

Now observe that P, is isomorphic to the group G although not canonically (up to
left translation isomorphism of G). To any tangent vector £ € T(P;),, we can associate
a left invariant vector field on G. This is independent of the choice of an isomorphism
P, = G. This allows one to define an isomorphism

ap : T(P), — g, (12.3)
where g is the Lie algebra of G. If p’ = g - p, then
oy = Ad(g7") o .
Let gp = P x g be the trivial vector bundle with fibre g. Then the projection maps

T(P), — T(P), define a linear map of vector bundles T'(P) — gp. This is equivalent
to a section of the bundle T'(P)* ® gp and can be viewed as a differential 1-form A with
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values in the Lie algebra g. Its restriction to the vertical space T'(P), coincides with the
isomorphism «,,. It is zero on the horizontal part H, of T'(P),. From this we deduce that
the form A satisfies

A(dgy(&) = Ad(g™)A(&,), V& € T(P),,Vg € G. (12.4)

Conversely, given A € I'(T'(P)* ® gp) which satisfies (12.4) and whose restriction to
T(P); is equal to the map a,, : T(P); — g, it defines a connection. We just set

H, =Ker(4,).

Let {Hp},ep be a connection on P. Under the projection map = : P — M, the
differential map dm maps H, isomorphically onto the tangent space T (M), (). Thus we
can view the connection as a linear map A : 7*(T'(M)) — T'(P) such that its composition
with the differential map T'(P) — «*(T'(M)) is the identity. Now given a section £ of
T (M) (a vector field), it defines a section of 7*(T'(M)) by the formula 7*(£)(p) = &(nw(p)),
where we identify 7*(T'(M)), with T'(M),,). Using A we get a section {* = A(7*(¢)) of
T(P). For any p € P,

£, € Hy.

The latter is expressed by saying that £* is a horizontal vector field.

Thus a connection allows us to lift any vector field on M to a unique horizontal vector
field on P. In particular one can lift an integral curve =y : [0,1] — M of vector fields to a
horizontal path v* : [0,1] — P. The latter means that 7 o v* =« and the velocity vectors
dg; are horizontal. If we additionally fix the initial condition v*(0) = p € P,(q), this path
will be unique. Let us prove the existence of such a lifting for any path « : [0,1] — M.

First, we choose some curve p(¢)(0 <t < 1) in P lying over 7(t). This is easy, since P
is locally trivial. Now we shall try to correct it by applying to each p(t) an element g(t) € G
which acts on fibres of P by right translation. Consider the map ¢ — ¢(t) = p(t) - g(¢t)
as the composition [0,1] = P x G — P,t — (p(t),9(t)) — p(t) - g(t). Let us compute its
differential. For any fixed (po,g0) € P X G, we have the maps: p; : P — P,p — p - go,
and py : G — P,g — po - g. The restriction of the map p: P x G — P to P x {go} (resp.
{po} X G) coincides with p; (resp. p3). This easily implies that

dg(t) = dp(t) - g(t) + p(t) - dg(t) = dp(t) - g(t) + q(t) - g(t) ™" - dg(t). (12.5)

Here the left-hand side is a tangent vector at the point ¢(t), the term dp(t) - g(t) is the
translate of the tangent vector dp(t) at p(t) by the right translation Ry), the term g(t) -
g(t)~1-dg(t) is the vertical tangent vector at g(t) corresponding to the element g(t)~'dg(t)
of the Lie algebra g under the isomorphism ay ) from (12.3). Using (12.5), we are looking
for a path ¢(¢) : [0,1] — G satisfying

Aq(e)(dq(t)) = Ad(g(t)™") Apee) (dp(t)) + g () "'dg(t) = 0.

This is equivalent to the following differential equation on G:

Apry (dp(t)) = —Ad(g(t))(9(t) " dg(t)) = —g(t) "' dg(t).
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This can be solved.

Thus the connection allows us to move from the fibre P, ) to the fibre P, along
the horizontal lift of a path connecting the points y(0) and ~(¢).

12.3 There are other nice things that a connection can do. First let introduce some
notation. For any vector bundle F over a manifold X we set

k
A(E)= \T"(X)®E,

A*(E)(X) =T (A*(E))

The elements of this space are called differential k-forms on X with values in £. In the
special case when F is the trivial bundle of rank 1, we drop E from the notation. Thus

k
A¥(X) =T(A\T*(X))

is the space of smooth differential k-forms on X. Also, if £ = Vx is the trivial vector
bundle with fibre V', then we set

AR (V) (X) = AR (Vx)(X).

Thus a connection A on a principal G-bundle is an element of the space A'(L(G))(P).

Let us define the covariant derivative. Let P be a principal G-bundle over M. For
any differential k-form w on P with values in a vector space V (i.e. w € A*(V)(P)) we
can define its covariant derivative d”(w) with respect to connection A by

A (W) (71, -+ oy Thp1) = dw(T9, .., T, (12.6)

where the superscript is used to denote the horizontal part of the vector field. Here we also
use the usual operation of exterior derivative satisfying the following Cartan’s formula:

k+1
dw(€r ... pe1) = > (D) EW(E, - &y brar))+
=1
+ Z (_1)Z+Jw([§’tagj])a§13aézaaéjaagk—l—l) (127)

1<i<j<k+1

In the first part of this formula we view vector fields as derivations of functions.
We set
Fp = d4(A), (12.8)

where the connection A is viewed as an element of the space A'(L(G))(P). This is a
differential 2-form on P with values in g. It is called the curvature form of A. By definition

Fa(&1,&) = E1(A(&7)) — E1(A(ED) — A([Er, €21) = —A([Er, &3))- (12.9)
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Here we have used that the value of A on a horizontal vector is zero. This gives a geometric
interpretation of the curvature form we alluded to in the introduction.
In particular,

Fy =0<«<= [£, 7] is horizontal for any horizontal vector fields ¢, 7.

Assume w € AP(L(G))(P) satisfies the following two conditions:
(a) w(fy,...,&) =0 if at least one of the vector fields £ is vertical.
(b) for any g € G acting on P by right translatons, (R,)*(w)(¢) = Ad(g~")(w(£)).

For example, the curvature form F4 satisfies these properties. If A, A’ are two con-
nections, then the difference A — A’ satisfies these properties (since their restrictions to
vertical vector fields coincide).

Let us try to descend such w to M by setting

w(é, ..., &) (z) =w(dsy(&),. .., dsu(&)), (12.10)

where we choose a local section sy : U — P. A different choice of trivialization gives
su = Sv - guv, where gyy is the transition function of P (see (11.3)). Differentiating, we
have (similar to (12.5))
dsy = dsy - guv + su - 9y dguv - (12.11)
Recall that, for any 7, € T(M),, dsv - guv(7z) equals the image of the tangent vector
dsy(1z) € T(P)s, () under the differential of the right translation gyy : P — P. The
second term sy - gy dguy (7,) is the image of (dguv)e(Tz) € T(G)gyy(z) it T(Psy(z))”
under the isomorphism T'(G)g,,, (z) = 8 = T'(Py)s, (z)- Since w vanishes on vertical vectors
and also satisfies property (b), we obtain that the right-hand side of (12.10) changes, when
we replace sy with sy, by applying to the value the transformation Ad(gg‘l,). Thus, if we
introduce the vector bundle Ad(P) associated to P by means of the adjoint representation
of G in g, the left-hand side of (12.11) is a well-defined section of the bundle A'(Ad(P)).
The covariant derivative operator d4 obviously preserves properties (a) and (b), hence
descends to an operator

d : A¥(Ad(P))(M) — A¥1(Ad(P))(M).
Also its definition is local, so we obtain a homomorphism of sheaves
d4 : A¥(Ad(P)) — A¥1(Ad(P)). (12.12)
Taking £ = 0, we get a homomorphism
Va: Ad(P) — AY(Ad(P)). (12.13)
It satisfies Leibnitz’s rule: for any section s € Ad(P)(U), and a function f : U — R,

Va(fs)=df ® s+ fVals). (12.14)
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12.4 Let us consider the natural pairing
AR (9)(P) x A*(g)(P) = A***(g)(P),  (w,0) = [w, ] (12.15)

It is defined by writing any w € AF(g)(P) as a sum of the expressions a ® £, where
a € A¥(X) and ¢ € g, This allows us to define the pairing and to set

[e®& ' @& =(ana) L]
We leave to the reader to check the following:

Lemma 1. For any ¢ € AP(X,g),v € A(X,g),p€ A"(X,9),
(ii) (=1)*"[[¢, %], o] + (=1)"[[p, 9], %] + (=1)%[[4}, p], ¢] = O,
(111) [wa ¢] = _(_1)pq[¢’ ¢]

Let us prove the following

Theorem 1. Let A € A'(P,g) be a connection on P and F4 be its curvarure form.
(i) (The structure equation):

1
Fa=dA+ 3[4, A]

(ii) (Bianchi’s identity):
dA(Fy) = 0.

(iii) for any 8 € A*(Ad(P))(M)
d(B) = df + [4, A,

Proof. (i) We want to compare the values of each side on a pair of vector fields &, 7.
By linearity, it is enough to consider three cases: &, 7 are horizontal; & is vertical, T is
horizontal; both fields are vertical. In the first case we have, applying (12.7),

(dA+ S1A4, A(E, ) = dAE", 7™) + S(AE"), A ~ [A(), AE") =

= ¢"(A(T") — T A(EM) — A([E", ")) = —A([E", ")) = Fal(€, 7).

In the second case,

(dA + %[A, A€, 7)) = € (A(T")) — 7" (A(€") — A(lg”, 7))+

5 (AE), AWM - [AG), AE)]) =~ A(€") — A(€", ™)) = 0 = Fa(€, 7).

Here we use that at any point £V can be extended to a vertical vector field n* for some
vector ) € g (recall that G acts on P). Hence 7(A(£Y)) = 7(A(n")) = 0 since A(n*) = n is
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constant. Also, we use that [V, 7] = 0. To see this, we may assume that ¢” = nf. Then,
using the property of Lie derivative from Lecture 2, we obtain that

R, (1) — P
v _hy __ hy _ 12 7]
€%, 7] = Lpp(r") = lim —1

The last expression shows that [¢?,7"] is a horizontal vector.
Finally, let us take £ = £V, 7 = 7¥. As above we may assume that ¢ = nf, 7 = @%. Then
Fu(&,7) =0, and

(dA + %[A, A)(E°, 7)) = U (A(r")) — T (A(E")) + %([A(ﬁ”), A(T")] = [A(T*), A(E")]) -

—A([£,7°]) = £ (A(m")) — T (A(£")) — A([£", 7°]) + [A(£"), A(T")] = [n,0)] + [n,0)] = 0.

[
(ii) This follows easily from Lemma 1 and (i). We leave the details to the reader.
(iii) We check only in the case £ = 1, and leave the general case to the reader. Since

B(&) = B(E"), we have

d*(B)(61,&2) = E1(B(&2)) — E1(B(&1)) — B([&r, E2)-
On the other hand,

(dB + [A, B])(&1,&2) = dB(&1,&2) + [A, B](&1,&2) =

= &1(B(&2)) — &2(8(61)) — B([&1, &2l + [A(&1), B(&2)] — [A(&2), B(&1)] =
= d4(B)(&1,&) + &1 (B(&2)) — & (B(61)) + [A(6r), B(&2)] — [A(&2), B(&)].

As in the proof of (i), we may assume that £ = nii for some 77%i € g. since Ry(B) =

Ad(i;—l(fl)), we obtain n!(8(£;)) = —[mi, B(;)]. Also, [A(&), B(E;)] = [mi, B(&;)]. This
implies that

§1(B(&2)) — &3(B(&1)) + [A(&1), B(&2)] — [A(&2), B(£1)] = 0

and proves the assertion.

Corollary 1.
d? o dA(w) = [Fy,w).

Proof. We have
dA(dA(w)) = dA(dw + [A,w]) = d(dw + [A,w]) + [4, dw + [A, w]] =
=d[A,w]+ [A,dw] + [A4, A, w]].

Applying Lemma 1, we get

dA(d4 (W) = [dA, w] — [A, dw] + [A, dw] + %[[A, Al w] = [dA + %[A, ALl
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Remark 1. If G is a subgroup of GL(n,R), then we may identify A with a matrix
whose entries are 1-forms. Recall that the Lie bracket in g is the matrix bracket [X,Y] =
XY —YX. Then [A,A]=AANA— (—-1)ANA=2ANA=2A2% Thus

Fy =dA+ A2,

Definition. A connection is called flat if Fy = 0.

12.5 Now let E be a rank d vector G-bundle over M with typical fibre a real vector space
V. We may assume that F is associated to a principal G-bundle. Let £ be the sheaf of
sections of E and A*(E) be the sheaf of sections of A*(E).

Definition. A connection on a vector bundle F is a map of sheaves
V:E— AYE),
satisfying the Leibnitz rule: for any section s : U — E and f € Oy (U),
V(fs)=df @ s+ fV(s).

Let us explain how to construct a connection on F by using a connection A on the
corresponding principal bundle P. Choose a local section e : U — P (which is equivalent
to a trivialization U x G — 7 1(U)) and consider 0, = e*(A) as a 1-form on U with
coefficients in g. Thus, for any tangent vector 7, € T'(M),, we have

e*(A)(1z) = A(dey(14))-
If ¢/ : U' — P is another section, then by (12.13), for any z € U N U’
Oc(2) = Ad(g) ™" (0e(72)) + g~ dg,
where g : UNU’ — G is a smooth map such that e(z) = €/(x) - g(x). Let (U;);cr be an

open cover of M trivializing P, and let e; : U; — P be some trivializing diffeomorphisms.
The forms 60; = 0., are related by

0; = Ad(gi;) ™" - 05 + 955" dgij,

where g;; are the transition functions. We see that, because of the second term in the right-
hand side, {6;}icr do not form a section of any vector bundle. However, the difference
A — A" of two connections defines a section {0; — 0};er of A'(Ad(P)). Applying the
representation dp : g — End(V) = gl(V')), we obtain a set of 1-forms 6# on U with values
in dp(g) C End(V). They satisfy

02 = p(g)~*- 02 - p(g) + p(g)~ dp(g)- (12.16)
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Note that the trivialization e : U — P defines a trivialization of U x V' — E|U. In fact,
Ey =Py xgV2UxG)xgV2Ux(GxgV)2UxV.

Now we can define the connection V% on E as follows. Using the trivialization, we can
consider s : U — FE as a R"-valued function. This means that s = (s1,...,s,), where s;
are scalar functions. Then we set

Vh(s) =ds+ 07 - s, (12.17)

where we view 02 as an endomorphism in the space of sections of E which depends on
a vector field. It obviously satisfies the Leibnitz rule. To check that our formula is well-
defined, we compare V¥ (s) with V% (s'), where s'(z) : U' — E and s’ = p(g)s for some
transition function g : U N U’ — G of the prinicipal G-bundle. We have

ds+02-s=d(p(g)~"s") + p(g) 105 p(9) - s + plg) 'dp(g) - s =

dp(9) " p(g) - s+ p(g)~tds' + p(g) =107 - s + p(g) " 'dp(g) - s =
= p(g) "' (ds" + 0%, - ") + [dp(9) " p(g) + p(g) " 'dp(g)] - s = p(g) ' (ds’ + 05, - &").

Here, at the last step, we have used that 0 = d(p(g9) - p(g9)) = dp(g9) " tp(g) +p(g) 1dp(g).
This shows that V¥ (s) takes values in A!(E) so that our map V¥ is well-defined.

Remark 2. Let Tjs be the sheaf of sections of T'(M). Its sections over U are vector fields
on U. There is a canonical pairing

Tu @ AYE) — €.
Composing it with V4 ® 1: £ ® Tyy — A (E) — £, we get a map
EQRTy — €,

or, equivalently,
T — End(E), (12.18)

where End(E) is the sheaf of sections of E* @ E = End(E). It follows from our definition
of V¥ that the image of this map lies in the sheaf Ad(E) which is the sheaf of sections of
the image of the natural homomorphism dp : Ad(P) — End(E).

We can also define the curvature of the connection V%. We already know that Fyu
can be considered as a section of the sheaf A%(Ad(P)) on M. We can take its image in
A?(Ad(F)) under the map Ad(P) — Ad(E). This section is denoted by F/ and is called
the curvature form of E. Locally, with respect to the trivialization e : U — P, it is given
by

1
(FR)e = dO2 + (02, 02] = dog + 02 A 0. (12.19)
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Here for two 1-forms «, 8 with values in End(V),

[, B](&1,&2) = [a(&1), B(&2)] = [a(€a), B(&1)] = 2(a(€1)B(€2) — B(E2)(é1)) := 20 A B(&1, €a)-

Finally, we can extend V% to
d5 : A¥(E) — AFY(E)
by requiring dy = V¥, for k = 0 and
d(w A @) = dw Ao+ (—1)29@y A VA (a).
for w € A¥(U),a € E(U). Using Theorem 1, we can easily check that
dfy o dy(B) = [F}, B].
12.6 Let us consider the special case when G = GL(n,R) and E is a rank n vector bundle.
In this case the Lie algebra g is equal to the algebra of matrices Mat,, (R) with the bracket
[X,Y] = XY — YX. We omit p in the notation V%. A trivialization e : U — P is a choice
of a basis (e1(x),...,e,(x)) in E;. This defines the trivialization of E|U by the formula
UxR"— E|U, (z,(a1,...,a,)) = a1e1(x) + ... + apen(x).

A section s: U — E is given by s(z) = a1(x)e1(x) + ... + an(x)e,(x). The 1-form 6, is a
matrix 0, = (6;;) with entries 6;; € A'(U). If we fix local coordinates (z1,...,z4) on U,

then
Z F d:l?k

The connection V 4 is given by

- Zd(ai(x)ei(x)) = Zdaz(m)el(x) + Z%( )V a(e;(z)) =
n d O
=2 (Z(ax; + a;j(2)TFdzy)e;(z). (12.20)
1,J=1 k=1

If we view V4 in the sense (12.18), then we can put (12.19) in the following equivalent
forms:

8al i k
0 0 0
- - = — + A 2.22
VA k VA(a.’IJ‘k) 83% + (1—‘”)1<z,]<n 8.’L‘k + Ak (1 )
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This is an operator which acts on the section a1 (z)e;(x)+...+an(x)e,(z) by transforming
it into the section by(z)e1(z) + ...+ by(x)e,(x), where

b1 (x) %(kx) ry, ... Tk a1(x)
= .
by () 3“#5;”) rk, ... Tk an ()

If we change the trivialization to e(x) = €'(z) - g(z), then we can view g(z) as a matrix
function g : U — GL(n,R), and get

A =g " Af g+ 9‘1;—;6- (12.23)
By taking the Lie bracket of operators (12.22), we obtain
Va4, Va, = [% + Af, % + Af] = %A; — %Af + [Af, AZ). (12.24)
Comparing it with (12.19), we get
d
Fa= Y [V}, Vida, Adz,. (12.25)

p,v=1

Example 1. Let us consider a very special case when E is a rank 1 vector bundle (a line
bundle). In this case everything simplifies drastically. We have

0
Var=-—+TF
8$k

In different trivialization e(z) = €'(z)g(x), we have

(93:'k )
If weputI' = ZZ:1 I'kdxy, then
I =T+ dlogg(z). (12.26)

Thus a connection on a line bundle defined by transition functions g;; is a section of the
principal R¥™M_bundle on M with transition functions {dlog(g;;(x))} belonging to the
affine group Aff(R™). The difference of two connections is a section of the cotangent bundle
T*(M). The curvature is a section of A*(T*(M)) given by 2-forms dI".

Example 2. Let E = T (M) be the tangent bundle of M. The Lie derivative £,, coincides
with the connection V 4(n) such that all sections (vector fields) are horizontal. This means
that I‘f’j = 0. We shall discuss connections on the tangent bundle in more detail later.
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12.7 Let us summarize the description of the set of all connections on a principal G-
bundle P. It is the set Con(P) of all differential 1-forms A on P with values in g = Lie(G)
satisfying

(i) (Rg)*(A) = Ad(g™") - (A);

(ii) Ay : T(P), — g is the canonical map oy, : T'(Pr(p)) — -

Because of (ii), the difference of two connections is a 1-form which satisfies (i) and is
identically zero on vertical vector fields. Using a horizontal lift we can descend this form
to M to obtain a section of the vector bundle T*(M) ® Ad(P). In this way we obtain that
Con(P) is an affine space over the linear space A'(Ad(P))(M). Tt is not empty. This is
not quite trivial. It follows from the existence of a metric on P which is invariant with
respect to G. We refer to [Nomizu] for the proof.

The gauge group G(P) acts naturally on the set of sections I'(P) by the rule:

(g-s)(x) =g~ s(x).

It also acts on the set of connections on P (or on an associated vector bundle) by the rule:

Vga)(s) = gValg's).

Locally, if A is given by a g-valued 1-forms 6., it acts by changing the trivialization
e:Ux G — P|U to e =g-e. As we know this changes 6. to Ad(g) - 0. + g~ 'dg.

Exercises.

1. A section s : U — FE of a vector bundle E is called horizontal with respect to a
connection A if V 4(s) = 0. Show that horizontal sections form a sheaf of sections of some
vector bundle whose transition functions are constant functions.

2. Let m: E — M be a vector bundle. Show that a connection V on F is obtained from a
connection A on some principal G-bundle to which E is associated.

3. Show that there is a bijective correspondence between connections on a vector bundle
E and linear morphisms of vector bundles 7*(T (M) — T(F) which are right inverses of
the differential map dr : T(E) — 7*(T'(M)).

4. Let V be a connection on a vector bundle E. A tangent vector £, € T'(E), is called
horizontal if there exists a horizontal section s : U — E such that &, is tangent to s(U)
at the point z = s(x). Let E = T(M) be the tangent bundle of a manifold M. Show that

the natural lift 5(t) = (v(t), 2¥) of paths in M is a horizontal lift for some connection on

) dt
T(M).
5. Let V be a connection on a vector bundle. Show that it defines a canonical connection

on its tensor powers, on its dual, on its exterior powers. Define the tensor product of
connections.

6. Let P — M be a principal G-bundle. Fix a point zo € M. For any closed smooth
path 7 : [0,1] — M with 4(0) = v(1) = z and a point p € P, consider a horizontal lift
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7 :10,1] — P with 4(0) = p € P,,. Write (1) = p- g for a unique g € G. Show that g
is independent of the choice of p and the map v — g defines a homomorphism of groups
p: m(M;xg) — G. It is called the holonomy representation of the fundamental group
m1(M; zo).

7. Let E = E(p) = P x, V be the vector bundle associated to a principal G-bundle by
means of a linear representation p : G — GL(V). Let a : P x V — E be the canonical
projection. For any v € V let ¢ : P — E be the map p — a(p,v). Use the differential of
this map and a connection A on P to define, for each point z € E, a unique subspace H,
of T(E), such that T'(E,(,)) ® H, = T(E).. Show that the map 7*(T'(M)) — T'(E) from
Exercise 3 maps each T'(M), isomorphically onto H,, where z € E,.

8. Let G = U(1). Show that the torus T = R*/Z* admits a non-flat self-dual U(1)
connection if and only if it has a structure of an abelian variety.
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Lecture 13. KLEIN-GORDON EQUATION

This equation describes classical fields and is an analog of the Euler-Lagrange equa-
tions for classical systems with a finite number of degrees of freedom.

13.1 Let us consider a system of finitely many harmonic oscillators which we view as a
finite set of masses arranged on a straight line, each connected to the next one via springs
of length e. The Lagrangian of this system is

N om (2; — mi41)2
L= [—d? — ke . (13.1)
€

. €
mi; — k(z; — wi41)°] = 3 2

=1 =1

(NN

[

Now let us take N go to infinity, or equivalently, replace ¢ with infinitely small Axz. We

can write
b

lim [ = 1/ [p,(‘%(”:’t))2 - Y(M)ﬂdx, (13.2)

a
where m/e is replaced with the mass density u, and the coordinate z; is replaced with
the function ¢(z,t) of displacement of the particle located at position x and time ¢. The
function Y is the limit of ke. It is a sort of elasticity density function for the spring,
the so-called “Young’s modulus”. The right-hand side of equation (13.2) is a functional
on the space of functions ¢(x,t) with values in the space of functions on R3. We can
generalize the Euler-Lagrange equation to find its extremum point. Let us introduce the

action functional
t1 b
S://L(gb, Ou¢)dzdt.

to a

Here L is a smooth function in two variables, and

8¢ 0

3u¢ = (E’ %)a
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and the expression

L(¢) = L(¢, 0u9)

is a functional on the space of functions ¢. In our case

L) = gu(20) - v S0y (13.3)

We shall look for the functions ¢ which are critical points of the action S.

13.2. Recall from Lecture 1 that the critical points can be found as the zeroes of the
derivative of the functional S. We shall consider a more general situation. Let L : R**1 —
R be a smooth function (it will be called the Lagrangian). Consider the functional

L L(RY) = Ly(R"), $(z,1) = L(g, o2, ..., 22

e ) (13.4)

Then the action S is the composition of £ and the integration functional over R";

_ n,. _ 9¢ 0
S(6) _/£(¢)d x—/L(cb, o o

R

By the chain rule, its derivative S’(¢) at the function p is equal to the linear functional
Ly(R™) — R defined by

§'(¢)(h) = | L'($)hd"z.
R[

The functional £ (also often called the Lagrangian) is the composition of the linear operator

o¢ o¢
Ly(R) — Ly(R™,R*) = Ly(R™)™H —®= (¢, .y
2( ) 2( ) ) 2( ) ’ ¢ (¢7 6:1:1’ ,8-73”)
and the functional
Ly(R*,R*t1) = Ly(R"), & — Lod.
The derivative of the latter functional at ® = (®q,...,P,41) is equal to the linear func-
tional Ly(R™, R+ 1) — Ly(R"™)
" 0L
(h]_, ceey hn+1) — zz:% 8—%(¢($))h“

where we use coordinates v, . .., y, in R**t1. This implies that the derivative of £ at ¢ is

equal to the linear functional

o oL ,, 0¢ ¢ " 0L ,, ¢ ¢ . Oh
z<¢).h—>ayo(¢,a ""’8xn)h+;8yu(¢ )—. (13.5)

1 "0x1’ 7 Oz, Ox;
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Let us set
oL  OL 9 8¢ oL OL 04 9
oL _ _ L oe —1.... 13.
By 6y0(¢’ oz, ’axn)’ 90,¢ ay,,( ' Ozy ’3xn)’ v=1...,n (136)

These are of course functions on R™. In this notation we can rewrite (13.5) as

)h_ h Zaa,,qsa:c,,

This easily implies that

oc. oL on 9L oh
S(¢)(h)—/n(a¢h Bt T )

In the physicists notation, we write d¢ instead of h, and §0;¢ = 0;0¢ instead of g—whi and
find that, if the action has a critical point at ¢,

/ (%541 25 0L 50,6)d"s =0, (13.7)

%6925-1— 881¢581¢+...+ 90,0

or, using the Einstein convention (to which we shall switch from time to time without

warning),
oL oL n

Let us restrict the action to the affine subspace of functions ¢ with fixed boundary condi-
tion. This means that ¢ has support on some open submanifold V' C R" with boundary
8V, and ¢|6V is fixed. For example, V = [0,00) x R® C R* with §V = {0} x R3. If we are
looking for the minimum of the action S on such a subspace, we have to take d¢ equal to
zero on 0V. Integrating by parts, we find (using 9, to denote 6—2'/)

oL oL oL oL no
0= [ G500+ g g0 = [ dbsgaiya+ [ (G2 —augs ypeda =

. 0L ., 0L . [ DL 0L ..
:/ (‘”’aauas)d 1“/V(% % 55,4)000" /V(% % 55,4000

From this we deduce the following Euler-Lagrange equation:

oL oL -~
5 "0 5 -2 36,5 =" (138)

Observe the analogy with the Euler-Lagrange equations from Lecture 1:

oL dXO d OL dX()

- i R —)=0,i=1,...
8qi(X03 dt) dtaq-i(XOa dt) Oa?’ 3 L
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In our case (g1(t),...,qn(t)) is replaced with ¢(z,t), and (¢1(t), ..., Gn(t)) is replaced with

A¢(x,t)
at_ -
Returning to our situation where £ is given by (13.3), we get from (13.8)
0%¢ _  p 0%
— =)= 13.9
0x? (Y) ot? ( )

This is the standard wave equation for a one-dimensional system traveling with velocity

VY /.

Let us take n = 4 and consider the space-time R* with coordinates (t,z1, 2, 73).
That is, we shall consider the functions ¢(¢,x) = ¢(t, 1,72, x3) defined on R*. We use
¥, v =0,1,2,3 to denote t,x1, x3, x3, respectively. Set

0, = a1/—0123

oxv’
0 0
v = — = v = —— = 1 2 .
0 8$V,V 0, 0 83:”’1/ ,2,3
The operator
02 0? 02
0= v - - - .
Z %0 8t2 oz 0z 013

is called the D’Alembertian, or relativistic Laplacian.

If we take s
1 v 2,2
~ 5(208,,@9 ¢ —m?¢?), (13.10)
the Euler-Lagrange equation gives
O¢ + m?¢p = 0. (13.11)

This is called the Klein-Gordon equation.

13.3 We can generalize the Euler-Lagrange equation to fields which are more general
than scalar functions on R", namely sections of some vector bundle E over a smooth
n-dimensional manifold M with some volume form du equipped with a connection V :
I'(E) — AY(E)(M). For this we have to consider the Lagrangian as a function L :
E ® AY(FE) - R. In a trivialization E 2 U x R", our field is represented by a vector
function ¢ = (1, ..., ), and the Lagrangian by a scalar function on U x R" x R*". Let
' =T(F)® AY(E)(M) be the space of sections of the vector bundle £ & A'(E). We have
a canonical map I'(F) — I' which sends ¢ to (¢, V(¢)). Composing it with L, we get the
map

L:T(E) = C*(M),¢ = L(#) = L(¢(z), Vo(x)).

Then we can define the action functional on X by the formula

S(¢) = /M C(#)dp = /M L, d)dy
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The condition for ¢ to be an extremum point is

oL oL
—0¢p+ =Vip)d"x =0 13.12
| (Gg80+ 50559) (13.12)
Here 0¢ is any function in Lo(M, ) with ||d¢|| < € for sufficiently small e. The partial
derivative % is the partial derivative of £ with respect to the summand I'(E) of T" at the

point (¢, V¢). The partial derivative % is the partial derivative of £ with respect to

the summand A!(E)(M) of T computed at the point (¢, V¢). This partial derivative is a
linear map A'(E)(M) — C*°(M) which we apply at the point Vip. We leave it to the
reader to deduce the corresponding Euler-Lagrange equation.

The Klein-Gordon Lagrangian can be extended to the general situation we have just
described. Let us fix some function ¢ : £ — R whose restriction to each fibre F, is
a quadratic form on E,. Let g be a pseudo-Riemannian metric on M, considered as a
function g : T(M) — R whose restriction to each fibre is a non-degenerate quadratic form
on T(M),. If we view g as an isomorphism of vector bundles g : T(M) — T*(M), then
its inverse is an isomorphism ¢g~! : T*(M) — T(M) which can be viewed as a metric
g ' :T*(M) — R on T*(M). We define the Klein-Gordon Lagrangian

L=—uoq+A '®q¢: E®A(E) =R,
Its restriction to the fibre over a point € M is given by the formula
(Agy Wz ® by) = —u(z)q(az) + A(x)q(bz)g™Hwe) (13.13)

for some appropriate non-negative valued scalar functions A and u. Usually ¢ is taken to
be a positive definite form. It is an analog of potential energy. The term Agg~! is the
analog of kinetic energy.

The simplest case we have considered above corresponds to the situation when M =
R",E = M x R is the trivial bundle with the trivial connection ¢ — d¢. The Lagrangian
L: M x R"1 — R does not depend on x € M. The Lagrangian from (13.10) corresponds
to taking g to be the Lorentz metric, the quadratic function q equals (x, 2) — —m?2?%, and
the scalar A is equal to 1/2.

A little more general situation frequently considered in physics is the case when FE is
the trivial vector bundle of rank r with trivial connection. Then ¢ is a vector function
(1, n), dp = (dé1,...,dd,) and the Euler-Lagrange equation looks as follows:

oL < oL
=Y Oy, i=1,...,1
O¢; = " 00ud

13.4 The Lagrangian (13.10) and the corresponding Euler-Lagrange equation (13.11) ad-
mits a large group of symmetries. Let us explain what this means. Let G be any Lie group
which acts smoothly on a manifold M (see Lecture 2).
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Let m : E — M be a vector bundle on M. A Ilift of the action G x M — M is a
smooth action G x £ — E such that, for any z € F;, g-z € E4.,. Given such a lift, G acts
naturally on the space of sections of E by the formula

(9-5)(x)=g-s(¢g”" ). (13.14)

If, additionally, the restriction of any g € G to E;, is a linear map E; — E,., (such a lift
is called a linear lift) then the previous formula defines a linear representation of G in the
space I'(E).

Suppose, for example, that £ = M x R™ is the trivial bundle. Let G be a Lie group
of diffeomorphisms of M and p : G — GL(n,R) be its linear representation. Then the
formula

g-(z,a) = (g9-,p(g)(a))

defines a linear lift of the action of G on M to E. In particular, if n = 1 and p is trivial,
then g € G transforms a scalar function ¢ into a functon ¢/ = g=! o ¢. It satisfies

¢'(g-x) = ¢(z). (13.15)

If we identify a section of E with a smooth vector function ¢(z) = (¢1(x),..., ¢n(z)) on
M, then g acts on I'(E) by the formula

9-9(@) = (¥1(), .., ¥n(z)),
where

Yi(z) = Zaij(bj(g_l -x), p(g9) = (aij) € GL(n,R), i=1,...,n.

The tangent bundle T (M) admits the natural lift of any action of G on M. For any
T, € T(M), we set

9o = (dg)e(1s) € T(M)g.o-
A section of T (M) is a vector field 7 : z — 7,. We have
(9T =9 Tg-1.0 = (d9)g-1.0(Tg-1.0)-
If we view a vector field 7 as a derivation C*° (M) — C*° (M), this translates to
(9 7)a(d) = Tg-1.2(97(8)).
Let g € G define a diffeomorphism from an open set U C M with coordinate functions

z = (z1,...,%,) : U = R to an open set V = g(U) with coordinate functions y =
(Y1,---5Yn) : V — R™. For any a € U we have

yi(g9(a)) = ¥i(xz1(a),...,xzn(a)),i=1,...,n, (13.16)
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for some smooth function 1 : (U) — R™. Thus

) a9, _ 0y
(9- a—xj)(yi) = 873-(%(;61"”’33")) = o,

This implies

0 3%
= )gz = 13.1
(g Jae = (o 8% Z ot 8% (13.17)

g.;aj(l'l,..., Zbl ayz

where

8z _
Zaﬂ 1. JJ( Ly,

The cotangent bundle T* (M) also admits the natural lift. For any w, € T*(M), = T(M)*

and 74., € T(M)g.s,
(9 ws)(Tgz) = Wy (g_1 Tga)-

A section of T*(M) is a differential 1-form w : £ — w,. We have

—1

(9-wW)e(Te) =9- wg—1~z(7'a:) = wg_lﬂr(g “Tg)-

On the other hand, if f : M — N is any smooth map of manifolds, one defines the inverse
image of a differential 1-form w on N by

FHw)a(r) = wia) (dfa(7))-

If f=9g: M — M, we have
g-w= (971" w).

If g: U — V as above, then

1 . o — —_ * . p—
g dyz(axj) g (dyz)(axj) dyz(g* E : . 8yk oz
Therefore
~1 N 8% (o
9~ - (dy;) == g™ (dy;) = By 9 = d(g* (v:))

- i
Zb )dy;) = izzlbi(g-m)a—xjdxj.

Now assume that G consists of linear transformations of M = R". Fix coordinate functions
Z1,...,%, such that 6%1, ey % gives a basis in each T(M),, and dz1,...,dx, gives a
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basis in T*(M)a. Let g € G be identified with a matrix A = (o;;). It acts on a =
(ai,...,a,) by transforming it to
b=A4-a.

We have . .
.’L‘Z(A . a) = bz = Zaijaj = Zaijacj(a).
7=1

=1

Thus (13.16) takes the form

n
g (x;) = ¢i(x1, ..., xp) = Zaijxj,i =1,...,n,
i=1

and
0 0 = 0
9 gy =9y = L gy
gt dz; = g*(dz;) = Zaijda:j,
1=1
where

13.5 Let us identify the Lagrangian £ with amap £ : C®° (M) — C>®(M), ¢(z) — L($)(z).
We use the unknown z to emphasize that the values of £ are smooth functions on M. Let
g : M — M be a diffeomorphism. It acts on the source space and on the target space of
L, transforming £ to gL, where

(9-L)@)=g-L(g7"-¢)=L(g*(P)((g7")" - ).

We say that the Lagrangian is invariant with respect to g if g - £ = L, or, equivalently,
L(g%(9)(x) = L()(g - 7). (13.18)
Example. Let M =R and £(¢) = ¢'(x). Take g : ¢ — 2z. Then

L(g*(¢)) = ¢(22)" = 2¢/(2z) = 2L(¢)(27) = 2L(¢)(g - z).

So, L is not invariant with respect to g. However, if we take h : x — x + ¢, then

L(h*(¢) = d(z + ) = ¢(z + ) = L(§)(x + ¢) = L(¢)(h- z).

So, L is invariant with respect to h.
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Assume L is invariant with respect to ¢ and g leaves the volume form d"x invariant.
Then

S'@) = [ L @)ds= [ L2 @) = [ L@@ =S,
M M M
This shows that g leaves the level sets of the action S invariant. In particular, it transforms
critical fields to critical fields. Or, equivalently, it leaves invariant the set of solutions of
the Euler-Lagrange equation.

Let n be a vector field on M and gz be the associated one-parameter group of diffeo-
morphisms of M. We say that n is an infinitesimal symmetry of the Lagrangian £ if L is
invariant with respect to the diffeomorphisms ng

Let L, be the Lie derivative associated to the vector field n (see Lecture 2). Assume
7 is an infinitesimal symmetry of £. Then £(¢)(g} - ©) = L(#(g}, - ©)). This implies

L(@)gh - 7) - L)) _ or
t S D@+ 5

Ln(£L(¢, d¢)(x)) = lim dg),  (13.19)

where L, denotes the Lie derivative with respect to the vector field . By Cartan’s formula,

Ly(8) =n(0), Ln(dd) = dn(e).

Let us assume M = R™ and L(¢, qu) F(p,010,...,0n¢) for some smooth function
F in n+ 1 variables. Let n =Y, a*(z )— then

0o) = Y a'@) 5o

N a¢ — Od' a¢ N R
We can now rewrite (13.19) as
oL oL
n b v
a 6 E 8¢a ( )8U¢+ aauqb (8,ua 81/¢+ a ( )8Va[l,¢)'

Assume now that ¢ satisfies the Euler-Lagrange equation. Then we can rewrite the previous
equality in the form

oL oL
" v v
at0,L =0 8(9u¢( 0”0y ¢ + a”(2)0,0,9).

M88u¢ () l/¢

Since we assume that gf? preserves the volume form w = dx1 A ... A dz,, we have

> &Ti)w = 0.
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This shows that

2L _ 9.(ah L) - £, (a") = B, (a L),
85”#

Now combine everything under 9,, to obtain

oL oL
—_ — K v —
0= ~0,(L0) + 0, s W0+ 55 (0, D+ o (2)0.0,9)
oL - oL
=0 a”0y¢p —0ha" L) = 0 a”0,¢ — 0, a" L), 13.20
(g0 =80 = 2 Onlgg, g0t =i (320
where 6,; = d,,, is the Kronecker symbol.
Set .
JH = Z(a”(a—ﬁa,,qb —6,L), p=1,...,n (13.21)
—~ aaﬂqs y22 I I ) 'O
The vector-function
J=J ..., 0"

is called the current of the field ¢ with respect to the vector field 7. From (13.21) we now

obtain

w
divd = 8, J* = Z OT" . (13.22)

833“

For example, let n = 4, (z1, 22,23, 74) = (t,71,%2,23). We can write (J1,.J2, J3, J%) =
(5°,j) and rewrite (13.21) in the form

8j0 B e aji
Br = i =-(3_ 5.
Thus, if we introduce the charge

a0 = [ i

and assume that j vanishes fast enough at infinity, then the divergence theorem implies
the conservation of the charge
dQ(t)

= 0.
dt

Remarks. 1. If we do not assume that the infinitesimal transformation of M preserves
the volume form, we have to require that the action function is invariant but not the
Lagrangian. Then, we can deduce equation (13.21) for any field ¢ satisfying the Euler-
Lagrange equation.

2. We can generalize equation (13.22) to the case of fields more general than scalar fields.
In the notation of 13.3, we assume that F is equipped with a lift with respect to some
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one-parameter group of diffeomorphisms g,"’7 of M. This will define a canonical lift of gz to
E ® AY(E). At this point we have to further assume that the connection on E is invariant
with respect to this lift. Now we consider the Lagrangian £ : E & (A'(E)) — R as the
operator L : I'(E) = I'(E), ¢ — L(p, V¢). We say that 7 is an infinitesimal symmetry of
Lif gt - L(g,* - ¢) = L(¢) for any ¢ € T'(E). Here we consider the action of g} on sections
as defined in 13.5. Now equation (13.19) becomes

V(L) = 55 V@) + 5oV (V@)

Here we consider the connection V both as a map I'(E) — T'(A'(E)) and as a map
(T(M)) — T(End(E)). We leave to the reader to find its explicit form analogous to
equation (13.20), when we trivialize E and choose a connection matrix Ffj.

13.6 Now we shall consider various special cases of equation (13.20). Let us assume that
M = R" and G = R" acts on itself by translations. Since 0, commute with translations,
any Lagrangian L(¢, d¢) is invariant with respect to translations. Also translations pre-
serve the standard volume in R™”. We can identify the Lie algebra of G with R". For any
n = (a',...,a") € R, the vector field n* is the constant vector field ", aia%i. Thus we
get from (13.20) that

n

LY
a’o 0,0 —6,,L) =0.
> 0.3 g0t bt

v,pu=1

Since this is true for all 7, we get

~ oL
Op(w—0,0—0L)=0, v=1,...,n.
,;1 #2090,

The tensor

oL " oL 0
TH) = 0,0 — 0L L) := — 0,0 — 0L L) — ®dz, 13.23
(1) = (g, 06 = 00L) 1= D 50t = LG @do  (132)
is called the energy-momentum tensor. For example, consider the Klein-Gordon action
where

1
L= 5(a,,,qszm —m2¢?).
We have

(009)? — L 0o 01 0o 020 0o P03
(T#) = —0op0rp  —(019)> —L  —01¢D2¢ —01¢03¢
—00p02¢ —0190290  —(029)> —L  —02403¢
—0o 03¢ —01403¢ —02p03p  —(03¢)* — L
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Since ¢ satisfies Klein-Gordon equation (13.11), we easily check that each row of the matrix
T is a vector whose divergence is equal to zero. the frequency
We have

3
T) = L(m’¢? + Y (0:9))
1=0

If we integrate TQ over R with coordinates (z1, 2, x3), we obtain the analog of the total

energy function
1 n
5 E m QZ + Qz

We also have T = 9yp0r¢ = 33, ¢8kq5, k = 1,2,3. In classical mechanics p; = E is the

momentum coordinate. Thus the integral over R of the vector function (7°!, 792 T03)
represents the analog of the momentum.

13.7 Consider the orthogonal group G = O(1,3) of linear transformations 4 : R* — R*
which preserve the quadratic form x2 — 23 — 23 — 23. Take the Klein-Gordon Lagrangian
L. Since (0p, 01,02, 03) transforms in the same way as the vector (zg, z1, T2, 3), we obtain

that 0,0 (¢p(A - x)) = 0,0"(¢)(A - z). Thus

L($(A-z)) =0,0"(p(A-)) —m2p(A-2)? = 0,0"($)(A-z) —m?¢*(A-z) = L($)(A- ).

This shows that the Lagrangian is invariant with respect to all transformations from the
group O(1,3). Let us find the corresponding currents.

As we saw in Lecture 12, the Lie algebra of O(1, 3) consists of matrices A € Mat4(R)
satisfying A - J + J - A® = 0, where

1 0 0 0
7=lo 0 o
0 0 0 -1
If A= (a!), this means that
ad =0,ah =a), i#0, aéz—af,i,j;éo.

This can also be expresed as follows. Let us write

and A-J = (a;;), where
3
=D _aigk
k=0

Then A = (a?) belongs to the Lie algebra of O(1,3) if and only if the matrix A -J = (a;;)
is a skew-symmetric matrix. In fact, this generalizes to any orthogonal group. Let O(f)
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be the group of linear transformations preserving the quadratic form f = g, ,z"z*. Here
we switched to superscript indices for the coordinate functions x;. Then A = (ag ) belongs
to the Lie algebra of O(f) if and only if A - (g,,) = (a¥gv;) is skew-symmetric. The
reason that we change the usual notation for the entries of A is that we consider A as an
endomorphism of the linear space V, i.e., a tensor of type (1,1). On the other hand, the
quadratic form f is considered as a tensor of type (0,2) (z; forming a basis of the dual
space). The contraction map (V*@V)® (V*®V*) - V*®V™* corresponds to the product
A - (gs5) and has to be considered as a quadratic form, hence the notation a;;.

Under the natural action of GL(n,R) — R*, A — A - v, the matrix A = (ag ) goes to

n n
(01, y00) - A" = (O advj o, D adoy).
j=1

Under this map the coordlnate function z* on R™ is pulled back to the function Z Lzl cJ
on Mat,, (R), where z7 is the coordinate function on Mat, (R) whose value on the matrix
((5fjl) is equal to 51“31 Using (13.17), we see that the vector field % on GL,(R) goes to
the vector field z/ % (no summation here!). Therefore, the matrix A®, identified with the
vector field n =Y =105 e J, goes to the vector field

E E a; 377 = al'jx”a,, =a"0,,

i=1 j=1
where a¥ = aZ:c”, Apy = —Qyp.
Note that
3 3
v
E ay(a):E ah =0,
v=0 p=0

so that the group O(1,3) preserves the standard volume in R3.
We can rewrite equation (13.20) as follows

oL oL
— av W U _ Vv P S —
0 8“(88,@ voup —obx“ar L) = ako ((9('9“(;5 Oy — Mz L)
oL oL
— v Br, .« _ Brsp,.o — P 16] Bu .a
gﬂ,,aaau(aamg z%0yp — g7V 6Lz L) = aga 0y (8(9“@1‘) P — PPz L) =
3 OL  anBy  .Bya By _ sau,B
= E agaOu( (0P — 2P 0%¢p) — (0"Fx* — 0*zP) L), (13.24)

0<B<a<3 00,

where (g") = (gu)~". Since the coefficients agq, 8 < @, are arbitrary numbers, we deduce

that or
O

" m(a}a@ﬁgb — xﬁaaqﬁ) — ((5ﬁ“m°‘ — (5““:cﬂ)£) =0.
”w
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Let

oL
TBr — BvTr — Bgph — 5P~
g Tk 8(‘9“@58 ¢ —oPHL

where (T}) is the energy-momentum tensor (13.23). Set

MHeB = TPrge _ pangh (13.25)

Now the equation div(J) = 0 is equiavlent to

3uMu,aﬁ — Z 5uMu,aﬂ =0.

p=1

We can introduce the charge
MeP = / MOeB g3y,
R3

Then it is conserved
dMB

dt

When we restrict the values «, 3 to 1,2, 3, we obtain the conservation of angular momen-
tum. For this reason, the tensor (M*8) is called the angular momentum tensor.

13.8 The Klein-Gordon equation was proposed as a relativistic version of Schrodinger
equation by E. Schrodinger, Gordon and O. Klein in 1926-1927. The original idea was to
use it to construct a relativistic 1-particle theory. However, it was abandoned very soon
due to several difficulties.

The first difficulty is that the equation admits obvious solutions

Bz, 1) = eieo+ED

with
E2+m?2=k24+ky+k2+m?—E?>=0. 13.26
1 3

Since the Schrédinger equation (5.6) should give us

this implies that —F is the eigenvalue of the Hamiltonian. Thus we have to interpret —F
as the energy. However, equation (13.26) admits positive solutions for F, so this leads to
the negative energy of a system consisting of one particle. We, of course, have seen this
already in the case of a particle in central field, for example, the electron in the hydrogen
atom. However in that case, the energy was bounded from below. In our case, the energy
spectrum is not bounded from below. This means we can extract an arbitrarily large
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amount of energy from our system. This is difficult to assume. In the next Lectures we
shall show how to overcome this difficulty by applying second quantization.

Exercises.

1. Let g : E — FE be a lift of a diffeomorphism g : M — M to a vector bundle over M.
Show that the dual bundle (as well as the exterior and tensor powers) admits a natural
lift too.

2. Generalize the Euler-Lagrange equation (13.8) to the case when the Lagrangian depends
onz € R"™.

3. Let J = (535000 — L, 55 50t0: g 50¢, 55 50:4), where L is the Klein-Gordon
Lagrangian (13.10). Verify directly that div(J) = 0. What symmetry transformation in
the Lagrangian gives us this conserved current?

4. Let M =R and L(¢)(z) = ¢(x) + 2log|¢'(z)| — log |4’ (z)|. Find the Euler-Lagrange
equation for this Lagrangian. Note that it depends on the second derivative so this case

was discussed in the lecture. Observing that £ is invariant with respect to transformations
x — Az, where XA € R*, find the corresponding conservation law.

5. The Klein-Gordon Lagrangian for complex scalar fields ¢ : R* — C has the form
L(¢) = 8,$0*d—m?|$|?. Obviously it is invariant with respect to transformations ¢ — A,
where A € C with |A\| = 1. Find the corresponding current vector J and the conserved
charge.



