178 Lecture 14

Lecture 14. YANG-MILLS EQUATIONS

These equations arise as the Euler-Lagrange equations for gauge fields with a special
Lagrangian. A particular case of these equations is the Maxwell equations for electromag-
netic fields.

14.1 Let G be a Lie group and P be a principal G-bundle over a d-dimensional manifold
M. Recall that a gauge field is a connection on P. It is given by a 1-form A on M with
values in the adjoint affine bundle Ad(P) C End(g). Here affine means that the transition
functions belong to the affine group of the Lie algebra g of G. More precisely, the transition
functions are given by

Ac=g-Ac-g '+ g ldg,

where A, and A. are the g-valued 1-forms on M corresponding to A via two different
trivializations of P (gauges).

The curvature of a gauge field A is a section F4 of the vector bundle A%(ad(F)) =
N\’ T*(M) ® Ad(E). Tt can be defined by the formula

1
Fa=dA+ 3[4, A]

If we fix a gauge, then F' = F4 is given by an n X n matrix whose entries FZJ are
smooth 2-forms on U. If (z!,...,2%) is a system of local parameters in U, then we can
write

d
Fl = Z Fij;w(x)dx“ A dx¥
pv=1
Equivalently we can write
F = (Fu)i<pv<d

where F),, is the matrix with (ij)-entry equal to FZ (7). We can start with any Ad(P)-
valued 2-form F' as above, and say that a gauge field A is a potential gauge field for F' if

F =Fjy.
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Let E = E(p) — M be an associated vector bundle on M with respect to some
linear representation p : G — GL(V'). The corresponding representation of the Lie algebra
dp : g — End(V) defines a homomorphism of vector bundles Ad(P) — End(E). Applying
this homomorphism to the values of A and F4, we obtain the notion of a connection and
its curvature in FE.

For example, let us take G = U(1) and let P be the trivial principal G-bundle. In this
case Ad(P) is the trivial bundle M x R. So a gauge field is a 1 form ZZZO A, dz? which
can be identified with a vector function

A= (AOa Ala AZa A3)
For any smooth function ¢ : M — U(1), the 1-form
A'=A+dlogé¢

defines the same connection. Its curvature is a smooth 2-form

3
F = Z F,dz" A dz”.
A,v=0

We shall identify it with the skew symmetric matrix (F),,) whose entries are smooth
functions in (¢, z):

0 —-FE, —-E, —EFEj3
FEr 0 Hs —H,
FE, —Hjg 0 H,
FEs Hy —H; 0

F,, = (14.1)

For a reason which will be clear later, this is called the electromagnetic tensor. Since
[A, A] = 0, we have
F,, =0,A, —0,A,. (14.2)

Let us write
A= (¢p,A) € C®(R') x (C®(RY))*.

This gives
FOI/ = 80A1/ - 81/¢7y = 07 17 2737

F,, =0,A, -0,A,, pv=1273.

If we set
E = (E1,Eq, E3), H = (Hy, Hs, H3),

we can rewrite the previous equalities in the form
E = grad,¢ — 0o A = (01, 02¢, 03¢) — (0o A1, 0o A2, 0o As), (14.3)

H=curl A=V x (Al, AQ,A3), (144)
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where
v - (817 827 83)

Of course, equation (14.2) means that the differential form F4 satisfies
Fp = d(Apdz® + Ardz' + Agdz® + Aszdz®).
Since R?* is simply-connected, this occurs if and only if
dF = d(—E1dz° Adxt — Eydz® Ada? — Esda® Adx® + Hadz! Adx? — Hydx Ada® 4+ Hydo? Ada®)

= (—82E1 -+ alEg -+ (90H3)d.73’0 A dﬂ?l A d.772 + (—83E1 + 81E3 - 60H2)da:0 A da:l A d£173+
+(=03E3 + 01E3 + 0gH3)dz® A dz? A dx® + divHdz* A dz® A dz® = 0.

This is equivalent to
oH

VXxE+ —=0 M1

divH=V-H = 0. (M2)

This is the first pair of Maxwell’s equations. The second pair will follow from the
Euler-Lagrange equation for gauge fields.

14.2 Let us now introduce the Yang-Mills Lagrangian defined on the set of gauge fields.
Its definition depends on the choice of a pseudo-Riemannian metric g on M which is locally
given by

n
g= Z Juvdz” ® dzt.
v,u=1

Its value at a point z € M is a non-degenerate quadratic form on T(M),. The dual
quadratic form on T* (M), is given by the inverse matrix (¢*¥(z)). It defines a symmetric

tensor .
0 0
-1 — pv .
g Z g ox? ® oxt
v,u=1

We can use g to transform the g-valued 2-form F' = (F},,) to the g-valued vector field

- 0
F=(F") = (g"g"PF e
(F*) = (9""9"" Fga) Wzl ® ou

Let g ® g — R be the Killing form on g. It is defined by
(A, B) = —Tr(ad(A) o ad(B)),

where ad : g — End(g) is the adjoint representation, ad(A) : X — [A, X|. This is a bilinear
form which is invariant with respect to the adjoint representation Ad : G — GL(g). In the
case when G is semisimple, the Killing form is non-degenerate (in fact, this is one of many
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equivalent definitions of the semi-simplicity of a Lie group). If furthermore, G is compact
(e.g. G = SU(n)), it is also positive definite. The latter explains the minus sign in the
formula.

Now we can form the scalar function

n

(F,F):= Y (Fu,F™). (14.5)

pnv=1

It is easy to see that this expression does not depend on the choice of coordinate functions.
Neither does it depend on the choice of the gauge. Now if we choose the volume form
vol(g) on M associated to the metric g (we recall its definition in the next section), we can
integrate (14.5) to get a functional on the set of gauge fields

Syn(A) = /M(F, Fyvol(g). (14.6)

This is called the Yang-Mills action functional.

14.3 One can express (14.5) differently by using the star operator * defined on the space
of differential forms. Recall its definition. Let V' be a real vector space of dimension n,
and g : V XV — R (equivalently, g : V — V*) be a metric on V, i.e. a symmetric
non-degenerate form on V. Let eq,...,e, be an orthonormal basis in V' with respect to
R. This means that g(e;, e;) = £d;;. Let el,...,e" be the dual basis in V*. The n-form
p=-el A...Ne"is called the volume form associated to g. It is defined uniquely up to
+1. A choice of the two possible volume elements is called an orientation of V. We shall
choose a basis such that u(eq,...,e,) > 0. Such a basis is called positively oriented.

Let W be a vector space with a bilinear form B : W x W — R. We extend the
operation of exterior product A"V x A*V — A***V by defining

k+s

k s
Avew)x (A\Vvew)—= AV

using the formula
(a®@w)A(d @uw') = Bw,w)aAd.

Also, if g : V — V is a bilinear form on V, we extend it to a bilinear form on /\k VoW
by setting
gla@w, o/ ®w') = AF(g)(a, ) B(w,w"),

where we consider g as a linear map V — V* so that A¥(g) is the linear map A*V — A" V*

which is considered as a bilinear form on A" V.

Lemma 1. Let g be a metriconV and p € \"(V*) be a volume form associated to g. Let
W be a finite-dimensional vector space with a non-degenerate bilinear form B : W x W —
R. Then there exists a unique linear isomorphism x* : /\k VW — /\n_k V*® W, such

that, for all o, 3 € Hom(\* V, W),

ahxf =g (a,B)u. (14.7)
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Here g7 : V* x V* — R is the inverse metric.

Proof. Consider v € /\"_k V* ® W as a linear function ¢, : /\k V*® W — R which
sends w € A* V*@W to the number ¢(w) such that yAw = ¢ (w)p. It is easy to see that
B — ¢p establishes a linear isomorphism from AN vEeW to (N*V*eW)* 2 AFVew.
On the other hand, we have an isomorphism A*(g~1) : A*V*@ W — A*V @ W. Thus
if, for a fixed B € /\k V* ®@ W we define a linear function o — g~ (e, 8), there exists a
unique *8 € A" * V* @ W such that (14.7) holds.

The assertion of the previous lemma can be “globalized” by considering metrics g :
T(M) — T*(M) and vector bundles over oriented manifolds. We obtain the definition of
the associated volume form vol(g), and the star operator

x: AF(E) —» A" (E)

satisfies (14.7) at each point x € M. Here we assume that the vector bundle F is equipped
with a bilinear map B : E x E — 1y, such that the corresponding morphism E — E* is
bijective. We also can define the star operator on the sheaves of sections of A¥(E) to get
a morphism of sheaves:

* .Ak(E') — An_k(E).

We shall apply this to the special case when F is the adjoint bundle. Its typical fibre is
a Lie algebra g and the bilinear form is the Killing form. The non-degeneracy assumption
requires us to assume further that g is a semi-simple Lie algebra.

In particular, taking g = R, we obtain that A*(E)(M) = AF(M) is the space of
k-differential forms and * is the usual star operator introduced in analysis on manifolds.
Note that in this case

x1 = vol(g). (14.8)

In our situation, k¥ = 2 and we have Fy € A%(Ad(P)(M),*Fs € A"~2(Ad(P)(M) and
Fa A «Fy =g Y (Fa,Fa)vol(g) = (F, F)vol(g).

Here we use the following explicit expression for g~ (o, 8), a, 8 € N*(V*) @ W:
97 e, B) = g™ g Bou,.iy s Biv.iv)s

where a = Y et A ... e @y, 4, € A®(V*) ® W, and there is a similar expression for £3.

Assume that we have a coordinate system where g;; = 3-0;; (a flat coordinate system).
Then
g—l(d_fl;zl AN...A d_/L'Zlc’ dzIt A .. A da:”“) — 91131 B .ngJk.

This implies that

#(Fy, i dx™ AL Ad'™) = g gkt o deTt AL A dapdnk (14.9)
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where ' _ . .
dz* A ... Adz™ ANdzTU AL AN deInk = daet AL LA da”.

If g9 = d;; then this formula can be written in the form
(*F)j1~~~jn—k = E(il, .. .,?:k,jl, Ce ,jn_k)Fil.__ikdl’jl AN A d.l'j"*k,

where €(i1,-..,%k, J1, - - -, Jn—k) is the sign of the permutation (i1,...,%k, j1,-- -, Jn—k)-
If G is a compact semi-simple group we may consider the unitary inner product in the
space AF(Ad(P))(M)

<F1,F2> = / F1 A *FQ. (1410)
M

Lemma 2. Assume M is compact, or F,G vanish on the boundary of M. Let A be a
connection on P. Then, for any F; € A¥(Ad(P))(M), Fy € A¥*1(Ad(P))(M),

(dA(FY), Fy) = (D) YF, d4 « Fy).

Proof. By Theorem 1 from Lecture 12, we have d4(F) = dF; + [A, F1]. Since
d(Fy N xF3) is a closed n-form, by Stokes’ theorem, its integral over M is equal to the
integral of F; A xF5 over the boundary of M. By our assumption, it must be equal to zero.
Also, since the Killing form ( , ) is invariant with respect to the adjoint representation,
we have ([a, b], c) = ([c,a], b) (check it in the case g = gl,, where we have Tr((ab— ba)c) =
Tr(abc — bac) = Tr(abc) — Tr(bac) = Tr(bca) — Tr(bac) = Tr(b(ca — ac)) = (b, [c,a])).
Using this, we obtain

[A, Fi) A %Fy = (—1)F1F A [A, «Fy].

Collecting this information, we get

<dA(F1),F2> = <dF1 + [A, Fl],F2> = / dFl A *F2 + [A, Fl] A *F2 =
M

/ d(Fy A <) — (=15 (Fy Ad+ Fy + Fy A A, «F))

:/ dF]_/\*F2_(_]_)k/ Fl/\d*F2+F1/\[A,*F2]:
M M

= (—1)’“+1/ Fy AdA « Fy = (=1)FHF, d? « F).
M

14.4 Let us find the Euler-Lagrange equation for the Yang-Mills action functional

Sy () = /

(Fa, Fp)vol(g) :/ FaNxFy = ||Fal[?,
M M
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where the norm is taken in the sense of (14.10). We know that the difference of two
connections is a 1-form with values in Ad(P). Applying Theorem 1 (iii) from lecture 12,
we have, for any h € A'(Ad(P)) and any s € T'(E),

1
Fasn=d(A+h) + S[A+h, A+ h] = Fa+dh+[A,h]+ o(||h]] = Fp +d*(h).

Now, ignoring terms of order o(||hl||), we get

Sym(A+h) = Sym(A) = [|[Fasnll® = |Fall* = [|Fasn — Fall® + 2(Fa, Fasn — Fa) =

:2/ dAh N +Fy = —2/ hAdA(xFy).
M M

Here, at the last step, we have used Lemma 2. This implies the equation for a critical
connection A:

dA(xFy) =0 (14.11)

It is called the Yang-Mills equation. Note, by Bianchi’s identity, we always have d4(Fy) =
0.

In flat coordinates we can use (14.9) to find an explicit expression for the coordinate
functions F),, of xF. Then explicitly equation (14.11) reads

OF,,

AI/;FV: . 14.12
G A Bl =0 (14.12)

This is a second-order differential equation in the coordinate functions A, of the connection

A.

Definition. A connection satisfying the Yang-Mills equation (14.11) is called a Yang-Mills
connection.

14.5 Note the following property of the star operator * : /\k V* — /\n_k V*:

0 x = €(g)(—1)FR)id, (14.13)
where €(g) is equal to the determinant of the Gram-Schmidt matrix of the metric g with
respect to some orthonormal basis.

In particular, if n =4 and k£ = 2, and ¢ is a Riemannian metric, we have
x2 = id.
This allows us to decompose the space A2(Ad(P))(M) into two eigensubspaces

A*(Ad(P))(M) = A*(Ad(P))(M)+ & A*(Ad(P))(M)-.
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A connection A with Fu € A%(Ad(P))(M)y (resp. Fa € A%(Ad(P))(M)_) is called
self-dual (resp. anti-self-dual) connection. Let us write Fa = F{ + F, where

«(Ff) = +F,.
Thus we have
Sym(A) = [|F + Fi|? = ||F{|2+ |FLIP + 2(Ff, Fr) = |[FL 12+ |1FL |7, (14.14)

where we use that (Ff, Fy) = —(F{ «F )= —(Fi F;)=—(F{ Fy).
Recall that by the De Rham theorem

H*(M,R) = Ker(d : A¥(M) — A*1(M))/Im(d : A1 (M) — A*(M)).

Let E be a complex rank r vector bundle associated to a principal G-bundle P. Pick a
connection form A on P and let Let F4 be the curvature form of the associated connection.
When we trivialize E' over an open subset U, we can view F'4 as a r X r matrix X with
coefficients in A?(U). Let T = (T;;),4,j = 1,...,7 be a matrix whose entries are variables
T;;. Consider the characteristic polynomial

det(T — AI,) = (=) + a1 (T) (=Nt + ...+ a.(T).

Its coeflicients are homogeneous polynomials in the variables T;; which are invariant with
respect to the conjugation transformation T — C-T-C~,C € GL(n, K), where K is any
field. If we plug in the entries of the matrix F§ in ag(T) we get a differential form ay(Fa4)
of degree 2k. By the invariance of the polynomials ag, the form ax(F4) does not depend
on the choice of trivialization of E. Moreover, it can be proved that the form ag(F4) is
closed. After we rescale F'4 by multiplying it by ﬁ we obtain the cohomology class

ek (E) = [ak(%FA)] ¢ H™(M,R).

It is called the kth Chern class of E and is denoted by ci(FE). One can prove that it is
independent of the choice of the connection A, so it can be denoted by cx(E). Also one

proves that
cx(E) € H**(M,z) c H**(M,R).

Assume G = SU(2) and take E = E(p), where p is the standard representation of G
in C?. Then Lie(G) is isomorphic to the algebra of matrices X € M, (C) with X*+ X = 0.
The Killing form is equal to —4Tr(AB). Then

Fl F?
p_ (F1 1
()
where Fl + F2 =0, F2 = F}, F} € iR. This shows that

C1 (E) = O,
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1 1
CQ(E) = —4—7_(_2[detFA] = —m

Here we use that Tr(X?) = —2det(X) for any 2 x 2 matrix X with zero trace. Now,
omitting the subscript A,

[FA/\FA],

FANF=Ft4+F ) )ANFT+F )=FtAF"+F AF +F"AF +F AFt=
=F"AFt+ F~-ANF~ =FtA«xFt - F~ AxF~.
Here we use that
FT = Fo1(dz® Adxt + dx? Ada?®) + Fop (d2® Adx? 4 da® Adzt) 4+ Foz(dx® Ada® + dzt A dx?),

F~ = Fo1(dz® Adx' — dz® Ada®) + Foa(dz® Adx? — dzd Adzt) — Foz(dz® Ada® + dzt A dx?),
which easily implies that F* A F~ = 0. From this we deduce
—s2mh(4) = [ (FY n+Ff = Fy axFR) = |[F 1 - |3
M
where
k(E) = / ca(E). (14.15)
M
Hence, using (14.14), we obtain
Syu(A) = 2/|FL|” + ([F5 | = [|F{[]*) > 32n°k(A) if k(E) > 0
with equality iff F* = 0. Similarly,
Sym(A) = 2/[Fy |+ ([FF|]” - ||[F5|]*) > —320% if k(E) <0

with equality iff F'~ = 0. Also, we see that A is a Yang-Mills connection if it is self-dual or
anti-self-dual. The condition for this is the first order self-dual (anti-self-dual) Yang-Mills
equation

F=+x%F (14.16)

Definition. An instanton is a principal SU(2)-bundle P over a four-dimensional Rie-
mannian manifold with k(Ad(P)) > 0 together with an anti-self-dual connection. The
number k(Ad(P))) is called the instanton number.

Note that all complex vector G-bundles of the same rank and the same Chern classes
are isomorphic. So, let us fix one principal SU(2)-bundle P with given instanton num-
ber k£ and consider the set of all anti-self-dual connections on it. The group of gauge
transformations acts naturally on this set, we can consider the moduli space

M. (M) = {anti-self-dual connections on P}/G.
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The main result of Donaldson’s theory is that this moduli space is independent of the
choice of a Riemannian metric and hence is an invariant of the smooth structure on M.
Also, when M is a smooth structure on a nonsingular algebraic surface, the moduli space
M. (M) can be identified with the moduli space of stable holomorphic rank 2 bundles with
first Chern class zero and second Chern class equal to k.

14.6 It is time to consider an example. Let
5
M:S4 = {(1171,...,.’135) ER’S Zx? = 1}
=1

be the four-dimensional unit sphere with its natural metric induced by the standard Euclid-
ean metric of R>. Let N, = (0,0,0,0,1) be its “north pole” and N_ = (0,0,0,0,—1) be
its “south pole”. By projecting from the poles to the hyperplane x5 = 0, we obtain a
bijective map S*\ {N.} — R*. The precise formulae are

1
(“fauétaugj,c,uit) = 1+ s (21,2, T3, 24).

This immediately implies that

() (S () = 2= % 127y

i=1 i=1 (1—-xf)  1-af

After simple transformations, this leads to the formula

ul

up = ————, i=1,2,3,4. (14.17)
> i (uih)2

Thus we can cover S* with two open sets Uy = S*\ {N,} and U_ = $*\ {N_} dif-
feomeorphic to R*. The transition functions are given by (14.17). We can think of $* as a
compactification of R*. If we identify the latter with U, then the point N, corresponds
to the point at infinity (u] — 0o). This point is the origin in the chart U_.

Let P be a principal SU(2)-bundle over S*. It trivializes over Uy and U_. It is
determined by a transition function g : Uy N U_- — SU(2). Restricting this function to
the sphere S3 = SN {x5 = 0}, we obtain a smooth map

g:8%— SU(2).

Both S3 and SU(2) are compact diffeomorphic three-dimensional manifolds. The ho-
motopy classes of such maps are classified by the degree k& € Z of the map. Now,
H2(S*,Z) = 0, so the first Chern class of P must be zero. One can verify that the
number k can be identified with the second Chern number defined by (14.15).
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Let us view R* as the algebra H of quaternions z = x; + z2i + z2j + z4k. The Lie
algebra of SU(2) is equal to the space of complex 2 x 2-matrices X satisfying A* = —A.
We can write such a matrix in the form

1T9 T3+ 1Ty
—(z3 —ix4)  —izma

and identify it with the pure quaternion z2i+ x2j+ x4k. Then we can view the expression
dr = dxy + drei+ dfj + drsk

as quaternion valued differential 1-form. Then
dr = dz1 — dxai — dfj — dxgk

has clear meaning. Now we define the gauge potential (=connection) A as the 1-form on
U given by the formula

A(a:):Im( xdx ) 1 xdz — dzx

— | = . 14.18
1+ |z|? 2 1+ |z[? ( )
Here we use the coordinates z; instead of u; . The coordinates A, of A are given by

Tol+ x3j + 4k i+ x4) — 23k

A1: , AQZ

1+ |z|2 1+ |z]2 7
A3 _ —.’1,’4i — .T,'lj —2|- .’1321(7 A4 _ .’1,‘3i + .Z'Qj —2.’1,‘11{
1+ |z 1+ |z|

Computing the curvature Fy of this potential, we get

P dz A dx ’
(1+ [z[?)?
where

dz Ndx = —2[(dzi ANdxo+drs Ndzy)i+ (dry Adrs+drgNdxe)j+ (dey Adxy + dze Adzs)K].

Now formula (14.9) shows that F' is anti-self-dual.
On the open set U_ the gauge potential is given by

)= in(255).

In quaternion notation, the coordinate change (14.7) is

x:gj_l.
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It is easy to verify the following identity

gz) +zdzt = _vdy (14.19)

7( zdT
L+ [y[?

11|z

Let us define the map Uy NU_ — SU(2) by the formula

Then
Im(zdz ") = ¢(z) " do ()

and taking the imaginary part in (14.19), we obtain
A'(z) = ¢(x) 0 A(x) 0 ¢~ (2) + d(2) " do(z).

Note that the stereographic projection S* — R* which we have used maps the subset
x5 = 0 bijectively onto the unit 3-sphere S3 = {z : |z| = 1}. The restriction of the
gauge map ¢ to S2 is the identity map. Thus, its degree is equal to 1, and hence we have
constructed an instanton over S* with instanton number k = 1.

There is interesting relation between instantons over S* and algebraic vector bundles
over P3(C). To see it, we have to view S* as the quaternionic projective line P! (H). For
this we identify C? with H by the map (a+bi, c+di) — (a+bi)+ (c+di)j = a+bi+cj+dk,
then

S*=H?\ {0}/H* = HU {oo} = R* U {c0},

using this, we construct the map
7 :P3(C) = C*\ {0}/C* =H? \ {0}/C* — §* =W\ {0}/H*

with the fibre

H*/C* = C?\ {0}/C* =P!(C) = S*
Now the pre-image of the adjoint vector bundle Ad(P) of an instanton SU(2)-bundle over
S% is a rank 3 complex vector bundle over P3(C). One shows that this bundle admits

a structure of an algebraic vector bundle. We refer to [Atiyah] for details and further
references.

14.7 Let us take G = U(1), M = R*. Take the Lorentzian metric g on M. Let
F=dA=) (0,4, — 0,A,)dz" A dz",
and, by (14.7)

*F = Fosdr’ Adz'— Fy1dz’ Adx3+ F31dz Adz? — Fyodax3 Adzt + Fiodz’ Adx — Fosdz* Adx? =
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= H1dz® Adz' + E1dz? A dx® + Hadz® A da? + Eadz® A dzt + Hsdz® A dz + Esdxt A dz?.

It corresponds to the matrix

0 H, H, H;
~H, 0 E; —E,
~Hy, —-E; 0 E,
“Hs FE, —FE, 0

*F =

It is obtained from matrix (14.1) of F' by replacing (E, H) with (H, —E). Equivalently, if
we form the complex electromagnetic tensor H + ¢E, then xF corresponds to i(H + iE).
The Yang-Mills equation

0 = d(xF) = d(xF)

gives the second pair of Maxwell equations (in vacuum):

OE
H_ %Y _ M
V X 5 0, (M3)
divE = 0, (M4)

Remark 1. The two equations dF' = 0 and d(*xF') = 0 can be stated as one equation
(dd* + d*d)F = 0,

where d* is the operator adjoint to the operator d with respect to the unitary metric on
the space of forms defined by (14.10).

Let us try to solve the Maxwell equations in vacuum. Since we can always add the
form diy to the potential A, we may assume that the scalar potential ¢ = Ay = 0. Thus
equation (14.3) gives us E = —%. Substituting this and (14.4) into (M3), we get

02A

curl curl A = —AA + grad div A = T

where A is the Laplacian operator applied to each coordinate of A. We still have some
freedom in the choice of A. By adding to A the gradient of a suitable time-independent
function, we may assume that divA = 0. Thus we arrive at the equation

92A
~O0A=AA- 2 =0. 14.20
52 (14.20)

Thus in the gauge where divA = 0,4y = 0, the Maxwell equations imply that each
coordinate function of the gauge potential A satisfies the d’Alembert equation from the
previous lecture. Conversely, it is easy to see that (14.20) implies the Maxwell equations in
vacuum (in the chosen gauge). Let us use this opportunity to explain how the d’Alembert
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equation can be solved if A depends only on one coordinate (plane waves). We rewrite

(14.20) in the form
0 d. 0 0

(57 = 92 5, T 5.0 =0
After introducing new variables £ = x — t,n = x + t, it transforms to the equation
82
f_ 0
0E0n

Integrating this equation with respect to &, and then with respect to n, we get

f=5H©)+ fa(n) = filz —t) + fa(z +1).

This represents two plane waves moving in opposite directions.

To get the general Maxwell equations, we change the Yang-Mills action. The new
action is

S(A) = Sym(A) — je - A,

where
Je = (Pese)
is the electric 4-vector current. The Euler-Lagrange equation is
d(*FA) = je.
This gives
OE
VxH-— =], M3
at (M)
divE = pe, (M4

Remark 2. If we change the metric g = dt? —Y_ (dz*)? to ¢?dt* — )°  (da*)?, where c is
the light speed, the Maxwell equations will change to

10H
E4+-——=0 M1
divH=V-H =0, (M2)
1 0E 1
H-——=-j, M3
VX c Ot c‘] (M3)
divE = pe. (M4)

14.8 Let q(7) = z#(t),u = 0,1,2,3 be a path in the space R*. Consider the natural
(classical) Lagrangian on T'(M) defined by

4
Lm ..om 5
L(q,q) = 5 >~ gijdid; = > G datdz”.
,5=1
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Consider the action defined on the set of particles with charge e in the electromagnetic
field by
m dx* dx¥ dx¥
= v Yt —e [ ——A,(z"(1))dt + =||Fal|?
=5 [T = [ A e+ PP

Here we think of j. as the derivative of the delta-function §(z —z(7)). The Euler Lagrange
equation gives the equation of motion

d?at dz?
—— = €e0us 14.21
m dr? €9 dr ( )
Set gl de? g
_ —1,0L 4T 4T
V(T) - IB(T) ( dT 9 dT b dT )a
where 40
i
B(r) = g
If g(x',x’") = 1(7 is proper time), then
B(r) = (1 —[jv|]>)~1/2.
The we can write
x(1) = B(1,v)
and rewrite (14.21) in the form
dmf d(mpv)
o = eE - v, o = e(E+ v x H). (14.22)

the first equation asserts that the rate of change of energy of the particle is the rate at
which work is done on it by the electric field. The second equation is the relativistic
analogue of Newton’s equation, where the force is the so-called Lorentz force.

14.9 Let E be a vector bundle with a connection A. In Lecture 13 we have defined the
general Lagrangian £: E & (E ® T*(M)) — R by the formula

L=—-uoqg+AI '®q.

Here g : T(M) — R is the non-degenerate quadratic form defined by a metric on M, and
q is a positive definite quadratic form on E, u and A are some scalar non-negative valued
functions on R and M, respectively. The Lagrangian £ defines an action on I'(E) by the
formula

S(¢) = /Mwm)g—l ® ¢(VA($)) - ulg(¢))d"s.

Now we can extend this action by throwing in the Yang-Mills functional. The new action
is

S(¢) = /M(A(:v)g‘l ® ¢(VA($)) — ula()))vol(g) + ¢ /M Fa A+Fy (14.23)
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for some positive constant c. For example, if we choose a gauge such that g~ *(dz,,,dz,) =
g and [|¢]| = 357 ;_, a”di¢;, then

V()i = Oupida* + Al ,pjdat
and

L(9)(x) = A(x)a (g" (0upi+AF ,01) (B0 i+ AL L) —u(a® §id;) —cTr(F,, F*Y). (14.24)

Exercises.

1. Show that the introduction of the complex electromagnetic tensor defines a homomor-
phism of Lie groups O(1,3) — GL(3, C). Show that the pre-image of O(3,C) is a subgroup
of index 4 in O(1, 3).

2. Show that the star operator is a unitary operator with respect to the inner product
(F, Q) given by (14.10).

3. Show that the operator 64 = (—=1)F x d4x : A¥(Ad(P)) — A*~1(Ad(P)) is the adjoint
to the operator d* : A¥(Ad(P)) — A*t1(Ad(P)).

4. The operator A4 = d4 0 64 + §4 o0 d4 is called the covariant Laplacian. Show that A
is a Yang-Mills connection if and only if A4(Fy4) = 0.

5. Prove that the quantities ||E||2 — ||H||? and (H - E)? are invariant with respect to the
choice of coordinates.

6. Show that applying a Lorentzian transformation one can reduce the electromagnetic
tensor F' # 0 to the form where

(i) ExH=0if H-E # 0;

ii) H=0if H-H =0, ||E||2 > |[H||?;
(iii) E=0if H-H =0, |[E||? < || H||%.
7. Show that the Lagrangian (20) is invariant with respect to gauge transformations. Find
the corresponding conservation laws.

8. Replacing the quaternions with complex numbers follow section 14.6 to construct a
non-trivial principal SU(1)-bundle over two-dimensional sphere S2?. Show that its total
space is diffeomorphic to S3.

9. Show that the total space of the SU(2)-instanton over S* constructed in section 14.6 is
diffeomorphic to S7.



194 Lecture 15

Lecture 15. SPINORS

15.1 Before we embark on the general theory, let me give you the idea of a spinor. Suppose
we are in three-dimensional complex space C* with the standard quadratic form Q(z) =
z? + 23 + 2. The set of zeroes (=isotropic vectors) of @) considered up to proportionality
is a conic in P?(C). We know that it must be isomorphic to the projective line P!(C). The
isomorphism is given, for example, by the formulas

r1 = t(2) - t%, g = Z(t% + t%), Ir3 = —2t0t1.

The inverse map is given by the formulas

to:i‘/w, P s Bl
2 2

It is not possible to give a consistent choice of sign so that these formulas define an
isomorphism from C2 to the set I of isotropic vectors in C3. This is too bad because if it
were possible, we would be able to find a linear representation of O(3,C) in C?, using the
fact that the group acts naturally on the set I. However, in the other direction, if we start
with the linear group GL(2,C) which acts on (tg,¢1) by linear transformations

(to, tl) — (at() + btl, cto + dtl),

then we get a representation of GL(2,C) in C* which will preserve I. This implies that, for
any g € GL(2,C), we must have ¢*(Q) = £(g9)®@ for some homomorphism & : GL(2,C) —
C*. Since the restriction of £ to SL(2,C) is trivial, we get a homomorphism

s:SL(2,C) = SO(3,C).

It is easy to see that the homomorphism s is surjective and its kernel consists of two
matrices equal to & the identity matrix. The vectors (to,t1) are called spinors representing
isotropic vectors in C3. Although the group SO(3,C) does not act on spinors, its double
cover SL(2,C) does. The action is called the spinor representation of SO(3,C).
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Now let us look at the Lorentz group G = O(1,3). Via its action on R%, it acts
naturally on the space \*(R*) of skew-symmetric 4 x 4-matrices A = (a;;). If we set

v = (ia12 + G34,%013 + a24, i014 + a23) = (a1, a2, as) + (b1, ba, bs) € C,
we obtain an isomorphism of real vector spaces A\*(R*) — C3. Since
v-v=a-a—b-b+ia-b,

the real part of v - v coincides with (A, A), where ( , ) is the scalar product on A\*(R%)
induced by the Lorentz metric in R*. Now if we switch from O(1, 3) to SO(1, 3), we obtain
that the determinant of A is preserved. But the determinant of A is equal to (a - b)?
(the number a - b is the Pfaffian of A). To preserve a - b we have to replace O(1, 3) with
SO(1, 3) which guarantees the preservation of the square of the Pfaffian. To preserve the
Pfaffian itself we have to go further and choose a subgroup of index 2 of SO(1, 3). This is
called the proper Lorentz group. It is denoted by SO(1,3)o. Thus under the isomorphism
A(RY) 2 €3, the group SO(1,3), is mapped to SO(3,C). One can show that this is an
isomorphism. Combining with the above, we obtain a homomorphism

s’ : SL(2,C) — SO(1,3)g
which is the spinor representation of the proper Lorentz group.

15.2 The general theory of spinors is based on the theory of Clifford algebras. These were
introduced by the English mathematician William Clifford in 1876. The notion of a spinor
was introduced by the German mathematician R. Lipschitz in 1886. In the twenties, they
were rediscovered by B. L. van der Waerden to give a mathematical explanation of Dirac’s
equation in quantum mechanics. Let us first explain Dirac’s idea. He wanted to solve the
D’Alembert equation
02 02 02 02
(8t2 0x? 0z 013

)¢ = 0.

This would be easy if we knew that the left-hand side were the square of an operator of
first order. This is equivalent to writing the quadratic form ¢? —z? — 22 — 22 as the square
of a linear form. Of course this is impossible as the latter is an irreducible polynomial
over C. But it is possible if we leave the realm of commutative algebra. Let us look for a
solution

tz — .Z‘% — Jfg - Jﬁg = (tAl —+ $2A2 —+ $3A3 —+ $4A4)2.

where A; are square complex matrices, say of size two-by-two. By expanding the right-hand
side, we find

Al =1, A3=A3=A =-I,, A;A;+AjA; =0, i#j. (15.1)

One introduces a non-commutative unitary algebra C given by generators A, Ay, A3, Ay
and relations (15.1). This is the Clifford algebra of the quadratic form ¢? — z2 — 22 — 22 on
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R%. Now the map X; — A; defines a linear (complex) two-dimensional representation of
the Clifford algebra (the spinor representation). The vectors in C? on which the Clifford
algebra acts are spinors.

Let us first recall the definition of a Clifford algebra. It generalizes the concept of the
exterior algebra of a vector space.

Definition. Let F be a vector space over a field K and () : E — K be a quadratic form.
The Clifford algebra of (E, Q) is the quotient algebra
CQ)=T(E)/1(Q)

of the tensor algebra T'(E) = &, T"E by the two-sided ideal I(Q) generated by the elements
v@v—Q),veT=E.

It is clear that the restrictions of the factor map T(E) — C(Q) to the subspaces
TY(E) = K and T'(E) = E are bijective. This allows us to identify K and E with
subspaces of C(Q). By definition, for any v € E,

v-v=Q(v). (15.2)
Replacing v € V with v + w in this identity, we get
v-w+w-v = B(v,w), (15.3)

where B: Ex E — K, (z,y) = Q(z +y) — Q(z) — Q(y), is the symmetric bilinear form
associated to Q. Using the anticommutator notation

{a,b} = ab+ ba

one can rewrite (15.3) as
{v,w} = B(v, w). (15.3)'

Example 1. Take @) equal to the zero function. By definition v-v = 0 for any v € E. Let
us show that this implies that C(Q) is isomorphic to the exterior (or Grassmann) algebra

of the vector space F
NE) =D NABE).

n>0

In fact, the latter is defined as the quotient of T'(E) by the two-sided ideal J generated by
elements of the form v ® x ® v where v € E,xz € T(E). It is clear that I(Q) C J. It is
enough to show that J C I(Q). For this it suffices to show that v ® z ® v € I(Q) for any
v € E,x € T"(FE), where n is arbitrary. Let us prove it by induction on n. The assertion is
obvious for n = 0. Write x € T™(E) in the form z = w ® y for some y € T" 1 (E),w € E.
Then

VRuwRYRU=V+w) QW+ w)QYRU—vRURYRU—wRUAYRU—wRWR YR V.
By induction, each of the four terms in the right-hand side belongs to the ideal I(Q).

Example 2. Let dim FE = 1. Then T(E) = K|[t] and C(Q) = K[t]/(t*> — Q(e)), where E
is spanned by e. In particular, any quadratic extension of K is a Clifford algebra.
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Theorem 1. Let (e;);cr be a basis of E. For any finite ordered subset S = (i1, ...,1i) of
I, set
€s =€, ..., € C(Q)

Then there exists a basis of C(Q) formed by the elements eg. In particular, ifn = dim F,
dimg C(Q) = 2.

Proof. Using (15.3), we immediately see that the elements eg span C(Q). We have to
show that they are linearly independent. This is true if ) = 0, since they correspond to
the elements e;, A...Ae;, of the exterior algebra. Let us show that there is an isomorphism
of vector spaces C(Q) = C(0). Take a linear function f € E* on E. Define a linear map

65 : T(E) — T(E) (15.4)

as follows. By linearity it is enough to define ¢;(x) for decomposable tensors z € T™. For
n=0,set ¢y =0. For n =1, set ¢¢(v) = f(v) € T*(E). Now for any z = v Q@ y € T"(E),
set

Pr(v®y) = f(v)y —v®ds(y). (15.5)

We have ¢¢(v ®v — Q(v)) = f(v)v —v® f(v) = 0. We leave to the reader to check that
moreover ¢¢(z® (v®v — Q(z)) ® y) =0 for any =,y € T(F). This implies that the map
¢¢ factors to a linear map C(Q) — C(Q) which we also denote by ¢f. Notice that the
map E* — End(T'(E)), f — ¢ is linear.

Now let F': Ex E — K be a bilinear form, and let ¢r : £ — E* be the corresponding
linear map. Define a linear map

Arp:T(E) = T(E) (15.6)
by the formula

Ar(V®@Y) =v @ Ar(Y) + dipw)(Ar (), (15.7)

where v € E,y € T" ' (E) and Ap(1) = 1.
Obviously the restriction of this map to F = T°(E) @ T*(E) is equal to the identity.
Also the map Ap is the identity when F' = 0. We need the following

Lemma 1.
(i) for any f € E*,
¢3 = 0;
(ii) for any f,g € E*,
{¢fa ¢g} = 0;
(iii) for any f € E*,
[Ar, ¢¢] = 0.

Proof. (i) Use induction on the degree of the decomposable tensor. We have

P30 @ y) = ¢r(dr(v)y —v© dp(y)) = dr(v)ds(y) — P5(v) s (y) — v ® P73 (y) = 0.
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(ii) We have
$rodg(v@y) = ds(g(v)y —v @ dg(y)) = ¢r(9(v))y) — g(W)ds(y) + v @ ds(dg(y)) =
=0® ¢5(¢g(y))-

(iii) Using (ii) and induction, we get
Ar(¢5(v@Yy)) = Ar(f(0)y—v@d5(y)) = F(0)Ar(y) —v@Ar(¢1(¥) = bip () Ar (s (y)) =

= f)Ar(y) —v @ dr(AF(Y)) — bir ()P (AF(y)) =
= ¢r(v @ AF(Y)) + ¢ (dir(v)(AF(Y)) = 97 (AF (v ® y)).

Corollary. For any other bilinear form G on E, we have

AF+a = AF © Ag,

Proof. Using (iii) and induction, we have
Ag o Ar(v®Y) = Ag(v @ Ar(Y) + bip () (Ar(¥)) = v ® Ac(Ar(Y)) + dic (v) (Ar(y)))+

+A6(Pir () AR (Y)) = v @ Ac(AF(Y)) + (Big(v) T Picw) Aa(Ar(Y))) =

=V ®Ag+F(Y) + Pipyow)Ac+F(¥) = Arra(v ®@ y).

It is clear that
Arp=Ap)"h (15.8)

Let @' be another quadratic form on E defined by Q'(v) = Q(v) + F(v,v). Let
us show that Ap defines a linear isomorphism C(Q) = C(Q'). By (15.8), it suffices to
verify that Ap(I1(Q')) C 1(Q). Since ¢;,.(,)(1(Q)) C I(Q), formula (15.5) shows that the
set of z € T(FE) such that Ap(z) € I(Q) is a left ideal. So, it is enough to verify that
Ar(v@v@z—Q'(v)x) € I(Q) for any v € E,z € T(E). We have

M@z —Q'(v)r) =v®@Ar(v Q) + ¢ (y(Ar(v @ 7)) — Q' (v)Ar(z) =
=0® V@ Ar(T) + U ® bip(u) (AR () + AR (dipw) (v @ 7)) — Q' (V) AR () =
=v®VQAF(T) + v ® ¢ (v) (AR (2)) + AR (F(0,0)2 — v ® ¢y () (7)) — Q' (v)AF(z) =

=(wev—F(,v)—Q () ®Ar(r) =v®v— Qv).

To finish the proof of the theorem, it suffices to find a bilinear form F' such that
Q(z) = —F(z,z). If char(K) # 2, we may take F = —1B where B is the associated
symmetric bilinear form of ). In the general case, we may define F' by setting

—B(ei,ej) if i > j,
F(ei, 6j) = Q(el) if 7= j,

0 if i < j.
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15.3 The structure of the Clifford algebra C(Q) depends very much on the property of the
quadratic form. We have seen already that C'(Q) is isomorphic to the Grassmann algebra
when @ is trivial. If we know the classification of quadratic forms over K we shall find out
the classification of Clifford algebras over K.

Let CT(Q),C~(Q) be the subspaces of C(Q) equal to the images of the subspaces
TH(E) = oy T*(E) and T~ (E) = ®&xT?**(E) of T(E), respectively. Since T+ (E) is a
subalgebra of T'(F), the subspace C*(Q) is a subalgebra of C(Q). Since I(Q) is spanned
by elements of TT(E), I(Q) = I(Q)NTT(E)® I(Q) N T~ (F). This implies that

C(Q) = CHQ) & C™(Q). (15.9)
We call elements of C*(Q) (resp. C~(Q)) even (resp. odd). Let C(Q1) and C(Q2) be two
Clifford algebras. We define their tensor product using the formula

(a®b)-(a' ®b') =eaa’ @bV, (15.10)
where € = 1 unless a,a’ are not both even or odd, and b, b’ are not both even or odd. In
the latter case e = —1. We assume here that each a,a’,b, b’ is either even or odd.

Theorem 2. Let ; : E; — K,i = 1,2 be two quadratic forms, and Q = Q1 ® Q2 : £ =
E1 ® E; — K. Then there exists an algebra isomorphism

C(Q1)®C(Q2) =C(Q).

Proof. We have a canonical map p : C(Q1) ® C(Q2) — C(Q) induced by the bijective
canonical map T(FE;) ® T(Fs) — T(FE). Since the basis of F is equal to the union of
bases in F; and Fs, we can apply Theorem 1 to obtain that p is bijective. We have
vw + wv = B(v,w) =0if v € Ey,w € E5. From this we easily find that

(v1...06)(wy ... wg) = (—l)ks(wl coews) (Vg L),

where v; € E1,w; € Ey. This implies that the map C(Q1) ® C(Q2) — C(Q) defined by
r ® y — xy is an isomorphism. Here is where we use the definition of the tensor product
given in (15.10).

Corollary. Assume n = dim E. Let (e1,...,e,) be a basis in E such that the matrix
of Q is equal to a diagonal matrix diag(ds,...,d,) (it always exists). Then C(Q) is an
associative algebra with a unit, generated by 1,eq,...,e,, with relations

G%Zdi, €i€j = —€4€4, i,j:1,...,n,i7éj.

Example 3. Let £ = R? and @ have signature (0,2). Then there exists a basis such
that Q(>_wie1 + xoes) = —x2 — 3. Then, setting e; = i,e3 = j, we obtain that C(Q) is
generated by 1,1, j with relations
i?=j=-1, ij=-ji.
Thus Q(FE) is isomorphic to the algebra of quaternions H.
Recall from linear algebra that a non-degenerate quadratic form @) : V — K on
a vector space V of dimension 2n is called neutral (or of Witt index n) if V. = E® F

with Q|E = 0,Q|F = 0. It follows that dim E = dim F = n. For example, every
non-degenerate quadratic form on a complex vector space of dimension 2n is neutral.
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Theorem 3. Letdim E = 2r,() : E — K be a neutral quadratic form on V. There exists

an isomorphism of algebras
s: C(Q) = Matqr(K).

The image of C*(Q) under s is isomorphic to the sum of two left ideals in Matar (K), each
isomorphic to Matgr—1 (K).

Proof. Let E = F @ F’, where Q|F = 0,Q|F’ = 0. Let S be the subalgebra of C(Q)
generated by F. Then S = A(F). We can choose a basis (fi,..., fr) of F' and a basis
fis..o, f7 of F' such that B(f;, f;) = d;;. Thus we can consider F" as the dual space F™*
and (ff,..., fY) as the dual basis to (fi,..., fr). For any f € F let l; : © — fx be the left
multiplication endomorphism of S (creation operator). For any f' € F' let ¢ : S — S
be the endomorphism defined in the proof of Theorem 1 (annihilation operator). Using
formula (15.5), we have

Lo g + ¢ oly = B(f, f)id. (15.11)

Forv=f+ f' € E set
sy =lf + ¢p € End(F).

Then v — s, is a linear homomorphism from V to End(S) = Matar (K). From the equality
so(@) = (s +dp)*(x) =e®@e®@z+ B(f, f)z = Q(f)z + B(f, f')z = Q(v)z,

we get that v — s, can be extended to a homomorphism s : C(Q) — End(S). Since
both algebras have the same dimension (= 27), it is enough to show that the obtained
homomorphism is surjective. We use a matrix representation of End(S) corresponding to
the natural basis of S formed by the products ef = e;; A... Aejp,t1 < ... < ix. We
need to construct an element z € C(Q) such that s(z) is the unit matrix Fxg = (0 m),
where K = (1 <k; <...<ks<7),H=(1<hy <...<h <r) are ordered subsets of
[r] = {1,...,r}. One takes x = en f;jex, where ey = ek, ...ex,,ex = €n, ...€n,, fr] =
fi--.fr € C(Q). We skip the computation.

For the proof of the second assertion, we set ST =SNCT(Q) and S~ =SNC~(Q).
Each of them is a subspace of S of dimension 2"~!. Then it is easy to see that ST and S~
are left invariant under s(C*(Q)). Since s is injective, s maps C*(Q) isomorphically onto
the subalgebra of End(S) isomorphic to End(S*) x End(S™).

Example 4. Let E = R?,Q(x1,22) = 7172. Then we can take F = Ke; = {z5 =
0}, F/ = Key = {z; = 0}. The algebra S is two-dimensional with basis consisting of
1€ A°(F) and e; € A'(F) = F. The Clifford algebra is spanned by 1,ey, eq, e1e5 with
e? = 0,e1e2 = —ege1. The map C(Q) — End(S) & Maty(K) is defined by

sen=tu= (1 0)0 ste=0a=({ o)

5(6162):<8 (1)) 5(1—6162):<(1) 8)

This checks the theorem.
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Corollary 1. Assume n = 2r, () is non-degenerate and K is algebraically closed, or
K =R and Q is of signature (r,r). Then

C(Q) = Maty- (K).

Corollary 2. Let E = R?" and Q be of signature (r,r + 2). Then
C(Q) = Mat,.(H),

where H is the algebra of quaternions.

Proof. We can write £ = E; & F5, where E; is orthogonal to Fy with respect
to B, and Q|E; is of signature (1,1) and Q|E; is of signature (0,2). By Theorem 2
C(Q) =2 C(Q1) ® C(Q2). By Theorem 3, C(Q1) = Mat2(R). By Example 3, C(Q2) = H.
It is easy to check that Mats(R) ® H = Matq (H).

Corollary 3. Assume () is non-degenerate and n = 2r. Then there exists a finite extension
K'/K of the field K such that

C(Q) ®k K' = Mator (K').

In particular, C(Q) is a central simple algebra (i.e., has no non-trivial two-sided ideals and
its center is equal to K ). The center Z of C*(Q) is a quadratic extension of K. If Z is a
field C*(Q) is simple. Otherwise, C*(Q) is the direct sum of two simple algebras.

Proof. Let eq,...,e, be a basis in E such that the matrix of B is equal to d;d;; for
some d; € K. Let K’ be obtained from K by adjoining square roots of d;’s and v/—1.
Then we can find a basis f1,..., fn of E ®x K’ such that B(f;, f;) = 0ii+r. Then we can
apply Theorem 3 to obtain the assertion.

The algebra Matyr (K') is central simple. This implies that C(Q) is also central simple.

In the case when dim E is odd, the structure of C'(Q) is a little different.

Theorem 4. Assume dim E = 2r + 1 and there exists a hyperplane H in E such that
(H,Q|H) is neutral. Then
C*(Q) = Maty- (K).

The center Z of C(Q) is a quadratic extension of K and
C(Q) = Matqr(Z).

Proof. Let vy € E be a non-zero vector orthogonal to H. It is non-isotropic since
otherwise (Q is degenerate. Define the quadratic form Q' on H by Q'(h) = —Q(vo)Q(h).
Since vgh = —hwg for all h € H, we have (voh)? = —v3h? = —Q(vo)Q(h) = Q'(h). This
easily implies that the homomorphism T(H) - T(E),h1 ® ... ® hy, = (0@ h1) ® ... ®
(vo ® hy,) factors to define a homomorphism f : C(Q') — CT(Q). Since dim H is even,
by Theorem 3, the algebra C(Q') is a matrix algebra, hence does not have non-trivial
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two-sided ideals. This implies that the homomorphism f is injective. Since the dimension
of both algebras is the same, it is also bijective. Applying again Theorem 3, we obtain the
first assertion.

Let v1,...,vq, be an orthogonal basis of Q|H. Then, it is immediately verified that
Z = vgU ... V2, commutes with any v;,72 =0, ...,2r, hence belongs to the center of C(Q).
We have 22 = (=1)"Q(vp) -.-Q(v2,) € K*. So Z' = K + Kz is a quadratic extension of
K contained in the center. Since z € C~(Q) and is invertible, C'(Q) = zCT(Q) + CT(Q).
This implies that the image of the homomorphism a : Z/ @ C1T(Q) — C(Q),r ® y — zv,
contains C*(Q) and C~(Q), hence is surjective. Thus, Z' ® C*(Q) = Maty-(Z'). Since
the center of Matyr(Z’) can be identified with Z’, we obtain that Z' = Z. and the center
hence « is injective. Thus C(Q) = Matar(Z).

Corollary. Assume n is odd and Q is non-degenerate. Then C(Q) is either simple (if Z
is a field), or the product of two simple algebras (if Z is not a field). The algebra C*(Q)
is a central simple algebra.

If n is even, C(Q) is simple and hence has a unique (up to an isomorphism) irreducible
linear representation. It is called spinor representation. The elements of the corresponding
space are called spinors. In the case when (Q satisfies the assumptions of Theorem 3, we
may realize this representation in the maximal isotropic subspace S of E. We can do the
same if we allow ourselves to extend the field of scalars K. The restriction of the spinor
representation to CT(Q) is either irreducible or isomorphic to the direct sum of two non-
isomorphic irreducible representations. The latter happens when () is neutral. In this case
the two representations are called the half-spinor representations of C*(Q). The elements
of the corresponding spaces are called half-spinors.

If n is odd, C*(Q) has a unique irreducible representation which is called a spinor
representation. The elements of the corresponding space are spinors.

15.4 Now we can define the spinor representations of orthogonal groups. First we introduce
the Clifford group of the quadratic form (). By definition, it is the group G(Q) of invertible
elements = of the Clifford algebra of C(Q) such that zvz=! € E for any v € E. The
subgroup GT(Q) = G(Q) N CT(Q) of G(Q) is called the special Clifford group.

Let ¢ : G(Q) — GL(FE) be the homomorphism defined by

é(x)(v) = 2ozt (15.12)

Since

Q(zvz™) = vz tave™! = zvvz™! = 2Q(v)z™ = Q(v),

we see that the image of ¢ is contained in the orthogonal group O(Q).

From now on, we shall assume that char(K) # 2 and @ is a nondegenerate quadratic
form on E. We continue to denote the associated symmetric bilinear form by B.

Let v € E be a non-isotropic vector (i.e., @Q(v) # 0). The linear transformation of E
defined by the formula
B(v,w)
Q(v)

ry(w) =w —
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is called the reflection in the vector v. Since

B(v,w) B(v,w)
Q(v) Q(v)

the transformation r, is orthogonal. It is immediately seen that the restriction of r, to the
hyperplane H, orthogonal to v is the identity, and r,(v) = —v. Conversely, any orthogonal
transformation of (E, Q) with this property is equal to r,.

We shall use the following result from linear algebra:

B(ry(w),ry(w)) = B(w,w) — 2 B(w,v) + 2( )2Q(v) = B(w,w),

Theorem 5. O(Q) is generated by reflections.

Proof. Induction on dim E. Let T : E — E be an element of O(Q). Let v be a non-
isotropic vector. Assume T'(v) = v. Then T leaves invariant the orthogonal complement
H of v and induces an orthogonal transformation of H. It is clear that the restriction of
Q@ to H is a non-degenerate quadratic form. By induction, T'|H = ry ...7 is the product
of reflections in some vectors vy,...,vg in H. Let L; = (Kvi)f{. If we extend r; to an
orthogonal transformation #; of E which fixes v, then 7; fixes pointwisely the hyperplane
Kwv; + L; = (Kv;)3 and coincides with the reflection in E in the vector v;. It is clear that
T=ry...Tk.

Now assume that T'(v) = —v. Then r, o T'(v) = v. By the previous case, r, o T is the
product of reflections, so T is also.

Finally, let us consider the general case. Take w = T(v), then Q(w) = Q(v) and
Qv+ w)+ Qv —w) =2Q(v) +2Q(w) = 4Q(v) # 0. So, one of the two vectors v + w and
v — w is non-isotropic. Assume h = v — w is non-isotropic. Then B(w,h) = Q(w + h) —
Q) —Q(w) = Q(v)~Q(v)~Q(h) = ~Q(h). Thus ry,(w) = w— %5 h = w+h = v. This
implies that T o 7, (w) = T'(v) = w. By the first case, T o ry, is the product of reflections,
so is T'. Similarly we consider the case when v + w is non-isotropic. We leave this to the
reader.

Proposition 1. The set G(Q)NE is equal to the set of vectors v € E such that Q(v) # 0.
For any v € G(Q) N E, the map —¢(v) : E — E is equal to the reflection r,.

Proof. Since v2 = Q(v), the vector v is invertible in C'(Q) if and only if Q(v) # 0. So,
if v € G(Q), we must have v~ ! = Q(v)!v, hence, for any w € E,

vwv™! = vwQ ()" = Q(v) rvwy = Q(v) "t (B(v, w) — vw) =

= QW) wB(v,w) — Q) v*w = Q(v) " 'vB(v,w) — w.

Corollary. Any element from G((Q)) can be written in the form
g = 2V1...Vk,

where vy, ...,v; € E\ Q7 1(0) and z is an invertible element from the center Z of C(Q).

Proof. Let ¢ : G(Q) — O(Q) be the map defined in (15.12). Its kernel consists of
elements z which commute with all elements from E. Since C(Q) is generated by elements



204 Lecture 15

from E, we obtain that Ker(¢) is a subset of the group Z* of invertible elements of Z.
Obviously, the converse is true. So

Ker(¢) = Z*.

By Theorem 5, for any = € G(Q), the image ¢(z) is equal to the product of reflections ;.
By Proposition 1, each r; = —¢(v;) for some non-isotropic vector v; € E. Thus z differs
from the product of v;’s by an element from Ker(¢) = Z*. This proves the assertion.

Theorem 6. Assume char(K) # 2. If n = dim F is even, the homomorphism ¢ : G(Q) —
O(Q) is surjective. In this case the image of the subgroup G*(Q) is equal to SO(Q). If n
is odd, the image of G(Q) and GT(Q) is SO(Q). The kernel of ¢ is equal to the group Z*
of invertible elements of the center of C(Q).

Proof. The assertion about the kernel has been proven already. Also we know that
the image of ¢ consists of transformations (—r,,)o...o(=r,, ) = (=1)¥r,, o...07,,, where
v1, ...,V are non-isotropic vectors from E.

Assume n is even. By Theorem 5, any element T from O(Q) is a product of N
reflections. If N is even, we take k = N and find that T is in the image. If N is odd, we
write —idg as the product of even number n of reflections. Then we take K = N +n to
obtain that T is in the image.

Assume n is odd. As above we show that each product of even number of reflections
in O(Q) belongs to the image of ¢. Now the product of odd number of reflections cannot
be in the image because its determinant is —1 (the determinant of any reflection equals
—1.) But the determinant of (—r,,) o...0 (—ry,) is always one. However, —idg is equal
to the product of n reflections. So, multiplying a product of odd number of reflections by
—idg we get a product of even reflections which, by the above, belongs to the image. This
proves the assertion about the image of ¢.

If n is even, the restriction of the spinor representation of C'(Q) to G(Q) is a linear
representation of the Clifford group G(Q). It is called the spinor representation. One
can prove that it is irreducible. Abusing the terminology this is also called the spinor
representation of O(Q). The restriction of the spinor representation to G*(Q) is isomorphic
to the direct sum of two non-isomorphic irreducible representations. They are called the
half-spinor representations of GT(Q) ( or of SO(Q)).

If n is odd, the restriction of the spinor representation of C*(Q) to GT(Q) is an
irreducible representation. It is called the spinor representation of G*(Q) (or of SO(Q)).

Example 5. Take E = C3 and Q(z1,72,73) = 2% + x3 + x3. This is the odd case.
Changing the basis, we can transform @ to the form —zizs + x2. Obviously, Q satisfies
the assumption of Theorem 4 (take H = Ce; + Cey.) Thus CT(Q) = M,(C). Hence
GT(Q) C My(C)* = GL(2,C). By the proof of Theorem 4, C*(Q) = C(Q’) where
Q' : C? = C,(z1,22) — 2z122. The maximal isotropic subspace of Q' is F = Ce;. The
Grassmann algebra S = /\O(F) & /\1(F) = C+ Ce; 2 C2. Since ejes +eze; = Bler, ez) =
1,e? = Q'(e;) = 0, we can write any element z € C(Q') in the form x = a+be; +cea+de;es.
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Let us find the corresponding matrix. It is enough to find it for x = ey, es, and ejez. By
the proof of Theorem 3,

861(1) = €1, Se (61) = eje; = 0;

562(1) = ¢e2 (1) = 07 Seq (61) = ¢62 (61) = B,(el’ 62) = 1;
Seres (1) = Sey (362(1)) =0, Seres (61) = Sey (362 (61)) = 861(1) = €1.

So, in the basis (1,e1) of S, we get the matrices

0 0 0 1 10 at+d c
fa=\10) T\ \o o) "= o o) T\ b a)

At this point it is better to write each x in the form z = aejes + bes + ce1 + deseq to be

b ) Now C*(Q) consists of elements

able to identify x with the matrix (Ccl d

y = a(egzer)(esea) + bezea + cezer + d(esez)(ese1) = —aejes + beges + cege; — deges.

andy € GT(Q) iff y € C(Q)* and ye;y~! € E,i =1,2,3. Before we check these conditions,
notice that

e% =1, (6162)2 = erea(—1 —ege1) = —ejey, eze1eg = ex(—1 — eqgeq)

= —€gq, €1€2€1 = 61(—1 — 6162) = —e1.

Notice that here we use the form B whose restriction to H equals —B’. Clearly,
y~! = (ad — bc) "' (—deies — besey — cesey — aesey),
where, of course, we have to assume that ad — bc # 0. We have
(—aeieq + beges + cege; — deger)es(—deres — begea — ceze; — aeser) =

= (—aejeges — beg — cep — degeres)(—derey — begea — cege; — aeger) =
= —(ad + bc)ereses — (ad + be)egerez — 2bdes — 2ace; = —(ad + be)es — 2bdes — 2ace; .

Just to confirm that it is correct, notice that

(ad—b0)? _1 BE ((ad + bc)? — 2bdac) = m(ad —bc)? =1=Q(es3),

Q(o(y)(es)) =
as it should be, because ¢(y) is an orthogonal transformation. Similarly, we check that
ye;y~t € E,i=1,2. Thus

G*(Q) = GL(2,C).
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The kernel of ¢ : G(Q) — SO(Q) consists of scalar matrices. Restricting this map to the
subgroup SL(2,C) has the kernel +1. This agrees with our discussion in 15.1.

By Theorem 4, C(Q) = CT(Q) ®c Z, where Z = C & C. Hence C(Q) = CT(Q) &
C*(Q) = Maty(C)?. This shows that C(Q) admits two isomorphic 2-dimensional repre-
sentations. To find one of them explicitly, we need to assign to each x = (z1, x5, z3) € C?
a matrix A(x) such that

A(x)? = [|x||’ L = (a1 + 25 + 23) 2, AX)A(y) + A(y)A(x) = 2x - yI5.
Here it is:

M@=( - m_mﬂ'

Ty + 1x2 —3

w-(32). wma- (1)

0 —1 1 0
09 = A(eg) = (’L 0 > s g3 — A(eg) = (0 _1) . (1513)
In the physics literature these matrices are called the Pauli matrices. Then

2 2 2 . . .
o1 =0y =05=15, o040;=-0j0;, 1=1,2,3, i#]j.

Also, if we write

agoo + a101 + 209 + a303 = (;10:;32 6;10—_1';132 ) (15.14)
with real ag, a1, as, a3, we obtain an isomorphism from R?* to Matq(C) such that
ag — a} — a3 — a3 = det(agog + a101 + ay09 + a303). (15.15)
Notice that SL(2,C) acts R* by the formula
X -Ax)=X -Ax) - X", (15.16)

Notice that the set of matrices of the form A(x) is the subset of Hermitean matrices in
Mats(C). So the action is well defined. We will explain this homomorphism in the next
lecture.

15.5 Finally let us define the spinor group Spin(Q). This is a subgroup of the Clifford group
G (Q) such the kernel of the restriction of the canonical homomorphism GT(Q) — SO(Q)
to Spin(Q) is equal to +1.

Consider the natural anti-automorphism of the tensor algebra p’ : T(E) — T(E)
defined on decomposable tensors by the formula

VM1Q...0 VU 2V Q... 1.
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Recall that an anti-homomorphism of rings R — R’ is a homomorphism from R to the
opposite ring R'® (same ring but with the redefined multiplication law z xy = y - x). It
is clear that p'(I(Q)) = I(Q) so p’ induces an anti-automorphism p : C(Q) — C(Q). For
any z € G(Q), we set

N(z) =z - p(z). (15.17)

By Corollary to Proposition 1, each € G(Q) can be written in the form =z = zv; ... vg
for some z € Z(C(Q))* and non-isotropic vectors vy, ..., v from E. We have

N(z) = zvy...v5p(2v1 ... 0%) = 2201 .. VRV ... 01 = 22Q(v1) ... Q(vg) € K*.  (15.18)
Also

N(z-y) = zyp(zy) = zyp(y)p(x) = zN(y)p(z) = N(y)zp(z) = N(y)N(2).
This shows that the map z — N(x) defines a homomorphism of groups
N:G(Q)— K*. (15.19)

It is called the spinor norm homomorphism. We define the spinor group (or reduced Clifford
group) Spin(Q) by setting

Spin(Q) = Ker(N) N GT(Q). (15.20)

Let
SO(Q)o = Im(G*(Q) -+ 50(Q)). (15.21)

This group is called the reduced orthogonal group.
From now on we assume that char(K) # 2.
Obviously, Ker(¢) N Spin(Q) consists of central elements z with 22 = 1. This gives us
the exact sequence
1 = {£1} = Spin(Q) = SO(Q)o — 1. (15.22)

It is clear that N(K*) C (K*)? so Im(N) contains the subgroup (K*)? of K*. If K = R and
Q is definite, then (15. 18) shovvs that N(GT) C (R*)2 = Ryg. Since N(p(z)) = N(z), we
have N(z//N (x) = 1. Thus we can always represent an element of SO(Q)
by an element x E G+(Q) Wlth N(z) = 1. This shows that the canonical homomorphism
Spin(Q) — SO(Q) is surjective, i.e., SO(Q)o = SO(Q). In this case, if n = dim FE, the
group Spin(Q) is denoted by Spin(n), and we obtain an exact sequence

1 — {£1} — Spin(n) — SO(n) — 1. (15.23)

One can show that Spin(n),n > 3 is the universal cover of the Lie group SO(n).

If K is arbitrary, but F contains an isotropic vector v # 0, we know that Q(w) = a
has a solution for any a € K* (because F contains a hyperbolic plane Kv + Kv', with
Q(v) = Q(v') =0,B(v,v') = b # 0, and we can take w = av + b~1v'). Thus if we choose
w,w’ € E with Q(w) = a,Q(w’) = 1, we get N(ww') = Q(w)Q(w’) = a. This shows that
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Im(N(G*(Q))) = K*. Under the homomorphism N the factor group G*(Q)/Spin(Q)
is mapped isomorphically onto K*. On the other hand, under ¢ this group is mapped
surjectively to SO(Q)/SO(Q)o with kernel (K*)2. This shows that

SO(Q)/SO(Q)o = K* /(K*)?. (15.24)

In particular, when K = R, and @ is indefinite, we obtain that SO(Q)¢ is of index 2 in
SO(Q). For example, when E = R* with Lorentzian quadratic form, we see that SO(1, 3)y
is the proper Lorentz group, so even our notation agrees. As we shall see in the next lecture,
Spin(1,3) = SL(2,C). This agrees with section 15.1 of this lecture.

Exercises.

1. Show that the Lorentz group O(1,3) has 4 connected components. Identify SO(1,3)
with the connected component containing the identity.

2. Assume @Q = 0 so that C(Q) = A\(E). Let f € E* and iy : A(F) = A(EF) be the map
defined in (15.3). Show that

k

if(xi AL AT = Z(—l)i_lf(a:i)(a:l Ao N1 ANTig1 Ao A T).
=1

3. Using the classification of quadratic forms over a finite field, classify Clifford algebras
over a finite field.

4. Show that C(Q) can be defined as follows. For any linear map f : E — D to some
unitary algebra C(Q) satisfying f(v) = Q(v) - 1, there exists a unique homomorphism f’
of algebras C(Q) — D such that its restriction to E C C(Q) is equal to f.

5. Let @ be a non-degenerate quadratic form on a vector space of dimension 2 over a field
K of characteristic different from 2. Prove that C(Q) = My (K) if and only if there exists
a vector = # 0 and two vectors y, z such that Q(z) + Q(y)Q(z) = 0.

6. Using the theory of Clifford algebras find the known relationship between the orthogonal
group O(3) and the group of pure quaternions ai + bj + ck,a? + b2 + ¢2 # 0.

7. Show that Spin(2) = SU(1), Spin(3) = SU(2).
8. Prove that Spin(1,2) = SL(2,R).
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Lecture 16. THE DIRAC EQUATION

As we have seen in Lecture 13, the Klein-Gordon equation does not give the right
relativistic picture of the 1-particle theory. The right approach is via the Dirac equation.
Instead of a scalar field we shall consider a section of complex rank 4 bundle over R* whose
structure group is the spinor group Spin(1,3) of the Lorentzian orthogonal group.

16.1 Let O(1, 3) be the Lorentz group. The corresponding Clifford algebra C' is isomorphic
to Mato(H) (Corollary 2 to Theorem 3 from Lecture 15). If we allow ourselves to extend
R to C, we obtain a 4-dimensional complex spinor representation of C. It is given by the

Dirac matrices:
0 o ; 0 —o;
O P— 0 '7 P '7 ] P—

(10 (01 (0 —i (1 0
9=\ 1) =\ 1 0) 27\ o) BT\ -1/

are the Pauli matrices (15.13). It is easy to see that

where

AT 4yt = 2gH 1y,

where g"” is the inverse of the standard Lorentzian metric. Using (15.3), this implies that
e; — 7' is a 4-dimensional complex representation S = C* of C. Let us restrict it to the
space V = R*. Then the image of V consists of matrices of the form

(a dj? - : ) , (16.2)

where

- o — 1 ’i.’l]’g — T9
X = <—.’E2 — i$3 To + 1 ) (163)
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is a Hermitian 2 x 2-complex matrix (i.e., X* = X) and adj(X) is its adjugate matrix
(i.e., adj(X) - X = det(X)I3). The Clifford group G(Q) C C(Q)* acts on the set of such
matrices by conjugation (see (15.12)). Its subgroup G*(Q) must preserve the subspaces
Sr, = Rey + Rey and Sgp = Re3 + Rey. Hence any g € GT(Q) can be given by a block-

diagonal matrix of the form
(A O
a(40) a6
It must satisfy

A1 0 0 X\ (ATY 0 _ 0 Y
0 Ay ) \adj(X) 0 0 Ay') " \adj(y) 0
for some Hermitian matrix Y. This immediately implies that

A= (13 (BP)_l) . Y =BXB", (16.5)
where B € GL(2,C) satisfies |det B| = 1. Now it is easy to see that any A € G must
satisfy the additional property that det B = 1. This follows from the fact that GT is
mapped surjectively onto the group SO(1, 3) and the kernel consists only of the matrices
+1. Thus

G* = Spin(1,3) = SL(2,C). (16.6)

Also, we see that, if we identify vectors from V with Hermitian matrices X, the group
Gt = SL(2,C) acts on V via transformations X — B - X - B*, which is in accord with
equality (15.15) from Lecture 15.

It is clear that the restriction of the spinor representation S to G splits into the
direct sum Sp & Sr of two complex representations of dimension 2. One is given by
g — A, another one by g — (A*)~!. The elements of Sz (resp. of Sg) are called left-
handed half-spinors (resp. right-handed half-spinors). They are dual to each other and not
isomorphic (as real 4-dimensional representations of G*). We denote the vectors of the
4-dimensional space of spinors S = C* by

_ [ ¥r )
v=(12).
where ¢, € Sp,pr € Sg. Note that the spinor representation S is self-dual, since
(g7 =1"9(") "

We can express the projector operators pr : S — Sg, pr : S — Sr by the matrices
149" (10 1—~5 0 0
PR = "9 _(0 0)’ PL="""=\o 1)°

7 =iy yly%y° (16.7)

where
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(the reason for choosing superscript 5 but not 4 is to be able to use the same notation
for this element even if we start indexing the Dirac matrices by numbers 1,2,3,4). The
spinor group Spin(1,3) acts in S leaving Sr and Sy, invariant. These are the half-spinor
representations of GT.

16.2 Now we can introduce the Dirac equation
(Y#0,, + tmly)p = 0. (16.8)

The left-hand side, is a 4 x 4-matrix differential operator, called the Dirac operator. The
constant m is the mass (of the electron). The function 1) is a vector function on the space-
time with values in the spinor representation S. If we multiply both sides of (16.8) by
(Y*0, — itmly), we get

(Y"0u)*Y = (05 — 07 — 03 — 95)Ish + m*yp = 0.

This means that each component of v satisfies the Klein-Gordon equation.
In terms of the right and left-handed half-spinors the Dirac equation reads

(0000 — o;0,)0r\ _ . (1
(wﬁaﬁ 4 oﬁ-fi)%) = —im (dm) : (16.9)

Notice that the Dirac operator maps Sg to Sp.

Now let us see the behavior of the Dirac equation (16.8) under the proper Lorentz
group SO(1,3)o. We let it act on V = R?* via its spinor cover Spin(1,3) by identifying
R* with the space of matrices (16.2). Now we let g € Spin(1,3) act on the solutions
¥ :R* = § = C* by acting on the source by means of ¢(g) € SO(1, 3), and on the target
by means of the spinor representation. We identify the arguments x = (t = zg, 21, T2, Z3)
with matrices M (z) = z;v*. An element g € Spin(1,3) is identified with a matrix A(g)
from (16.4). If A(g) is the corresponding to SO(1, 3)q, then we have

Alg)-M(z)- A(g)~t = M(A(g) - ).

Thus the function ¢ (z) is transformed to the function ¢’ such that

P'(a') = Alg) - ¥(z), 2'=A(g9) = (16.10)
We have 08/ (o
9,6 = 2217 _ 49N (g) b ),

Ag) "t (v*0,, +imIy) ' (2') = A(g)~ ' M(en)A(g)(A(g) ' 0u)d + mA(g) ¢ (z) =
= M(ATY(9) - ) (A(9)710,) 0 + m() = ¥*Dud + m(x) = 0.

This shows that the Dirac equation is invariant under the Lorentz group when we transform
the function 1 (z) according to (16.10). There are other nice properties of invariance. For
example, let us set

V" = (Yr,9Yr)" = (Yr,¥1) = 71" (16.11)
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Then B B
Y* - =1r-Yr +YL-Yr

is invariant. Indeed
P () - (2) = P (a") Y (2") = P(z) Alg)*7° A(g) - o =
= ()7’ A9)* v Alg) - ¢ = 9 (x) ().

Here we used that
04 s o04rn (0 I\(B* 0 0o IN/B 0 \ (10
7A(‘"MA(Q)_<1 0)(0 B1)\1 0)\o B~-1)"\o 1)

16.3 Now we shall forget about physics for a while and consider the analog of the Dirac
operator when we replace the Lorentizian metric with the usual Euclidean metric. That is,
we change the group O(1,3) to O(4), i.e. we consider V = R* with the standard quadratic
form @ = 22 + 22+ 22+ 22. The spinor complex representation s : C(Q) — My(C) is given
by the matrices

o (0 o i (0 —0;- .
7 - (0_6 0 ’ ’Y - 0_;_ 0 9 .7 - 172737 (1612)

obtained by replacing the Pauli matrices o;,7 = 1,2, 3 with
!/ ! ! !/ .

The image s(V) of V consists of matrices of the form

where

X = (Z:(IZ _;J:b?i) = aoy + boy +coy + doy, a,b,c,d €R (16.13)
These are characterized by the condition X* = adj(X). Note that

a? +b? 4+ % + d* = det(s(a, b, c, d)).
If we identify (a,b,c,d) with the quaternion a + bi + ¢j + dk, this corresponds to the

well-known identification of quaternions with complex matrices (16.13).
Similar to (16.5) in the previous section we see that elements of s(G1(Q)) are matrices

of the form
(A O
= (% n)
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where Ay, Ay € U(2),det(A;) = det(As). In particular, the two half-spinor representations

in this case are isomorphic. This is explained by the general theory. The center of the
algebra CT(Q) is equal to Z = R + 7R, where

7 =N

Since (7'°)% = —1I4, the center Z is a field. This implies that CT(Q) is a simple algebra,
hence the restriction of the spinor representation to C*(Q) is isomorphic to the direct sum
of two isomorphic 2-dimensional representations. Notice that in the Lorentzian case, the
center is spanned by 1 and ° = iy§y|v47% so that (v°)2? = I,. This implies that CT is not
simple.

Now, arguing as in the Lorentzian case, we easily get that

Spin(4) = GH(Q) = SU(2) x SU(2) = Sp(1) x Sp(1), (16.14)

where Sp(1) is the group of quaternions of norm 1. The isomorphism Sp(1) = SU(2) is
induced by the map R* — G'Lo(C) given by formula (16.13).
Let
S+=(C€1 +C€2, S_:C€3 +(C64

They are our half-spinor representations of GT(Q). The Dirac matrices y'* define a linear
map

s:V — Homge(S™,97).

In the standard bases of S* this is given by the Pauli matrices
e;—ol, i=0,...,3.
Let us view S* as the space of quaternions by writing
(a+bi,c+di) » a+bi+ cj+ dk = (a+ bi) + j(c — di).

Then the image s(V) is the set of linear maps over H. It is a line over the quaternion skew
field. Equivalently, if we define the (anti-linear) operator J : S* — S* by

J(z1,22) = (—Z22, 71),

then s(V') consists of linear maps satisfying f(Jz) = J f(z).
Let us equip ST and S~ with the standard Hermitian structure

((z1, 22), (w1, w2)) = 21W1 + 22Ws.

Then for any ¥ : ST — S~ we can define the adjoint map * : S~ — ST. It is equal to
the composition S~ — St — S~ — ST, where the first and the third arrow are defined
by using the Hermitian pairing. The middle arrow is the map . It is easy to see that

s(ei) +s(e))* : ST®S™ S~ @St
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is given by the Dirac matrix 4’*. This implies that, for any v € V, the image of v in
the spinor representation § : C(Q) — Mats(C) is given by s(v) + s(v)*. Since s is a
homomorphism, we get, for any v,v’ € C(Q),

5(vv") = 3(v)3(v") = (s(v) + s(v)*) o (s(v") + s(v')*) = s(v)*s(v") + s(v')*s(v) = s(v0').

In particular, if v is orthogonal to v’, we have vv' = —v'v, hence
s(v)*s(v") + s(v)*s(v) =0 ifv-v =0. (16.15)
Also, if ||v|| = Q(v) = 1, we must have v2 = 1, hence
s(v)*s(v)=1 ifv-v=1. (16.16)

Let ¢ : A°(V) — End(S*) be defined by sending v A v/ to s(v)*s(v') — s(v)*s(v). If v, v/
are orthogonal, we have by (8),

(s(v)"s(v') = s(v')*s(v))" = =(s(v)"s(v) — 5(v')"s(v)).

Since any v A v’ can be written in the form w A w’, where w,w’ are orthogonal, we see
that the image of ¢ is contained in the subspace of End(S™) which consists of operators
A such that A* + A = 0. From Lecture 12, we know that this subspace is the Lie algebra
of the Lie group of unitary transformations of ST. So, we denote it by su(S™). Thus we
have defined a linear map

¢t \V = su(ST). (16.17)

Similarly we define the linear map

¢~ \V = su(S7). (16.18)

To summarize, we make the following definition

Definition. Let V be a four-dimensional real vector space with the Euclidean inner
product. A spinor structure on V is a homomorphism

s:V — Homg(ST,S7)

where S* are two-dimensional complex vector spaces equipped with a Hermitian inner
product. Additionally, it is required that the homomorphism preserves the inner products.
Here the inner product in Hom (S, S7) is defined naturally by

I

oy = [ Heyrder)

/ /
e1 N ey

where eq, ey (resp. (e,€5)) is an orthonormal basis in ST (resp. S7).
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Given a spin-structure on V', we can consider the action of Spin(4) =2 SU(2) x SU(2)
on Homg (ST, S7) via the formula

(4,B)- f(0) = A- (B~ -0).
This action leaves s(V') invariant and induces the action of SO(4) on V.

16.4 Now let us globalize. Let M be an oriented smooth Riemannian 4-manifold. The
tangent space T'(M ), of any point € M is equipped with a quadratic form g, : T(M), —
R which is given by the metric on M. Thus we are in the situation of the previous lecture.
First of all we define a Hermitian vector bundle over a manifold M. This is a complex
vector bundle F together with a Hermitian form @) : E — 1,; . The structure group of a
Hermitian bundle can be reduced to U(n), where n is the rank of E.

Definition. A spin structure on M is the data which consists of two complex Hermitian
rank 2 vector bundles ST and S~ over M together with a morphism of vector bundles

s:T(M)— Hom(S",57)

such that for any € M, the induced map of fibres s, : T(M), — Hom(S;}, S, ) preserves
the inner products.

The Riemannian metric on M plus its orientation allows us to reduce the structure
group of T'(M)c¢ to the group SO(4). A choice of a spin-structure allows us to lift it to
the group Spin(4) = SU(2) x SU(2). Conversely, given such a lift, the two obvious homo-
morphisms Spin(4) — SU(2) define the associated vector bundles S* and the morphism
s:T(M)— Hom(S*,S7).

Theorem 1. A spin-structure exists on M if and only if for any v € H*>(M,Z/27)

vyNvy=0.

Moreover, it is unique if H'(M,7/27) = 0.

Proof. We give only a sketch. Recall that there is a natural bijective correspon-
dence between the isomorphism classes of principal G-bundles and the cohomology set
HY(M, Oy (Q)). Let

1= (Z/2Z)p — Op(Spin(4)) = On(SO(4)) — 1
be the exact sequence of sheaves corresponding to the exact sequence of groups
1 — {£1} — Spin(4) —» SO(4) — 1.

Applying cohomology, we get an exact sequence

HY(M,Z/2Z) — H'(M, Op(Spin(4)) — HY (M, O (SO(4))) — H*(M,Z/27). (16.18)
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If T(M) corresponds to an element ¢t € H!(M,Op(SO(4))), then its image §(t)
in H2(M,Z/27) is equal to zero if and only if ¢ is the image of an element ¢ from the
cohomology group € H'(M, O (Spin(4)) representing the isomorphism class of a principal
Spin(4)-bundle. Clearly, this means that the structure group of T'(M) can be lifted to
Spin(4). One shows that §(¢) is the Stieffel-Whitney characteristic class wa(M) of T'(M).
Now, by Wu’s formula

YNy =yNwy(M).

This shows that the condition wa(M) = 0 is equivalent to the condition from the assertion
of Theorem 1. The uniqueness assertion follows immediately from the exact sequence
(16.18).

Example. A compact complex 2-manifold M is called a K3-surface if b1 (M) = 0, ¢ (M) =
0, where c¢1(M) is the Chern class of the complex tangent bundle T'(M). An example of
a K3 surface is a smooth projective surface of degree 4 in P3(C) of degree 4. One shows
that M is simply-connected, so that H'(M,Z) = 0. It is also known that for any complex
surface M, wy(M) = ¢1(M) mod 2. This implies that wo(M) = 0, hence every K3 surface
together with a choice of a Riemannian metric admits a unique spin structure.

16.5 To define the global Dirac operator, we have to introduce the Levi-Civita connection
on the tangent bundle T'(M). Let A be any connection on the tangent bundle T(M). It
defines a covariant derivative

Va:T(T(M)) - T(T(M)) @ T*(M)).
Thus for any vector field 7, we have an endomorphism
4 D(T(M)) = D(T(M)), n— Vi)

defined by
Vi) =(Va(n),7),

where (, ) denotes the contraction I'(T' (M) QT*(M)) x I'(T'(M)) — I'(T'(M). Recall now
that we have an additional structure on I'(T'(M)) defined by the Lie bracket of vector
fields. For any 7, € ['(T(M)) define the torsion operator by

Ta(r,m) = Va(n) = Va(r) — [r,n] € T(T(M)). (16.20)

Obviously, T4 is a skew-symmetric bilinear map on I'(T'(M)) x I'(T'(M)) with values in
[(T(M)). In other words,

Ta € D(/\(T* (M) ® T(M)) = A*(T(M))(M).

One should not confuse it with the curvature

Fj € A2(End(T(M)))(M)
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defined by (see (12.9))
Fa(ryn) = [V5, V) = V37
The connection V4 on T'(M) naturally yields a connection on 7*(M) and on T*(M)* ®

T*(M) (use the formula V(s ® s') = V(s) @ s’ + s ® V(s')). Locally, if (01,...,0,) is a
basis of vector fields on M, and dz!,...,dz" is the dual basis of 1-forms, we can write

Ty =TjH0; @ da’ @ dz¥, Fy =R} ,0; ® da’ @ dz* @ dz'. (16.21)

We shall keep the same notation V 4 for it. Now, we can view a Riemannian metric
g on M as a section of the vector bundle T*(M) & T*(M).

Lemma-Definition. Let g be a Riemannian metric on M. There exists a unique connec-
tion A on T'(M) satisfying the properties
(i) Ta = 0;
(i) Valg) = 0.
This connection is called the Levi-Civita (or Riemannian) connection.

The Levi-Civita connection V¢ is defined by the formula

90, Vic(§)) = —ng (7, &) +&g(n, ) +79(&,m) +9 (& [0, 7)) +9(n, €, ) = g(7, [€, 1)), (16.22)

where 7, 7,{ are arbitrary vector fields on M. Once checks that £ — V7 (£) defined by
this formula satisfies the Leibnitz rule, and hence is a covariant derivative. Using (16.20)
we easily obtain

9 Vicm) +9(n,Vic(€)) =19, ). (16.23)

If locally
V7e(95) = erjaka 9i; = 9(0s, 05),
%

then we get (Christoffel’s identity)

1
Lij = 5 > _(Digje + Digix — Okgi)g™. (16.24)
k

The vanishing of the torsion tensor is equivalent to
k k

The meaning of (16.23) is the following. Let 7 : (a,b) — M be an integral curve of a
vector field 7. We say that a vector field £ is parallel over v if V] (£), = 0 for any
z € v((0,1)). Let (z1,...,2,) be a system of local parameters in an open subset U C M,
and let () = (z1(t), ..., zn()), £ =3, a?8;, 7 =", b%0;. Since v(T) is an integral curve

of 7, we have b* = ddi:. Then ¢ is parallel over () if and only if

Vic(€)yt) = Vi@’ 0j)q¢) = %& + a’ dt( :

Y0k = 0.
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This is equivalent to the following system of differential equations:

da®(y(t)) | da’(t)
i@ T : ’

)

In particular, 7 is parallel over its integral curve ~y if and only if

d2zF(t) n dz? (t) dx*(t)

k=0 k=1.....n.
e dt dt e

Comparing this and (16.24) with Exercise 1 in Lecture 1, we find that this happens if and
only if v is a geodesic, or a critical path for the natural Lagrangian on the Riemannian
manifold M.
Now formula (16.23) tells us that for any two vector fields n and ¢ parallel over «(t),
we have
d(g (M), Ev(t)))
dt

In other words, the scalar product g(7;,&,;) is constant along (t).

= 0.

Remark. Let

F € T(End(T(M)) ® /\(T*(M)) C T(T*(M) ® T(M) ® T*(M) ® T*(M))

be the curvature tensor of the Levi-Civita connection. Let Tr : T(M) @ T* (M) — 137 be
the natural contraction map. If we apply it to the product of the second and the third tensor
factor in above, we obtain the linear map T(End(T(M) ® A*(T*(M)) — T(A*(T*(M)).
The image of F' is a 2-form R on M. It is called the Ricci tensor of the Riemannian
manifold M. One proves that R is a symmetric tensor. In coordinate expression (16.21),
we have

R = Rkldl'k ® diCl, Rk:l = ZAR;g il

We can do other things with the curvature tensor. For example, we can use the inverse
metric g7 € y(T(M) ® T(M)) to contract R to get the scalar function K : M — R. Tt is
called the scalar curvature of the Riemannian manifold M. We have

n
K=Y g"Ru. (16.25)
k,l1=1
When
R=)g (16.26)

for some scalar function A : M — R, the manifold M is called an FEinstein space. By
contracting both sides, we get

K = g Rij = \g" gij = nA
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One can show that K is constant for an Einstein space of dimension n > 3. The equation

K 81
R——g=—7"—T 16.27

9= (16.27)
is the Einstein equation of general relativity. Here c is the speed of light, G is the gravita-

tional constant, and T is the energy-momentum tensor of the matter.

16.6 The notion of the Levi-Civita connection extends to any Hermitian bundle E. We
require that V 4(h) = 0, where h : E — 1)/ is the positive definite Hermitian form on E.
Such a connection is called a unitary connection.

Let us use the linear map (16.18) to define a unitary connection on the spinor bundles
S* such that the induced connection on Hom(St,S™) coincides with the Levi-Civita
connection on T (M) (after we identify T'(M) with its image s(T'(M)). Let so(n) be the
Lie algebra of SO(n). From Lecture 12 we know that so(n) is isomorphic to the space
of skew-symmetric real n X n-matrices. This allows us to define an isomorphism of Lie

algebras
2

so(n) & /\(V).

More explicitly, if we take the standard basis (e1,...,e,) of R™, then e; Aej, i < j, is
identified with the skew-symmetric matrix F;; — Ej;, so that

lei Nej,ex ANell = [Eij — Eji, Exy — Ei) = [Eij, Exi] — [Eji, Ex] — [Eij, Ew] + [Eji, Eik)

0 if #{i,7} N {k,l} is even,
=9 —Fu iHj=1Li#k,
Ey  ifi=1,
Ey  ifj=Fk
We use this to verify that the linear maps (16.17) and (16.18) are homomorphism of Lie

algebras
YE : s0(4) — su(SE).

Now the half-spinor representations of Spin(4) define two associated bundles over M which
we denote by S*. If we identify the Lie algebra of Spin(4) with the Lie algebra of SO(4),
then ¢* becomes the corresponding representation of the Lie algebras. Let A be the
connection on the principal bundle of orthonormal frames which defines the Levi-Civita
connection on the associated tangent bundle T'(M). Then A defines a connection on the
associated vector bundles S*.

Given a spin structure on M we can define the Dirac operator.
D:T(ST) = T(S7). (16.28)

Locally, we choose an orthonormal frame ey, . .., e4 in T (M), and define, for any o € T'(S™),

Do = Zs(ei)vi(o). (16.28)

%
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where V; = 0; + A; is the local expression of the Levi-Civita connection. We leave to the
reader to verify that this definition is independent of the choice of a trivialization. We can
also define the adjoint Dirac operator

D*:T(S7) = TI'(ST),
by setting

D*o = — Z s(e;)*Vi(s).

When M is equal to R* with the standard Euclidean metric, the Christoffel identity (16.24)
tells us that I‘fj = 0, hence
Vi(a“au) == 8i(a“)8u.

We can identify ST with trivial Hermitian bundles M x C2. A section of S* is a function
Y : M — C2. We have

4
D¢ = Z 5(€)0i(¢T) = (0000 + 0101 + 0302 + 7303) ™
=1
Similarly,
4
D¢~ == s(e:)'0:(#7) = (~0400 + 7101 + 030> + 7505) ™
=1

We verify immediately that

4

D*oD = Do D* :_Z(aai)? (16.30)
xr

=1

A solution of the Dirac equation
Dy =0 (16.31)

is called a harmonic spinor. It follows from (16.30) that each coordinate of a harmonic
spinor satisfies the Laplace equation.
An equivalent way to see the Dirac operator is to consider the composition

D:T(SH) L I(SH @T*(M) - T(S™)

Here c is the Clifford multiplication arising from the spin-structure T'(M) — Hom(S™,S7).
Finally, we can generalize the Dirac operator by throwing in another Hermitian vector
bundle E with a unitary connection A and defining the Dirac operators

Dy T(E®ST)=T(E®S™), DY¥:T(E®S)—=T(E®ST).

We shall state the next theorem without proof (see [Lawson]).
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Theorem (Weitzenbdck’s Formula). Let A be a unitary connection on a bundle over
a 4-manifold M with a fixed spinor structure. For any section o of E ® ST we have

1
D%Dpo = (Va)*Vaoc — Ffo+ ZKO’,

where K is the scalar curvature of M.

16.7 As we saw not every Riemannian manifold admits a spin-structure. However, there
is no obstruction to defining a complex spin-structure on any Riemannian manifold of even
dimension. Let Spinc(4) denote the group of complex 4 x 4 matrices of the form

(A0
=0 4
where Ay, Ay € U(2),det(A1) = det(Az). The map A — det(A;) defines an exact sequence

of groups
1 — Spin(4) — Spin(4) - U(1) — 1. (16.32)

As we saw in section 15.3, the group Spin©(4) acts on the space V = R* identified with
the subspace s(V'), where s : V. — Mat4(C) is the complex spinor representation. This
defines a homomorphism of groups Spin¢(4) — SO(4). Since Spin©(4) contains Spin(4),
it is surjective. Its kernel is isomorphic to the subgroup of scalar matrices isomorphic to
U(1). The exact sequence

1= U(1) = Spin°(4) —» SO4) = 1 (16.33)
gives an exact cohomology sequence
H°(M, Spin©(4)) — H*(M,SO(4)) — H'(M,U(1)) —

— H'(M, Spin®(4)) — H"(M, SO(4)) — H*(M,U(1)).

Here the underline means that we are considering the sheaf of smooth functions with values
in the corresponding Lie group.
One can show that the map

HO(M, Spin°(4)) — H*(M, SO(4))
is surjective. This gives us the exact sequence
1 — HY(M,U(1)) - H"(M, Spin°(4)) — H'(M,SO(4)) — H*(M,U(1)).  (16.34)

Consider the homomorphism U(1) — U(1) which sends a complex number z € U(1) to its
square. It is surjective, and its kernel is isomorphic to the group Z/2. The exact sequence

1-7Z/22—-U(1)—>U(1l) =1
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defines an exact sequence of cohomology groups
HY(M,U(1)) — H*(M,Z/2Z) — H*(M,U(1)).

Consider the inclusion Spin(4) C Spin°(4). We have the following commutative diagram

0 0 0
\J \ \

0 - Z/2 — Spin(4d) — SOM4) — 0
" ! |

0 — U(l) — Spin°(4) — SOM4) — 0
\J \J \J

0 — U(l) = ula) — 0
\J \J
0 0

Here the middle vertical exact sequence is the sequence (16.32) and the middle horizontal
sequence is the exact sequence (16.33). Applying the cohomology functor we get the
following commutative diagram

H'(M,U(1))

!
H'(M,S0(4)) — H*(M,Z/2)
| i
H'(M, Spin©(4))) — H'(M,S0(4)) — H*(M,U(1)).

From this we infer that the cohomology class ¢ € H'(M, SO(4)) of the principal SO(4)-
bundle defining T'(M) lifts to a cohomology class ¢ € H' (M, Spin®(4)) if and only if its
image in H*(M,U(1)) is equal to zero. On the other hand, if we look at the previous
horizontal exact sequence, we find that ¢ is mapped to the second Stiefel-Whitney class
we(M) € H2(M,Z/27). Thus, ¢ exists if and only if the image of wy(M) in H2(M,U(1))
in the right vertical exact sequence is equal to zero.

Now let us use the isomorphism U(1) 2 R/Z induced by the map ¢ — €% It defines
the exact sequence of abelian groups

15Z >R U1) > 1, (16.35)
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and the corresponding exact sequence of sheaves
1-Z—-0m—UQ1)) —1, (16.36)
It is known that H*(M, Ops) = 0,4 > 0. This implies that
HY{(M,UQ1)) = H*Y(M,Z), i>0. (16.37)

The right vertical exact sequence in the previous commutative diagram is equivalent to

the exact sequence
H?*(M,Z) — H*(M,7/2) — H*(M,7)

defined by the exact sequence of abelian groups
0-Z—>Z—1ZJ2—0.

It is clear that the image of wo(M) in H3(M, Z) is equal to zero if and only if there exists
a class w € H?(M,Z) such that its image in H?(M,Z/2) is equal to we(M). In particular,
this is always true if H3(M,Z) = 0. By Poincaré duality, H3(M,Z) = H*(M,Z). So, any
compact oriented 4-manifold with H(M,Z) = 0 admits a spin®-structure.

The exact sequence (16.34) and isomorphism H?(M,Z) = H'(M,U(1)) from (16.38)
tells us that two lifts ¢ of ¢ differ by an element from H?(M,Z). Thus the set of spin®-
structures is a principal homogeneous space with respect to the group H?(M,Z).

This can be interpreted as follows. The two homomorphisms Spin©(4) — U(2) define
two associated rank 2 Hermitian bundles W= over M and an isomorphism

c: T(M)®C — Hom(W*,W™).

We have
2 2

Aw*H = Aw") =L,

where L is a complex line bundle over M. The Chern class c;(L) € H?(M,Z) is the
element ¢ which lifts wo(M). If one can find a line bundle M such that M®2? = [, then

W+~ 8+ ¢ M.

Otherwise, this is true only locally. A unitary connection A on L allows one to define the

Dirac operator
Dp:T(WT) =T (W), (16.38)

Locally it coincides with the Dirac operator D : T'(ST) — I'(S™).
The Seiberg- Witten equations for a 4-manifold with a spin®-structure W= are equations
for a pair (A, ), where
(i) A is a unitary connection on L = A*(W);
(ii) 1 is a section of W.
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They are
Day =0, Ff=-7(¢), (16.39)

where 7(1)) is the self-dual 2-form corresponding to the trace-free part of the endomorphism
P*@yY e W@ WT = End(W™) under the natural isomorphism A™ — End(W ™) which
is analogous to the isomorphism from Exercise 4.

Exercises.

1. Show that the reversing the orientation of M interchanges D and D*.
2. Show that the complex plane P?(C) does not admit a spinor structure.
3. Prove the Christoffel identity.

4. Let A% be the subspace of A’V which consists of symmetric (resp. anti-symmetric)
forms with respect to the star operator *. Show that the map ¢* defined in (16.17) induces
an isomorphism A1t — su(ST).

5. Show that the contraction Y, R} ,, for the curvature tensor of the Levi-Civita connec-
tion must be equal to zero.

6. Prove that Spin©(4) = (U(1) x Spin(4)/{£1}, where {+} acts on both factors in the
obvious way.

7. Show that the group SO(4) admits two homomorphisms into SO(3), and the associated
rank 3 vector bundles are isomorphic to the bundles A* of self-dual and anti-self-dual
2-forms on M.

8. Show that the Dirac equation corresponds to the Lagrangian L£(1)) = ¢*(iv*0,, — m)1.
9. Prove the formula Tr(y#yYyPy%) = 4(gH* g7 — gHPg»? + g+?g"P).

10. Let 0, = %[’y“, ~¥]. Show that the matrices of the spinor representation of Spin(3,1)
can be written in the form A = e~%w /4 where (a,,) € so(1,3).

11. Show that the current J = (59, 51, 52, %), where j# = 1)y*1 is conserved with respect
to Lorentz transformations.
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Lecture 17. QUANTIZATION OF FREE FIELDS

In the previous lectures we discussed classical fields; it is time to make the transition
to the quantum theory of fields. It is a generalization of quantum mechanics where we
considered states corresponding to a single particle. In quantum field theory (QFT) we will
be considering multiparticle states. There are different approaches to QFT. We shall start
with the canonical quantization method. It is very similar to the canonical quantization
in quantum mechanics. Later on we shall discuss the path integral method. It is more
appropriate for treating such fields as the Yang-Mills fields. Other methods are the Gupta-
Bleuler covariant quantization or the Becchi-Rouet-Stora-Tyutin (BRST) method, or the
Batalin-Vilkovsky (BV) method. We shall not discuss these methods. We shall start with
quantization of free fields defined by Lagrangians without interaction terms.

17.1 We shall start for simplicity with real scalar fields (¢, x) described by the Klein-
Gordon Lagrangian

1 2 1 o o
By analogy with classical mechanics we introduce the conjugate momentum field

oL ,
7T(t, X) = W(t,x) = (90'gb(t, X) = ’Qb

We can also introduce the Hamiltonian functional in two function variables ¢ and =

H= % / (w) — L) dz. (17.1)

Then the Euler-Lagrange equation is equivalent to the Hamilton equations for fields

. 0H 0H

vix) =5y TEX = —ae

(17.2)



226 Lecture 17

Here we use the partial derivative of a functional F'(1, 7). For each fixed g, mp, it is a
linear functional lep defined as

F (4o + h,m0) — F(mo) = Fy (40, mo) (k) + o([|]]),

where h belongs to some normed space of functions on R3, for example Ly(R?). We can
identify it with the kernel ‘;—g in its integral representation

oF
Fy o mo)(W) = [ 52 (o, mo) ().
Note that the kernel function has to be taken in the sense of distributions. We can also
define the Poisson bracket of two functionals A(%, ), B(v, ) of two function variables 1
and 7 (the analogs of q, p in classical mechanics):

SA 6B A OB \ 4
{4, B} = R/ (&p(z) 5n(z)  on(z) (51/)(z))d z (17.3)

To give it a meaning we have to understand A(%, w), B(¢, 7) as bilinear distributions on
some space of test functions K defined by

(f.0) = / AW, 7)(2)f(2)g(@)d%,

and similar for B(y, 7). The product of two generalized functionals is understood in a
generalized sense, i.e., as a bilinear distribution.
In particular, if we take B equal to the Hamiltonian functional H, and use (17.2), we
obtain
0A

(A, H) = / ( 51‘21(42 )1/} + = (Z)ir(z))d?’z = A (17.4)

Here
A(z/),w) " dA(zﬁ(t,:;i,w(t, x))

This is the Poisson form of the Hamilton equation (17.2).
Let us justify the following identity:

{o(t,%),7(t,y)} = 6(x - y). (17.5)

Here the right-hand-side is the Dirac delta function considered as a bilinear functional on
the space of test functions K

(F(x),9(¥)) = / f(2)g(z)
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(see Example 10 from Lecture 6). The functional 1 (x) is defined by F(y,m) = ¥(t,x)
for a fixed (t,x) € R*. Since it is linear, its partial derivative is equal to itself. Similar
interpretation holds for 7 (y). If we denote the functional by (a), then we get

01 (x)
d(2)

(1, m) = h(t,x) = /zp(t, 2)8(z — x)d>z.

Thus we obtain

) _ ey _ .
5o 2O @) Y S T s

Following the definition (17.3), we get

(060, 7(3)} = [ 8z =x)5(z - y)d% = (x ~ ).
The last equality is the definition of the product of two distributions 6(z —x) and §(z—y).

Similarly, we get
(), ¥(y)} = {r(x), 7(y)} = 0.

Since it is linear, its partial derivative is equal to itself. Similar interpretation holds for
m(y). If we denote the functional by ¥(a), then we get

W) _ L only)
o0p(z) o ) 011(z)

where we understand the delta function 6(z — x) as the linear functional h(z) — h(x).
Thus we have

0.

=5z —y), oW(x) JH(y;

6T(z)  6U(z

{¢@Lﬂw}=/$u—xw@—ym%:6@—y>

Similarly, we get

{v(x),¥(y)} = {n(x),x(y)} = 0.

17.2 To quantize the fields ¢ and m we have to reinterpret them as Hermitian operators
in some Hilbert space H which satisfy the commutation relations

W%, 1,y)] = 356 —y),

[U(t,x), ¥(t,y)] = [1I(¢,x), II(¢, y)] = 0. (17.6)

This is the quantum analog of (17.5). Here we have to consider ¥ and II as operator
valued distributions on some space of test functions K C C*°(R3). If they are regular
distributions, i.e., operators dependent on ¢ and x, they are defined by the formula

U(t, f)= /f(x)\IJ(t, x)d3x.
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Otherwise we use this formula as the formal expression of the linear continuous map
K — End(H). The operator distribution d(x — y) is the bilinear map K x K — End(#)
defined by the formula

/ f(x z)idy.

Thus the first commutation relation from (17.6) reads as
(£, T1(t,9)] = /f o)idu,

The quantum analog of the Hamilton equations is straightforward
= %[H, H], ¥= %[w,H], (17.7)

where H is an appropriate Hamiltonian operator distribution.

Let us first consider the discrete version of quantization. Here we assume that the
operator functions ¢(t,x) belong to the space Ly(B) of square integrable functions on a
box B = [—l1, 1] X [=l3,12] X [l3,13] of volume Q = 8l1l5l5. At fixed time ¢ we expand the
operator functions ¥(¢,x) in Fourier series

(¢, x) \/_ Z ek g (17.8)

Here

k:(k]_,kz,kg) l ZXEZX EZ
1

The reason for inserting the factor 7o instead of the usual é is to accommodate with

our definition of the Fourier transform: when l; — oo the expansion (17.8) passes into the
Fourier integral

T(t,x) = ﬁ / e g (1)dk: (17.9)

(27
R3
Since we want the operators ¥ and IT to be Hermitian, we have to require that
ax(t) = ¢Zy ().

Recalling that the scalar fields 9 (¢, x) satisfied the Klein-Gordon equation, we apply the
operator (9,0" + m?) to the operator functions ¥ and II to obtain

(0,0* + m*)¥ = Z(@u(?“ +m?)e* > g (t) =
Kk

—Z (Ik[* +m? — BR)e™ ™ qc(t) = 0,
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provided that we assume that

o (t) = qee™" P gy (t) = goxe P,
where
Ey =/ ‘k|2 + m?2.
Similarly we consider the Fourier series for II(¢, x)
H(t x) — L Zeik-xpk(t)
VQ 4
to assume that . .
pk(t) = pe B p g (t) = p_yet B,
Now let us make the transformation
L (4(k) + a(—k)")
=——(a a(— ,
qx N

p_ic = —i/Ex/2(a(k) — a(—k)*).

Then we can rewrite the Fourier series in the form

U(t,x) =) _(208;) /(B a(k) + 7 xE g (k)"),
k

(t,x) = —i(E/2Q) /2 (!>~ Frblg (k) — emilx=Frtlg(k)*).

k

Using the formula for the coefficients of the Fourier series we find

1 .
w(t) = i / e~ X (¢ x)da,
B
1 ik-x 3
px(t) = iz | ¢ II(¢t, x)d .
B
Then .
[qk’pkl] = 5//6_i(k'x_k,'x’)[\11(t, x),H(t,X’)]dg.’Ed?) I
B B
= é/e‘i(k'x_k"x)é(x —xdPzd3x’ = é/e‘i(k_k’)'xd?’x = 10K/,
B B
where

s [1 k=1,
K70 ifk£K.
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(17.10)

(17.11a)

(17.11b)
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is the Kronecker symbol. Similarly, we get

[Pk, Pxr] = [4x, qr] = 0.

This immediately implies that
[a(k), a(k)"] = buxr,

[a(k), a(k)] = [a(k)*, a(k)*] = 0. (17.12)

This is in complete analogy with the case of the harmonic oscillator, where we had only

one pair of operators a, a* satisfying [a, a*] = 1, [a, a] = [a*, a*] = 0. We call the operators

a(k), a(k)* the harmonic oscillator annihilation and creation operators, respectively.
Conversely, if we assume that (17.12) holds, we get

U i(x—
[\I/(t, X), H(ta y)] = Q172 Z e ( Y)k.
k

Of course this does not make sense. However, if we replace the Fourier series with the
Fourier integral (17.9), we get (17.6)

1

(@ (t,x),I(t, y)] = (@M

/ et YRPBE — if(x — y)
R3
(see Lecture 6, Example 5).

The Hamiltonian (17.1) has the form

. 1 1 1
H= /(H\If — L)d3z = /(H2 - 5H2 + 5(af + 03 + 03)V + 57712\1/2)(13;1: =

1 1
— /(H2 + 5(8% + 02 4+ 02)U + §m2\1f2)d333.

To quantize it, we plug in the expressions for II and ¥ from (17.11) and use (17.10). We
obtain

H = ; Er(a(k)*a(k) + %).

However, it obviously diverges (because of the %). Notice that
1
3" a(k)*a(k) + a(k)a(k)* := a(k)*a(k), (17.13)

where : P(a*,a) : denotes the normal ordering; we put all a(k)*’s on the left pretending
that the a* and a commute. So we can rewrite, using (17.12),

: a(k)*a(k) + % = a(k)*a(k) + %(a(k)*a(k) — a(k)a(k)*) :=
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% : a(k)*a(K) + a(K)a(k)" == a(k)*a(k).
This gives
tH =) Eya(k)*a(k). (17.14)

Let us take this for the definition of the Hamiltonian operator H. Notice the commutation
relations
[H,a(k)*] = Exa(k)*, [H,a(k)] = Fxa(k). (17.15)

This is analogous to equation (7.3) from Lecture 7.
We leave to the reader to check the Hamilton equations

U(t,x) =1i[¥(t,x), H]|.
Similarly, we can define the momentum vector operator

P =) ka(k)*a(k) = (P, Py, P3). (17.16)
k
We have
0,0 (t,x) = i[P,, U]. (17.17)
We can combine H and P into one 4-momentum operator P = (H,P) to obtain
(U, PH] = ig", (17.18)

where as always we switch to superscripts to denote the contraction with g#. Let us now
define the vacuum state |0) as follows

a(k)|0) =0, Vk.

We define a one-particle state by
a(k)*|0) = [k).

We define an n-particle state by
|k, ... k1) :==a(ky,)"...a(ky)*|0)
The states |k; ...k,) are eigenvectors of the Hamiltonian operator:
Hk,...k1) = (Fx, +...+ Ex,)|kn .. .k1). (17.19)
This is easily checked by induction on n using the commutation relations (17.12). Similarly,

we get
Plky... k)= (ki +...+kp)|kn...ki). (17.20)
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This tells us that the total energy and momentum of the state |k, ...k;) are exactly those
of a collection of n free particles of momenta k; and energy Fx,. The operators a(k)* and
a(k) create and annihilate them. It is the stationary state corresponding to n particles
with momentum vectors k;.

If we apply the number operator

N =) a(k)*a(k) (17.21)

we obtain

Notice also the relation (17.10) which, after the physical units are restored, reads as

Eyx = /m2c* + k|22

The Klein-Gordon equations which we used to derive our operators describe spinless par-
ticles such as pi mesons.
In the continuous version, we define

1 1 ) )
¥t.0) = iz [ (a9 aiqre xS (17.220)
R3

11(t,x) = ﬁ / (VEx/2(a(k)e®x=EBit) _ g(Kk)*emikx=But)) g3 (17.22b)
R{'}

Then we repeat everything replacing k with a continuous parameter from R3. The com-
mutation relation (17.12) must be replaced with

[a(k),a(k’)*] = i6(k — k).

The Hamiltonian, momentum and number operators now appear as

H= | Exak)*a(k)d’k, (17.23)
P:/ ka(k)*a(k)d’k, (17.24)
N = / a(k)*a(k)dk. (17.25)

17.3 We have not yet explained how to construct a representation of the algebra of opera-
tors a(k)* and a(k), and, in particular, how to construct the vacuum state |0). The Hilbert
space ‘H where these operators act admits different realizations. The most frequently used
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one is the realization of H as the Fock space which we encountered in Lecture 9. For sim-
plicity we consider its discrete version. Let V' = I3(Z3) be the space of square integrable
complex valued functions on Z3. We can identify such a function with a complex formal
power series

F=Y att, ) lal’ <. (17.26)
k

keZ3

Here t* = t¥152¢%s and ¢, € C. The value of f at k is equal to cy.
Consider now the complete tensor product 7"(V) = V®...®V of n copies of V. Its
elements are convergent series of the form

oo

Fo= Y Ciyinfo ®...9 fi,, (17.27)

11,...,7,n:0

where the convergence is taken with respect to the norm defined by > |c;, ;. |?. Let
(V) =1"(v)
n=0

be the tensor algebra built over V. Its homogeneous elements Fy,, € T"(V) are functions
in n non-commuting variables ki, ..., k, € Z3. Let T'(V) be the completion of T'(V') with
respect to the norm defined by the inner product

21
(F,G):Zm > Frki,.. . kn)Grlka, .. k). (17.28)
n=0 " ki,...k,

Its elements are the Cauchy equivalence classes of convergent sequences of complex func-
tions of the form

F={Fy(ki,....kn)}.

We take
H={F={F,} €T(V): Fa(koq1)--- Ko(n)) = Fu(ki,...,kn),Yo € Sy}  (17.29)

to be the subalgebra of T (V) formed by the sequences where each F), is a symmetric
function on (Z3)™. This will be the bosonic case. There is also the fermionic case where we
take H to be the subalgebra of T'(V) which consists of anti-symmetric functions. Let H,,
denote the subspaces of constant sequences of the form (0,...,0, F,,0,...). If we interpret
functions f € V' as power series (17.26), we can write F;, € H,, as the convergent series

k k
F, = E Ckl...kntll .. .tn".
ki,....k, €73
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The operators a(k)*, a(k) are, in general, operator valued distributions on Z3, i.e.,

linear continious maps from some space K C V of test sequences to the space of linear
operators in ‘H. We write them formally as

Zczs )A(k),

where A(k) is a generalized operator valued function on Z3. We set
a(¢)* (F)n(ky,. .. Ky qu Fp1(ky,. ...k, k), (17.30a)

a(9)(F)n(ky,- .., ky qu Fra(k k... ky,), (17.300)

In particular, we may take ¢ equal to the characteristic function of {k} (corresponding to

the monomial t¥). Then we denote the corresponding operators by a(k), a(k)*.

The vacuum vector is

0) = (1,0,...,0,...). (17.31)
Obviously
a(k)|0) =0,
a(k)*|0) = (0,t%,0,...,0,...),
a(ky)*a(ky)*[0)(p1, P2) = (0,0, di,p, t5* + 5k2p2t11, 0,...) = (0,0, t%th L thigh= o ).

Similarly, we get

a(kn)* .. a(k1)*|0) = [kn-.. k1) = (0,...,0, Y ;7@ 27, 0..).

oES,

One can show that the functions of the form

ka’ 1 ka’
Fkl,...,kn = E tl W “tn )

oES,

form a basis in the Hilbert space H. We have

<Fk1,~--,kn’ FQ1,-~~,qm> = Om Z Z H 6ka’(z)p1 Z H(Sqa-(i)pi) =

ply -»Pn O'ES =1 g’GSn =1
n
= 1l0mn | [ Susas- (17.32)
=1

Thus the functions

1
)
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form an orthonormal basis in the space H.
Let us check the commutation relations. We have for any homogeneous F, (ky, ..., ky,)

a(¢)*a(¢)(Fr) (K1, .- kn qu Wk K, ko)) =

n

= 00k) D¢ () Fall ke, e k),

n+1

a(¢')a(@)* (Fn)(ki,. .., k qu Fu(ky, ... ko kpy)) =

= (¢ (K)p(k)Fy(k1, ... ky +Z¢(k Fokky... ki ... ky)).
This gives

[a'(d))*aa'(d),)](Fn)(klv'"a Zd) k17k2;---7k ))7

so that

a(#) (Z¢ )6(K) ) idw.

In particular,
[a(k)*, a(k')] = (Skklid';.[.

Similarly, we get the other commutation relations.
We leave to the reader to verify that the operators a(¢)* and a(¢) are adjoint to each
other, i.e.,

(a(¢)F,G) = (F,a(¢)*G)
for any F,G € H.

Remark 1. One can construct the Fock space formally in the following way. We consider
a Hilbert space with an orthonormal basis formed by symbols |a(ky,) ...a(k;)). Any vector
in this space is a convergent sequnece {F), }, where

Z Ck,,...k k1>

kla 7
We introduce the operators a(k)* and a(k) via their action on the basis vectors
a(K)* [k . Kr) = [k . ),

a(k)|kn ... ki) = k... k;...ky)
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where k = k; for some j and zero otherwise. Then it is possible to check all the needed
commutation relations.

17.4 Now we have to learn how to quantize generalized functionals A(¥,II).
Consider the space H&®H. Its elements are convergent double sequences

F(k7 p) = {an(kb .- -akn;pla .- -apm)}m,n;

where

. — E k1 k, P1
an(kla"'aknaplw'wpm) - ckl...kn;pl...pmtl ---tnnsl ---anm-
kla"'aknaplv"'apm€Z3

This function defines the following operator in H:

A(Fpm) = ) kykeipropm (k1) a(kn)*a(p1) . .. a(Pm)-

i:Pj

More generally, we can define the generalized operator valued (m+ n)-multilinear function

A(Fn’m)(.fb R f’n7 gi,---, gm) - Z ckl...kn;pl...pma(.fl)* ... a(fn)*a(gl) ... a(g’m)
k

P

Here we have to assume that the series converges on a dense subset of H. For example,
the Hamiltonian operator H = A(F}1), where

F11 = Z EktkSk.
k

Now we define for any F = {F,,,,} € H®H

A(F) = Z A(an)a

m,n=0

where the sum must be convergent in the operator topology.

Now we attempt to assign an operator to a functional P(¢,II). First, let us assume
that P is a polynomial functional ), a;;¢'117. Then we plug in the expressions (6), and
transform the expression using the normal ordering of the operators a*,a. Similarly, we
can try to define the value of any analytic function in ¢, II, or analytic differential operator

P(9,$,0,11) = > P 5(¢, T1)9* ()4 (II).

We skip the discussion of the difficulties related to the convergence of the corresponding
operators.
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17.5 Let us now discuss how to quantize the Dirac equation. The field in this case is a
vector function ¢ = (v, ...,%3) : R* — C*. The Lagrangian is taken in such a way that
the corresponding Euler-Lagrange equation coincides with the Dirac equation. It is easy
to verify that

L =P5(i(v*) gaOu — Miga)Va, (17.33)
where (7#)go denotes the fa-entry of the Dirac matrix v* and ¢* is defined in (16.11).
The momentum field is 7 = (wg, ..., w3), where
0L ... 0 .
Tog = — =1 a = W,.
0 ¢ﬂ(7 )ﬂ P

The Hamiltonian is
H- / mh - £)d / V(- sza +my )i (17.34)

For any k = (ko,k) € R>o x R? consider the operator

\ 0 0 —ko— k1 —ks+ iky
- 27 Fo =\ kot ke ks — ik 0 0 (17:35)
kot + ks ko — k1 0 0

in the spinor space C*. Its characteristic polynomial is equal to A* — 2|k|? + |k|* =
(A% — |k|?)?, where
[[? = kg — ki — k3 — k3.

We assume that
|k| = m. (17.36)

Hence we have two real eigenvalues of A(k) equal to +m. We denote the corresponding
eigensubspaces by Vi (k). They are of dimension 2. Let

(d+(k), v+ (k))

denote an orthogonal basis of V4 (k) normalized by

where the dot-product is taken in the Lorentz sense. We take indices k in R3 since the
first coordinate ko > 0 in the vector k = (ko, k) is determined by k in view of the relation
|k| = m. Now we can solve the Dirac equation, using the Fourier integral expansions

1 — —k-x * = ik-z\ 33
P(x) = W;ﬂg{(bi(k)ui(k)e kot dy (k) ve (k)e ™) da, (17.37a)



238 Lecture 17
_ 1 * = ik-x — —ik-z\ 33
"0 = G ; / (be (K)* s (K) %% + d (k)7 (K) ™) @ (17.375)
R3
where

Ex = ko

satisfies (17.10). Here z = (t,x) = (xo, 1, 2, x3) and the dot product is taken in the sense
of the Lorentzian metric. To quantize 4, 7, we replace the coefficients in this expansion
with operator-valued functions b4 (k), by (k)*, d+(k),d+(k)* to obtain

T(x) = @;W Xi: / (b ()i (K) e~ + dp (K)* s (K)ei®) dB, (17.38a)

II(x) = W Ei: / (b (k)i ()€™ ® + do (k)T (K)e ™) dPs. (17.38b)

The operators by (k), bx (k)*, d(k),ds (k)* are the analogs of the annihilation and
creation operators. They satisfy the anticommutator relations:

{bs(k), by (K)*} = {ds(k),ds(K)*} = OrcrOaa, (17.39)

while other anticommutators among them vanish. These anticommutator relations guar-
antee that

(¥ (t,x)a, (2, x)ﬂ] =i0(x — }’)(Saﬁ-

This is analogous to (17.6) in the case of vector field. The Hamiltonian operator is obtained
from (17.34) by replacing ¥ and 7 with W, II given by (17.38). We obtain

A A

H= ; / By (bs (K)*by (K) — dy (K)dy (k) *)d>z. (17.40)

Let us formally introduce the vacuum vector |0) with the property
b+ (k)[0) = d(k)[0) =0

and define a state of n particles and m anti-particles by setting

A

b(k,)*...b(k1)*d(pm)* . ..d(p1)*]0) := |kn...K1p!, ... D}). (17.41)

Then we see that the energy of the state |p], ...p}) is equal to
Hp,,...-p1)=—(Ep, +...+Ep,) <0
but the energy of the state |k, ...k;) is equal to

Hlk,... ki) =Ey, +...+ Ex, >0.
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However, we have a problem. Since

A

=3 [ Bulb20978(0) + (d2 (09" d00) - ).
R3

This shows that |0) is an eigenvector of H with eigenvalue

—Q/Ek = —OCQ.
R3

To solve this contradiction we “subtract the negative infinity” from the Hamiltonian by
replacing it with the normal ordered Hamiltonian

CH = Eij / Fie (b (10)* b (k) + o (K)* s () ) Pz, (17.42)

Similarly we introduce the momentum operators and the number operators

Pi= ; / (b (k)b () + dis ()" o () )P (17.43)

N=Y / (ba ()b (K) + do (K)* ds (K)) %z, (17.44)
£ Rs
There is also the charge operator
1Qi=e) / (bs (K)*by (k) — dy (kK)*do (k))dz. (17.45)
£ Rs

It is obtained from normal ordering of the operator

Q= /q/*\lrd% =e» (b+(k)*bs(k) + di(k)*dx(K)).
R3

Kk,+

The operators : N :,: P :,: @ : commute with : H :, i.e., they represent the quantized
conserved currents.

We conclude:

1) The operator d* (k) (resp. di(k)) creates (resp. annihilates) a positive-energy
particle (electron) with helicity +1, momentum (Ex, k) and negative electric charge —e.

2) The operator b% (k) (resp. b4(k)) creates (resp. annihilates) a positive-energy
anti-particle (positron) with helicity =1, momentum (Ex, k) and charge —e.
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Note that because of the anti-commutation relations we have
by (k)b (k) = di(k)di(k) = 0.

This shows that in the package |k, ...kip;, ... p}) all the vectors k;, p; must be distinct.
This is explained by saying that the particles satisfy the Pauli exclusion principle: no two
particles with the same helicity and momentum can appear in same state.

17.6 Finally let us comment about the Poincaré invariance of canonical quantization.
Using (17.35), we can rewrite the expression (17.38) for ¥(¢,x) as

vt,x) = / /(2(%)3’“0)_1/29(’“0)5(\76\2 — k§ +m?)x

% (e—i(ko,k)-(t,x)a(k) + e’i(ko,k)'(t:x)a(k)*)d3kdk0. (17.46)

Recall that the Poincaré group is the semi-direct product SO(3,1)xR* of the Lorentz
group SO(3,1) and the group R*, where SO(3,1) acts naturally on R*. We have

W(g(t,%0) = [ (2(2m) o) 20(0k0) 6K — 15 + )

x (e~ i ko 1)-9(8:2) g (1) 4 gilho k) (9 (X)) g (1) *) @3 ke do.

Now notice that if we take g to be the translation g : (¢,x) — (¢,x) + (ao,a), we obtain,
with help of formula (17.18),

U(g(t,x)) = el P W(t, x)etam "

where P = (P*) is the momentum operator in the Hilbert space 7. This shows that
the map (t,x) — W(¢,x) is invariant with respect to the translation group acting on the
arguments (¢,x) and on the values by means of the representation

a = (ag,a) = (A — %) o Ao emi(anP")
of R* in the space of operators End(#).
To exhibit the Lorentzian invariance we argue as follows.

First, we view the operator functions a(k),a(k)* as operator valued distributions on
R* by assigning to each test function f € C$°(R*) the value

a(f) = /f(ko, k)0 (ko)d(|k|* — k2 + m?)a(k)dkod>k.
Now we define the representation of SO(3,1) in H by introducing the following operators

0
Mo =i / alk)* (Er g, )a()dk, j=0,1,2,3,
J
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M;; :i/a(k)*(kia% ;2 ya(k)d*k, 4,5 =1,2,3.

i ok
Here the partial derivative of the operator a(k) is taken in the sense of distributions
0 of 3
—a(k = | —a(k)dx.
o 200U = [ a0
We have
(¥, M*] = i(x,0" — z,0")¥, (17.47)

where M = g*" M, xo="1.
Now we can construct the representation of the Lie algebra so0(3,1) of the Lorentz
group in H by assigning the operator M*" to the matrix

174 1 v v v
B =Syt = (9" T = 47y").
It is easy to see that these matrices generate the Lie algebra of SO(3,1). Now we expo-
nentiate it to define for any matrix A = ¢, E* € s0(3,1) the one-parameter group of
operators in ‘H

U(AT) = exp(i(cu M*)T).
This group will act by conjugation in End(#)

A—U(AT)0o Ao U(—AT).
Using formula (17.47) we check that for any g = exp(iA7) € SO(3,1),
U(g(t,x)) =U(AT)¥(t,x)U(—AT).

this shows that (¢,x) — U(t,x) is invariant with respect to the Poincaré group.

In the case of the spinor fields the Poincaré group acts on ¥ by acting on the argu-
ments (¢,x) via its natural representation, and also on the values of ¥ by means of the
spinor representation o of the Lorentz group. Again, one checks that the fields ¥(¢,x) are
invariant.

What we described in this lecture is a quantization of free fields of spin 0 (pi-mesons)
and spin 3 (electron-positron). There is a similar theory of quantization of other free fields.
For example, spin 1 fields correspond to the Maxwell equations (photons). In general,
spin n/2-fields corresponds to irreducible linear representations of the group Spin(3,1) =
SL(2,C). As is well-known, they are isomorphic to symmetric powers S™(C?), where C2
is the space of the standard representation of SL(2,C). So, spin n/2-fields correspond to
the representation S™(C?),n=0,1,2,....

A non-free field contains some additional contribution to the Lagrangian responsible
for interaction of fields. We shall deal with non-free fields in the following lectures.

Exercises.
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1. Show that the momentum operators : P : from (17.43) is obtained from the operator P
whose coordinates P, are given by

P, = —i/\ll(t, x)*0, ¥ (t,x)dz.

R3

2. Check that the Hamiltonian and momentum operators are Hermitian operators.

3. Show that the charge operator @) for quantized spinor fields corresponds to the conserved
current J# = Uy#W. Check that it is indeed conserved under Lorentizian transformations.
Show that Q = [ J°dPz = [ : T*T : d3z.

4. Verify that the quantization of the spinor fields is Poincaré invariant.

5. Prove that the vacuum vector |0) is invariant with respect to the representation of the
Poincaré group in the Fock space given by the operators (P*) and (M*").

6. Consider ¥(¢,x) as an operator-valued distribution on R*. Show that [¥(f), ¥(g)] =0
if the supports of f and g are spacelike separated. This means that for any (¢, x) € Supp(f)
and any (#',x’) € Supp(g), one has (t — t')? — |x — x'|? < 0. This is called microscopic
causality.

7. Find a discrete version of the quantized Dirac field and an explicit construction of the
corresponding Fock space.

8. Explain why the process of quantizing fields is called also second quantization.



