ON SPIN AND MODULARITY IN CONFORMAL FIELD
THEORY
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1. INTRODUCTION

This paper is about the relationship between conformal anomalies and modu-
larity formulas for partition functions Z(7) of holomorphic conformal field teories.
Our goal is to work out rigorously a very basic case, namely when the anomaly is
1-dimensional. The author became interested in this question as a prerequisite for
investigating connections between holomorphic conformal field theory and elliptic
cohomology. (That project will be pursued elsewhere.) During the investigation
of the question, a surprizing number of subtle complications appeared, which will
turn out to be our main focus.

The mathematical definition of conformal field theory (CFT), and its anomaly,
was given by Segal [21]. In this paper, Segal also gives a modularity formula
for Z(r) for holomorphic CFT’s ([21], Proposition 6.9). Terminological note: In
physics, holomorphic CFT’s are also sometimes called chiral, (and antiholomorphic
antichiral), although the author believes originally chiral was a common term for
both holomorphic and antiholomorphic CFT’s. Segal’s modularity formula says
that after multiplying by a certain power of ¢ = €2, depending on the central
charge of the theory, Z(7) transforms under modular transformations g of level 1
by multiplication by a certain character of SLy(Z) (see also Corollary 3.4 below).

In [21], (Section 8), Segal constructs a series of basic examples of holomorphic
conformal field theories with their anomalies (or, more precisely, slight generaliza-
tions). The space of states F(Q%) of these CFT’s is the Hilbert completion of the
exterior algebra on the Hilbert space of a-forms on S!, a € %Z (the Fock space -
see Section 2 below). In some sense, these are the most basic examples. In physics,
they are known as b — ¢ systems (see [12], [17], Chapter 13.1) The most interesting
case is @ = 1/2, which is the CFT of the chiral fermion. But in this case, we get a
Spin-CFT, i.e. a mathematical object which satisfies the axiom of CFT when the
space C of Riemann surfaces is replaced by the space Cspip, of Riemann surfaces with
Spin-structure (see Section 2 below). The formula [21], Proposition 6.9, does not
apply as stated to that case. Of course, for this example, the partition function is
known explicitly, but it would be nice to have a general formula which includes this
case. When a € Z, then [21], Proposition 6.9 does apply, but finds that Z(r) = 0
(these theories are Z /2-graded, causing cancellation of terms - see Section 2 below).

The goal of this note is to find modularity formula which would apply, in a
non-trivial way, to a general class of conformal field theories with 1-dimensional
anomalies, including the theories F(Q%), a € %Z. We use the class of all Spin-
conformal field theories with 1-dimensional anomaly in the case when a € Z + .
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When «a € Z, spin is not relevant, but the theories F(2%) do have extra structure,
namely can be defined on the space Cz,, of Riemann surfaces equipped with a
Z /2-principal bundle L (which we call a Sgrt-structure). This allows one to define
another partition function Z~(7) which is non-zero for F(2*). We obtain a general
modularity formula for the partition functions Z~ (7).

In the proof of Segal’s formula [21], Proposition 6.9, the major ingredient is a
theorem of Mumford, which classifies C*-central extensions of the space C, with
the operations of sewing and disjoint union. The theorem says that all such holo-
morphic central extensions are essentially of the form Det®" where n € Z, and Det
is the determinant line of Quillen [18]. Two details are missing in this description:
first, for odd powers of Det, the C* -central extensions are ‘super’ (or Z/2-graded,
with appropriate signs). Second, the statement is only true modulo certain “trivial”
central extensions which will be mentioned below. This paper contains two prelim-
inary sections. In Section 2, we will define the relevant algebraic structures on the
moduli spaces of surfaces C, Cspin, Cz/2, and C* -central extensions. In Section 3,
we shall review the basics of conformal field theory.

When extending the modularity formula to conformal field theories with Spin-
and Sgrt-structure, the crucial step is to extend Mumford’s theorem so as to clas-
sify holomorphic C* -central extensions of C,pi, and Cz /5. Up to equivalence, (i.e.
modulo trivial C*-central extensions), this is done in Section 4. It turns out that
both groups of equivalence classes (in a suitable sense) of central extensions are
isomorphic to Z x Z /4Z, and we identify the generators. In the case of Cspip, the
generators are the Quillen determinant, and the conformal anomaly of the CFT
F(Q'/2). In the case of Cz/s, the generators are the Quillen determinant, which
is the conformal anomaly of F(Q2°), and a twisted version of the Quillen determi-
nant, which, instead of functions (i.e. 2°), uses sections of the complex line bundle
associated with the Sgrt-structure L.

Despite the classification of Z /2-graded C* -central extensions of Cspip given in
Section 4, intuition suggests very strongly that with a suitable generalization of the
axioms, the C*-central extension of Cspip, given by F (2'/2) should have a square
root, i.e. a Pfaffian of the space of 1/2-forms. While this Pfaffian is easy to define
in certain cases (for example on the moduli space of Spin-surfaces with antiperiodic
boundary components only), the axioms in the general case require the formalism
of the super-Brauer group of C, and were suggested to me by P. Deligne [4]. This
is covered in Section 5.

“Trivial” C*-central extensions are discussed in Section 6. These are certain
holomorphic C*-central extensions which are constant lines on the moduli spaces
of curves of given genus, and depend only on the diffeomorphic type of the curve
(with its Spin-structure). We classify in detalil such trivial C*-central extensions
of C, Cspz'n-

In Section 7, we review some basic facts about automorphic functions of level 1
and 2, and in Section 8 we use them to obtain modularity formulas for Z(7) in the
case of Spin-CFT’s, and Z~(7) in the case of Sqrt~-CFT’s. The groups of modular
transformations occuring in these cases are subgroups of SL2(Z) of modular trans-
formations of elliptic curves with distinguished point of order 2. These are three
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subgroups I'1, '3, T's of index 3 in SL2(Z), which contain the group I'(2) of order 2
modular transformations as an index 2 subgroup (one must pass to central exten-
sions of the modular groups by Z/2 in the Spin case). The modularity formulas
assert that after multiplying by ¢—¢/2*, the partition functions become essentially
modular (of weight 0) with respect to the appropriate T';, up to a character of T;
which is determined by the conformal anomaly considered as an element of the
group of C*-central extensions of Cspin, Cz /o

Acknowledgement: I am very thankful to P. Deligne for comments, corrections
and clarifications, as well as a concrete suggestion of the use of super-Brauer group.

2. MODULI SPACES OF SURFACES AND THEIR CX-CENTRAL EXTENSIONS

In this paper, the word surface always refers to a real 2-manifold or complex
curve, i.e. not a complex surface. We will work with conformal surfaces X, by which
we shall mean oriented smooth real 2-manifolds with boundary and a conformal
structure. This is the same thing as a smooth oriented Riemann surface, where
two Riemann metrics are considered equivalent if one is a scalar multiple of the
other at each point. Further, we will assume that the boundary components of X
are parametrized by diffeomorphisms with S'. There are two choices of orientation
of such parametrization, according to which we shall distinguish the boundary
components as incoming or outgoing. We label a boundary component as outgoing
if the basis (v,v,ut) gives positive orientation where v is the image of the tangent
vector (0,1)7 to S* C C at the point 1 € C, and v,y is the normal vector to the
boundary component of X, pointed outward. Thus, the boundary of the unit disk
in C parametrized by Id : S — S! is incoming.

For two conformal surfaces X, Y we can obviously consider the conformal surface
X]IIY. On the other hand, if we choose one incoming and one outgoing boundary
component Cj,, Cout Of a conformal surface X, we can define another conformal
surface X by gluing ¢;,, with ¢y by their parametrizations; if we choose a Riemann
metric on X, the Riemann metrics on the two sides of the identified boundary
components Cjn, Cont May not be compatible. They can, however, be multiplied
smoothly by scalars at each point in such a way that the resulting metric does
give a well defined Riemann metric on X. Further, it can be shown that the
resulting conformal structure does not depend on the choice of metric. We will
work with the moduli space C of conformal surfaces. The connected components
of C consisting of surfaces which do not have closed components can be viewed
as oo-dimensional complex manifolds ([21]). The components consisting of closed
surfaces are finite-dimensional, but can have automorphisms, and hence should be
viewed as an analytic stack. Essentially, rather than just the space of isomorphism
classes, we want to consider the Teichmiiller space with the action of the modular
group. We shall elaborate more on this below.

For now, let us consider the algebraic structure on C. First, C is a category where
the morphisms are isomorphisms of surfaces. Second, we have two operations on
C: disjoint union [] and sewing ? along a specified pair of incoming and outgoing
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boundary component. We then have the following requirements:

(2.1) a symmetric monoidal structure on C with respect
: to the operation []

(2.2) an isomorphism X [V = (X []Y)

An isomorphism between surfaces obtained by
(2.3) sewing two fixed pairs of boundary components,
but with reversed order of sewing.

These isomorphisms are required to give commutative coherence diagrams obtained
whenever one expression in the operations [] and ? can be converted to another
using the isos (2.1) - (2.3) in two different ways.

It is tedious to write down explicitly all the coherence diagrams arising, but we
shall give one example. Consider a surface X € C with three distinguished pairs of
boundary components, each containing one inbound and one outbound boundary
component. Denoting by X; ;, {i,5,k} = {1,2,3}, the surface obtained from X
by sewing the i’th, j’th and k’th pair in this order, then the isomorphisms (2.3)
specify two compositions of isos

X123 =2 Xo13 = Xo31

and
X123 =2 X390 = X391 = Xos:.

The corresponding coherence diagram says that these two compositions are required
to coincide.

To axiomatize the structure for which these axioms make sense precisely, note
that for each conformal surface X we have a pair

w(X) = (XiTw Xout)

of sets of inbound and outbound boundary components of X. The sewing operators
give, for a € Xy, b € Xy, a surface

X(a,b)

where
X(a;b)in = Ajn — {a}: X(aa b)out = Xout - {b}

A category Cat with such structure, i.e. assigning to each object X a pair of sets
w(X) and a corresponding sewing operator as above, satisfying the axioms (2.1)-
(2.3) and the respective coherence diagrams, will be called category with sewing.
We shall further require that C'at be a groupoid.

We now define a (Z /2-graded) C* -central extension of a category with sewing
Cat as a collection of Z /2-graded complex lines Dx (i.e. pairs (L,er) where L is a
line and €, € Z/2), indexed over objects X € C and functorial there with respect
to isomorphisms in Cat, together with natural isomorphisms

Dx 1y € Dx ® Dy,

(24) ‘DX =~ Dy.
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The isomorphisms are coherent in the sense that diagrams of the following kind
commute, where the arrows are the specified natural isomorphisms:

DXI_[Y]_IZ—>E Dx ® Dy z

(2.5) lg lg

Dx i1y ® Dz —E>DX ® Dy ® Dy,

DX]_IY i)DX]_[Y

(2.6) lg lg

DX®DYi>DX®DY;

Dx ——— Dxq)

(2.7) lg Jf

D 3@ —— Dxao),

~

Dx|ly —> Dx ® Dy

(2.8) lg lT

Dy 1x —=> Dy ® Dx.

The penultimate diagram expresses commutativity of sewing isomorphism when we
change the order of sewing. In the last diagram, the left column is functoriality,
the right column is given by exchange of factors multiplied by (—1)¢Px Py .

These diagrams are important: it would be wrong to require that all isomor-
phisms between the lines Dx obtained from (2.4) be compatible with all of the
operations. For example, if Cat = C and Dy and D_ are copies of the unit disk in
C with boundary parametrized by z, 2!, respectively (thus, the boundary of D,
is outgoing and the boundary of D_ is incoming), and A is any annulus, then by
the Riemann mapping theorem, we obtain an isomorphism

DD+ ®Ds R Dp_ —E>D]p1,

which gives as isomorphism
DA = DA/

for any two annuli A, A’. However, those isomorphisms cannot be compatible with
gluing, since, as we shall see, D is characterized by the C*-central extension it
specifies on the semigroup of annuli (and can be non-trivial - see [21], Chapter 5).

We would like to define a C* -central extension of C holomorphic if for a holomor-
phic family of conformal surfaces (Xp)pecp where B is a complex manifold, L(X3)
form holomorphic vector bundle on B.

To be completely precise about what ‘holomorphic families of conformal surfaces’
mean, actually, we must introduce the language of stacks [6],[13]. We will consider
the ground category M of smooth, but possibly infinite-dimensional (see [21], [16])
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complex manifolds with the analytic topology (i.e. coverings are coverings by sys-
tems of open sets). Over this category M, a stack with sewing will then be defined
as a symmetric monoidal stack F with operation [], and also a map of stacks

w:]—'—)SmxSout

where the target is a product of two copies of the stack § whose sections over
B € Obj(M) are finite covering spaces of B. Further, for X € Obj(Fg) (the right
hand side denoting objects over B), if w(X) = (Sin, Sout) and a,b are sections of
Sin, Sout Over B, then we require that we have a functorial

X (a,b) € Obj(F)

where

w(X(a, b)) = (Sl'ﬂ - {a}, Sout - {b})
(in the obvious sense). Stack versions of the axioms (2.1)-(2.3), and the correspond-
ing coherences are also required.

To define a (holomorphic) C* -central extension of a stack with sewing, we require
that for each B € ObjM, X € Obj(Fg), Dx be a (holomorphic) complex line
bundle over B, with functoriality and all operations in the category of (holomorphic)
line bundles.

The most fundamental example of stack with sewing is the moduli stack C of
conformal surfaces with parametrized boundary components: the sections of C over
B € M are holomorphic families of surfaces over B, i.e. complex manifolds M
with a holomorphic projection M — B transverse to every point where the fiber is
a surface (=complex curve), and a map OM — S' which restricts to a boundary
parametrization on each fiber (i.e. diffeomorphism on each boundary component
of the fiber). Morphisms are holomorphic diffeomorphisms compatible with the
projection to B and boundary parametrization. Note that the category denoted
above as C is the category of sections of the stack C over a point.

Another example C° of stack with sewing has the same objects as C, but mor-
phisms are all isotopy classes of orientation preserving fibered diffeomorphisms (not
necessarily holomorphic) compatible with boundary parametrization. The isotopy
is required to be through maps of the same kind, i.e. fibered and preserving bound-
ary parametrization.

Finally, we can define a stack with sewing C*°? which has the same objects as C,
CY, and morphisms are equivalence classes of morphisms in C° where two morphisms
are defined to be equivalent if they induce the same maps on the sets of boundary
components and connected components. We have obvious maps of stacks with
sewing

C —CO = clor,

All the stacks we will use are analytic in the sense that they are equivalent
to stacks of the form [V/G] where V is a smooth (possibly infinite-dimensional)
complex manifold with properly discontinuous G-action. The sections of [V/G]
over a complex manifold U are free G-equivariant manifolds U’ with G-equivariant
map U’ — V and an isomorphism U'/G = U.

To explore this point further, we introduce some additional formalism. For
categories with sewing Cy, Cs, a lax functor with sewing from C; to Cy consists of

1. a functor F: C; — Cy
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2. a natural isomorphism
X:FXJIY) = FO)J]F(Y)
3. a natural isomorphism
¢ w(X) = w(F(X))
4. a natural isomorphism
p: F(X(a,)) = F(X)(¢(a,b))

for which the respective induced maps form commutative diagrams with the isos
(2.1)-(2.3). For example, the commutative diagrams with (2.1) say that F is a lax
functor of symmetric monoidal categories. The commutative diagram with (2.3) is
of the form

o

F((X (0,1)" (6, d) —5= F(X(a,1)¥ (8le, ) 7 F(X)(9(a.5)¥ (8(c, )

| |

F(X(e,d)" (a,5) —5= F(X ()" ($(a,5)) 7= F(X)(9(c, )" (9(a, ))-

IR

=

(Here XV := X.)

For two lax functors with sewing F,G : C; — Cs, an isomorphism with sewing
is a natural isomorphism

n:F—>G
which commutes with the maps A, ¢, . In particular, for (3) this means the diagram

W(X) — %> w(F(X))

S

w(G(X))
and for (4)

w -

F(X(a,b)) — F(X)(¢(a,b))

Wl lﬁ(d’(awb))

~ Il, ~
G(X(a,b)) — G(X)(¢(a,b)).
There are obvious versions of these definitions for stacks with sewing. An equiva-
lence of categories with sewing C', Cs consists of a pair of lax functors with sewing
F:C; — 0y, G:Cy — C} and isomorphisms with sewing F'G = Id, GF = Id.

Lemma 2.9. A lox functor with sewing F : C; — Cy between categories with
sewing (resp. stacks with sewing) defines for every (holomorphic) C* -central ex-
tension D of Ca a canonical (holomorphic) C* -central extension F*D of C;. An
isomorphism with sewing n : F — G induces an isomorphism of (holomorphic)
C* -central extensions

F*(D) = G*(D).
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Proof: Define
(2.10) F*(D)x = Dpx).

The axioms for lax functors with sewing give the structure needed. For an isomor-
phism with sewing
n:F—G,

the induced isomorphism on C* -central extensions is

F*(D)x = Dp(x) —5> Da(x) = G*(D)x.

The required properties are easily verified. |

In the case of compact conformal surfaces with parametrized boundary, recall
that for surfaces which are of given topological type, there is a (infinite-dimensional,
if the boundary is non-empty) contractible smooth manifold 7' called the Te-
ichmiiller space on which there acts a modular group.

To define the Teichmiiller space, select a surface Xy with complex structure and
parametrized boundary. The Teichmiiller space (or fine moduli space) T' = T' (X))
can be defined as the space of isomorphism classes of data of the form

6:X = Xo

where ¢ is an isotopy class of diffeomorphisms preserving orientation and bound-
ary parametrization, and X is a surface with complex structure and parametrized
boundary.

Denote by Dif fT(Xo) the group of orientation preserving diffeomorphisms Xy —
X, respecting boundary parametrization, and denote by Dif fi (Xo) the subgroup
of diffeomorphisms which are isotopic to the identity (through diffeomorphisms re-
specting boundary parametrization). Then the modular group (or mapping class
group) G = G(Xj) is defined as

G = Dif fT(Xo)/Dif ff (Xo).
We have a short exact sequence of groups
(2.11) 122G =-G—=>S5—1

where Gg = Go(Xp) is the subgroup of G consisting of diffeomorphisms fixing
boundary components and connected components, and S = S(Xj) is the group of
allowable permutations of boundary components.

The group S is a semidirect product of the form

S =8y %S¢

where Sc = Sc¢ (X)) is the group of all permutations of connected components of X
preserving isomorphism type of connected components, and Sy is the product over
connected components C' of the groups of all permutations of boundary components
of Xy contained in C, which preserve orientation (i.e. which send inbound boundary
components to inbound and outbound boundary components to outbound).

Now recall that there is an equivalence of stacks

(2.12) c— 11 [T(Xo)/G(Xo)]

Xo
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where the disjoint union is over representatives of boundary parametrization pre-
serving diffeomorphism of conformal surfaces. Similarly, we have equivalences of
stacks

(2.13) 0 — 1 [+/G(Xo)],
(2.14) ctor — I [/S(Xo)].

Note that we can use these equivalences to induce structures of stacks with sewing on
the right hand sides of (2.12)-(2.14), so that (2.12)-(2.14) then become equivalences
of stacks with sewing. However, note that the equivalences of stacks (2.12)-(2.14)
are not canonical: there is merely a distinguished class of equivalences any two of
which are naturally isomorphic. Thus, the induced structures of stacks with sewing
on the right hand sides of (2.12)-(2.14) are not canonical, although any two such
structures are equivalent.

Note that this discussion is an elaboration of a precisely analogous discussion for
symmetric monoidal categories.

We will see that C* -central extensions of C° correspond exactly to C*-central
extensions of C of central charge 0 (see Lemma 4.3). Also, C*-central extensions
of CtP correspond precisely to C*-central extensions of C of central charge and
rotation number 0. We shall call such central extensions trivial. We shall see that
in this case, they are the same thing as C* -central extensions of C°, but that will
be no longer true if we replace C by stacks of surfaces with additional structure,
such as Spin. We shall return to this later.

An example of a holomorphic C* -central extension of C is the determinant line
Det. The definition of Det is explained in [21] (and also earlier in Quillen [18]).
Another account is given in [14]. The definition we give here is dual to [14], to get
formula (2.19) below. If X has no closed components, we can define Det(X) as the
dual of the determinant line in the Quillen sense of the Fredholm operator

(2.15) mx : Hol(X) — Q% (0X).

(Alternately, and perhaps preferably, we may think of (2.15) as a complex.) The
right hand side means the negative subspace of Q°(8X). More precisely, instead of
08X, we should use the notation [ ] S?, as, using the parametrization, we are thinking
of the boundary as a disjoint union of copies of the unit circle. A polarization of a
Hilbert space H is an explicit direct sum decomposition of H into two subspaces:

H:H+@H,.

In the standard polarization of 2°(S*), Q9 (S*) is spanned (in the topological sense)
by 2™, n > 0 and Q° (S1) is spanned (in the topological sense) by 2=, n > 0. This
is the polarization we use in (2.15) on the incoming components of X, while we use
the opposite polarization on the outgoing components. The map (2.15) is given by
restriction (via the parametrizing map), composed with projection to the negative
subspace, multiplied by —1 on the incoming boundary components.
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The Quillen determinant line Detr of a Fredholm operator F is in degree
€Dety = index(F) mod 2.

For Fredholm operators F of index 0, Detr is defined as follows (see [16]): Suppose
first that F has index 0. Let F' = J 4+ K where J is invertible, K is of trace class.
Let

Detp = (C{J}
This construction is canonical, for if F' = J' + K', then

J=J+(K-K)=JI+J YK -K")

where I + J71(K — K') is of determinant class, so we have an isomorphism

C{J} =C{J}
by

J s det(I+J Y (K - K')-J.
Further, [16], one defines
det(F) € Det(F)

by det(QJ) = (det(Q)) - J if J is invertible and @ is of determinant class. From this

point of view, (Det,det) generalizes the determinant of operators of determinant
class: we have det(Q) = det(Q) - Id.

To define the Quillen determinant for Fredholm operators of arbitrary index,
first note that the above discussion in index 0 gives a canonical isomorphism

(2.16) Det(F) = (Det(Ker(F)))™* ® (Det(Coker(F))).

An explanation of the fact that this formula is the inverse of what is suggested
by index and cohomology ultimately comes from the finite-dimensional case: for a
linear map

F:U->V

between vector spaces of equal finite dimension n, we are looking for a canonical
line Det(F') which is canonically isomorphic for different choices of F' with the same
U,V and has a canonical element det(F) € Det(F). We see that one can take

Det(F) = Det(Coker(F)) ® Det(Ker(F))™!,
which is canonically isomorhpic to
Det(V) ® Det(U)™' = A™(V) ® A™(U)*

and has canonical element corresponding to the map induced by F' on top exterior
powers.

Granted that, we can use (2.16) to define the determinant line of a Fredholm
operator of arbitrary index, keeping in mind that the determinant line of a finite
dimensional space V' is in degree dim (V) mod 2. The above discussion can then be
interpreted as a construction of a canonical isomorphism between the determinant
lines of two operators whose difference is trace class (i.e. a kind of “continuity
result”).

To prove (2.16), choose a splitting Ker(F) @ U = H, and a lift of the map
H — Coker(F), which gives a splitting Coker(F) @ V = H. Then we can choose

the invertible operator J as J = J; & J, where J, : Ker(F) —> Coker(F) ,
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J, : U —>V , and moreover .J» coincides with a restriction of F. Then J defines

an element
(2.17) det(J1) € (Det(Ker(F)))™ ® (Det(Coker(F))).

Define the isomorphism (2.16) by sending J € Det(F') to Det(J;). We see easily
that for another J with these properties, (2.17) transforms according to the same
rule as the generator of Det(F’) as defined above, so the isomorphism is well defined
once we choose a splitting. But note that Det(J;) does not depend on the splitting,
since a change of splitting operator has determinant 1.

The definition (2.15) does not work for closed surfaces. While the formula (2.15)
makes sense technically, it gives just C for closed surfaces, which is the wrong answer
(in the sense that the second gluing formula (2.4) would be false). The reason is
that in the proof of the gluing formula ([21], proof of Proposition 6.4), one uses a
diagram of the form

0 —> Hol(X) —— Hol(X) — 2> Q0(s!)

(2.18) le ;rJ( lId

0 —> 0, (0X) —= 0, (0X) @ Q°(S!) — Q9(S') — 0.

Here A is the sum of the two restrictions to the boundary components which are
being glued, with sign reversed on the incoming component. The map 7 is deter-
mined by the diagram, but it is easily seen that it differs from wx by an operator
of trace class, and hence does not affect the determinant line. (Concretely, 7 is just
the restriction to the boundary, with sign reversed on incoming boundary compo-
nents, while 7 x is the same map composed with projection to the positive subspace
in the polarization.) This is essentially the proof of (2.4), if we know that A has
dense image. This follows if X has no closed components (because then it is a
Stein manifold). However, A may not have dense image if X is closed. One way
to treat this is simply to define for X closed DetX as the determinant line of the
surface X' obtained by cutting out the holomorphic image of the standard disk
(with boundary oriented as incoming with respect to X'. This is in fact forced by
(2.4). The definition, however requires showing that Det(X') does not depend on
the choice of the disk.
The other way (which we will use) is to define, for a closed surface Y,

(2.19) Det(Y) = Det(H°(Y, Hol)) ® Det(H' (Y, Hol))™*

where on the right hand side3 Det denotes the top exterior power. This is compatible
with gluing since, for Y = X, the homology of the complex

Hol(X) —2>°(S")
in (2.18) is actually H*(X, Hol).
Note that (2.19) and (2.16) explain why for a surface X with boundary, Det(X)
is defined to be the dual of (2.15).

We will be interested in classifying holomorphic C*-central extensions of C. To
state such classification correctly, note that we can readily replace Det by another
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central extension Det’ where
Detx = Det'y,
€Detx = €Dety, T dx

where dx is the number of boundary components of X. To define such Det', it
suffices to suitably alter the polarization of 2°(S') (and hence Q°(6X) in (2.15)).
For example, we can change Q3 (S') to < 2"|n > 0 >.

It is easy to see that the holomorphic C* -central extension

(2.20) (Det)™ ® Det'

of C then defines trivial bundles over the stacks [T'/Gy] for connected components
[T/G] of C (see (2.11)). This means that (2.20) defines a budle on each [*/S], and
hence a C*-central extension of C!°P. Recall that we called such central extension
trivial. Two central extensions D, D' of C will be called equivalent if D ® (D')~! is
trivial. A classification of trivial central extensions will be given in the beginning
of Section 4.

Theorem 2.21. (Mumford, see [21], Section 5) The group of equivalence classes
(with respect to the equivalence just defined) of holomorphic C* -central extensions
of C is isomorphic to Z, with generator Det.

In Section 4, we will prove this theorem, and a some generalizations, related to
additional structure.

The first type of such structure is Spin-structure. Following Segal [21], a Spin-
structure on a conformal surface X is a holomorphic line bundle L together with
an isomorphism between L ® L and the tangent bundle of X. On the other hand,
for a real 1-manifold £ (i.e. a disjoint union on circles), a Spin-structure on £ is a
real line bundle P with an explicit isomorphism P ®gr P with the tangent bundle
of £. An isomorphism of Spin-structures L, L' consists of an isomorphism

¢ - L i> L'
such that the diagram

L®L—>L’®L’

N

commutes where the diagonal arrows are from the definition of Spin-strucutre,
and Ty is the tangent bundle. There are, of course, two Spin-structures on S':
trivial and Mdbius. As pointed out in [21], a Spin-structure on X induces a Spin-
structure on 9X: take the vectors in L which are square roots of outgoing (resp.
incoming) normal vectors at the boundary, depending on whether the boundary
component is outgoing or incoming. We now define the space of holomorphic k/2-
forms QF/2(X) = QII“{/:I(X ) as the space of sections of L®~%. (The reader should
be careful not to confuse this with the Dolbeaux notation, which refers to sections
of exterior, rather than symmetric, powers.) Of course, for 2|k, these spaces are
defined independently of Spin-structure. We would like to remind the reader that
while there may in many cases be no difference between the different powers of
L, (for example, they may all be trivial), we are however also interested in maps
of forms induced by holomorphic maps f : X — Y of conformal surfaces (not to
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mention parametrizations of the boundary), and those do depend on k: there is, of
course, the map Df : L§? — LY?, whose tensor powers induce maps on QF, k € Z.
To obtain a map Lx — Ly, however, one must in addition to f choose a square
root of the map D f (if one exists). We will refer to this as a choice of spin. A choice
of spin of a map f determines map on Q¥/2 for all k € Z. Similar comments apply
also to Spin-structures on real 1-manifolds. Regarding the boundary, note that a
section of any bundle on X (for example the Spin-structure) of course canonically
restricts to the restriction of the bundle on the boundary (i.e. for example the
complexification of the Spin-structure on the boundary). Therefore, this does not
depend on the choice of k, just on the isomorphism class of the (line) bundles
involved. However, we also parametrize the boundary components, and we see that
it is critical, along with such parametrization, to make a choice of its spin. Then
the requisite restriction of k/2-forms to []S* is equal to the canonical restriction
to the boundary, composed with the map induced by the parametrization, with the
chosen spin (if 2 does not divide k). The resulting map depends on k, even if the
corresponding tensor powers of L are isomorphic for different values of k.

An important example is our choice of Spin-structure on A,, ¢ = €27
holomorphic line bundle on the standard annulus

Ag={ze g <llzl| <1}

. Any

(with boundary components parametrized by z and ¢, respectively) is trivial, so
we may as well assume that L = 1. There is, however, a choice of isomorphism
L®2 = T A,: there are two essential such choices (all others lead to isomorphic data),
namely the isomorphism 1 (the periodic Spin structure) and z (the antiperiodic
Spin structure). Note that by the above comments, this already determines Spin-
structure on the boundary, which is trivial (periodic) in the former case, and Mobius
(antiperiodic) in the latter. We shall denote these standard annuli by A, p, Ag 4.

We can consider the moduli space Cspin of all conformal subspaces with Spin-
structure. Regarding the boundary, we shall make a fixed choice of two standard
copies S4, S} of S1, with ‘standard’ (fixed) representatives of the two isomorphism
classes of Spin-structures (antiperiodic and periodic). For example, let S} and
SL be the inbound boundary components of the antiperiodic and periodic stan-
dard annuli Ay 4, Ay p (this does not depend on the choice of ¢g). An element of
Cspin then consists of a conformal surface with Spin-structure X, and parametriza-
tions of the boundary components of X (which have induced Spin-structures) by
specified diffeomorphisms with S% or SL, with chosen spin. By an isomorphism
of surfaces with Spin-structure we shall mean a holomorphic diffeomorphism with
spin which commutes with the boundary parametrizations, preserving also their
spin. Therefore, we do not allow diffeomorphisms which induce spin reversal on
S%, SL. For example, spin reversal of a Spin-surface with non-empty boundary
will not be considered an automorphism.

This category Cspin enjoys the operations of sewing and, obviously, disjoint union,
also. By definition, the sewing operation is completely determined by choice of the
boundary components to be sewn: the spin of the sewing map will be chosen as
identity on the standard S} or SL.

However, unfortunately, Cypin is not a stack with sewing in the sense defined
above because of the different types of boundary components. We need a general-
ization.
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Define, for a small groupoid K, a stack S¥ as follows: Sections over B € M are
functors
F : K — (covering spaces of B,deck transformations)

(by deck transformations we mean isos commuting with projection) which satisfy
(2.22) k#0e€Obj(K)= F(k)NnF({) =0

(2.23) f € Mor(K) and f # Id = F(f) has no fixed points.

Note that SX enjoys a symmetric monoidal structure || defined in the obvious way.

Define a stack F with K -sewing as the following set of data:

1. A symmetric monoidal structure on F with operation denoted by [].
2. A map of stacks
w:F = SE xSE,
where the target is a product of two copies of S¥.
3. To a data X € Obj(Fg), ¢(X) = (F1,F>) and isos Fi & F[[G1, F» =
F1] G, in S, an assigned (functorial) object

X, w(X) = (Gl,GQ).

4. isomorphisms analogous to (2.1)-(2.3), and coherences, analogous to the con-
cept of stack with sewing.

A (Z /2-graded) C* -central extension of a stack with K-sewing is defined analo-
gously as for stacks with sewing.

Define the category 2 to be discrete with objects {4, P}. Then Cspiy, is a stack
with 2-sewing where for a Spin-surface X,

¢(X) = (F1, F»)

where Fy (resp. F»>) maps A, P to the sets of all inbound (resp. outbound) boundary
components of X of the given Spin-structure.

This extends to holomorphic families of surfaces: The sections of Cgpip Over
B € 0bj(M) are families of surfaces X — B with a map 0X — S4[[Sh with
a holomorphic line bundle L on X and an iso L ® L = T X, (the line bundle
consisting of vectors tangent to the fiber). Then L specifies a real line bundle
L' on the boundary and an iso L' ® L' = TOXert, as above. We require, as a
part of the structure, a map L' — Lsi11sy which induces spin on the boundary
parametrizations of fibers.

Next, note that the definition of spin of course extends to non-holomorphic
oriented diffeomorphisms of surfaces, because the inclusion of structure groups
C* C GL3 (R) (the target is the group of real 2 x 2 matrices with positive deter-
minant) is a homotopy equivalence. The same is true for the stabilizer subgroups
of the positive ray of an oriented boundary component (they are contractible),
and hence we can define, for two elements X,Y of Cypiy, (non-holomorphic) Spin-
diffeomorphisms X — Y inducing identity spin on boundary components. We shall
call such maps ‘Spin-diffeomorphisms compatible with boundary parametrization
and its spin’.

Now define CJ ;,, as the stack whose sections over B are the same as the sections
of Cspin, but morphisms are isotopy classes of Spin-diffeomorphisms compatible
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boundary parametrization and its spin. The isotopies are through maps of the
same kind. Then CJ;, is also a stack with 2-sewing.

P o in and morphisms equivalence
classes of morphisms in CJ;,, under the equivalence relation where two morphisms
are equivalent if and only if they induce the same maps on boundary components
and connected components. Again, we have canonical maps of stacks with 2-sewing

0
spin

We also define C*°? to have the same objects as C

top
spin-

Cspin = C - C

Again, a (Z/2-graded) C*-central extension of Cgps, which is a pullback of a C*-
central extension of C:%  will be called trivial, and two C* -central extensions whose
ratio is trivial will be called equivalent.

Now for X € Cspin, we can define the Teichmiiller space as the space of isomor-
phic classes of data of the form

6:X = Xo

where ¢ is an isotopy class (through maps of the same kind) of Spin-diffeomorphisms
compatible with boundary parametrization. However, note that the Spin-structure
on X (including spin of boundary parametrizations) is then induced by ¢, and hence
this Teichmiiller space is canonically isomorphic to the already familiar Teichmiiller
space T'(Xo). The Spin-mapping class group, however, is

G*P'" = G*P'"(X,) = Dif fs(Xo)/Dif £ (S°)

where Dif fs(Xo) is the group of Spin-diffeomorphisms of X, compatible with
boundary parametrization.
Similarly as in the case of C, we have a short exact sequence of groups

1 _)G(s)pzn _)Gspin _)Sspin -1

where Ggf s t.he subgyoup fixing boundary components and connected compo-
nents of X, §%P'" = S (Xo) is the group of allowable permutations of boundary
components. The group S*P*" is again of the form

spin spin
Sg' " xS

where S is the group of all permutations of connected components of X pre-

serving Dif fs-type, and Sg¥ ‘" is the product over the set of connected components
of the allowable permutations of boundary components in the individual connected
components.

Lemma 2.24. If Xq is connected, then SSP™ is the group of all permutations pre-
serving type of boudary components (i.e. inbound vs. outbound, periodic vs. an-
tiperiodic), and such that the induced permutation on the set of periodic boundary
components is even.

Proof: We might as well assume that Xy has outbound periodic boundary compo-
nents only. First, observe that for a periodic annulus B with two outbound bound-
ary components switching the boundary components, a Spin-diffeomorphism of B
switching the boundary components preserves the spin of one, and reverses the
other. Taking connected sum, we obtain a Spin diffeomorphism of X, switching
two boundary components, while reversing the spin of one of them. Composing
such maps, we can obtain a Spin-diffeomorphism of Xy compatible with boundary
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parametrization which induces any even permutation on the boundary components,
as claimed.

Thus, it remains to show that no Spin-diffeomorphism of Xy compatible with
boundary parametrization can induce an odd permutation of the (periodic) bound-
ary components. If this was possible, from what we just showed it would follow
that there exists a Spin-diffeomorphism of Xy which preserves the boundary com-
ponents, and reverses spin on precisely one boundary component. Reversing orien-
tation of boundary components and sewing, we may further assume that there are
only two (periodic) boundary components with opposite orientation. A contradic-
tion then follows from the following

Lemma 2.25. Suppose X is a closed Spin-surface. Let X' be obtained from X by
cutting along a periodic simple curve, and sewing back with opposite spin. Then the
surfaces X, X' are not Spin-diffeomorphic.

Proof: By Segal [21], a Spin-structure on a closed oriented surface X corre-
sponds to a quadratic form associated with the canonical symmetric bilinear form
on H'(X,Z/2). By definition, the quadratic forms corresponding to X, X' have
different Kervaire invariants ([2]). O

Note that we have again equivalences of stacks

Copin — 11 [T(Xo)/G**"(Xo)]
Xo

where Xy runs through representatives of equivalence classes of Spin-surfaces un-
der Spin-diffeomorphisms compatible with boundary parametrization and its spin.
Then also

Copin — 11 [*/G*Pim(Xo)]

spin
Xo

Capin — 1] [*/5°P"(Xo)],

Xo
and similar discussion applies as in the case of C.

We will also need to consider the structure we obtain when, instead of Spin-
structure, we specify a square root of the ¢rivial bundle on X € C, i.e. a complex
holomorphic line bundle L together with an isomorphism

L®L=1x.

We shall call this a square root structure (Sqrt-structure). It is equivalent to spec-
ifying a principal Z /2-bundle on X, which, of course, restricts to a principal Z/2-
bundle on 9X. One fixes, once again, representatives of the two non-isomorphic
Z/2-bundles on S! (periodic and antiperiodic), and specifies, along with a para-
metrization of the boundary components of X, the accompanying map of Z/2-
modules. In Segal [21], the moduli space of conformal surfaces with Sgrt-structure
is denoted by Cz» (in fact, an analogous structure is considered for any finite group
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G). Once again, we can define C*-central extensions of Cz/,, which will be classi-
fied in the next section. Once again, Cy /2 contains A4 and Ap. However, notice
that in Cz /5, the boundary of the standard disk D is periodic, while in Csp;y, it is
anti-periodic.

Again, we find that Cz /, has the structure of stack with 2-sewing, and analogously
as in the Spin-case, we have maps of stacks with 2-sewing

Cz/2— C9y — c;;;.

Remark: There are coarser variants Cgpm, Cs /2 of the moduli spaces Cgpin, Cz /25
obtained by including in the mapping class group diffeomorphisms inducing non-
trivial automorphisms of the structure on the boundary components.

To this end, let 2¢ be the groupoid with two objects A, P each of which has
automorphism group isomorphic to Z /2. Then Cg;, is defined as the stack whose
sections over B € Obj(M) are holomorphic families X — B of conformal surfaces
with boundary parametrization 8X — S [[ S5 together with an isomorphism

L & L —>E T(X)vert-

We also require that the target of the boundary parametrization of a boundary
component of a fiber match its Spin-structure, but we do not specify the spin of
the boundary parametrization.

Then Cg,;, is naturally a stack with 2¢-sewing. The map

gpz’n - S%Z x Sggt
assigns to a family M — B a pair of functors (F, F») where Fi(A), Fi(P), F5(A),
F,(P) are covering spaces of B whose fibers over « € B consist of possible maps

{Lc — L1 |C is an inbound antiperiodic boundary component of X}

{Lc = L1 |C is an inbound periodic boundary component of X}
{Lc = Lgy|C is an outbound antiperiodic boundary component of X, }

{Lc = Lg1|C is an outbound periodic boundary component of X, }

which define spin on the corresponding boundary component parametrization (i.e.
are square roots of the differential of the boundary component parametrization -
L¢ is the Spin-structure on the boundary component C' induced from the Spin-
structure of X;). The Z/2-actions are by reversal of sign.

C;ﬁn is defined to have the same objects as Cg;,,, where morphisms are iso-
topy classes (through maps of the same kind) of diffeomorphisms with spin which
preserve boundary parametrization, but not necessarily its spin. CSCI’Z‘Z’ is defined
the same way except that two morphisms are identified if they induce the same
map on boundary components and connected components, and also the same spin
on boundary component parametrization. We have canonical maps of stacks with
2c-sewing

c,0
spin

c,top
spin *

¢c. —=C —C

spin
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Now let Dif fo(Xo) denote the group of C-diffeomorphisms of Xy, by which
we mean Spin-diffeomorphisms of which preserve, as diffeomorphisms, the parame-
trizations of boundary components, but not necessarily the spin of these parame-
trizations. Define the mapping class group

Go = Ge(Xo) = Dif fo(Xo)/Dif fif (Xo).

Then we have equivalences of stacks

Copin — 11 [T(X0)/Gc(Xo)),
Xo

et == 11 [+/Ge(Xo)],

Xo

where the disjoint union is over a complete set of representatives of C-diffeomorphism
classes of Spin-surfaces. For a given X, we have a short exact sequence of mapping
class groups

(2.26) 1= GP" 5Go— [l Z/2-1.
cedx

Note that this short exact sequence does not always split. A group S¢ is defined
by the short exact sequence

1—>G3”i"—>Gc—>SC—>1.

Then we also have a short exact sequence

187" 5 Sc— [l Z/2-1,
ceox

and an equivalence of stacks

cotor =T [+/Sc(Xo)]-

spin
Xo

Similar discussions apply as for C, Cspin. The treatment of the stack with 2¢-sewing
Cs /2 18 analogous. One can then investigate C* -central extensions of Cg,;,, C7 /2

c,0 c,0 c,top c,top
Cspin’ CZ/2’ Cspin ’ CZ/2 .

3. CONFORMAL FIELD THEORIES

The purpose of this section is to review the definition of conformal field theory
and its variants, and related concepts needed to understand the present paper. Our
reference is Segal [21]. Unfortunately, the full version of [21] is not yet published,
and this forces us to review some aspects of that theory.

Let D be C* -central extension of the moduli space C. We shall define conformal
field theory (abbr. CFT) with conformal anomaly D.
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Remark: It should be remarked that there is a more general notion of confor-
mal anomalies which are allowed to be vector spaces of higher dimension. This
is encoded in the notion of modular functor described in [21] (although to get
complete gluing data, the set of labels described as a ‘set’ in [21] should be a
groupoid). This general notion of CFT whose conformal anomaly is a modular
functor should be equivalent to the notion of Vertex operator algebra [10], al-
though infinite-dimensional modular functors (in a suitable sense) would have to
be allowed if the vertex operator algebra is irrational. (A vertex operator algebra
is called rational essentially if it has only finitely many non-isomorphic modules.
For a precise definition, see [8], [9].)

In this paper, we will restrict attention to CFT’s whose conformal anomaly is
1-dimensional. We will give some examples following Segal [21].

To define a conformal field theory, Segal [21] starts with a Hilbert space H. To
every conformal surface X, and element ( € Dy, one assigns an element

(3.1) UX,0)e QHeQH
out in

where the tensor products (=Hilbert tensor products) are taken over the outgoing
and incoming components of X, and H is the dual of H. (Since not all of our
examples preserve the Hilbert structure, it may be more appropriate to refer to
Hilbertizable vector spaces and replace H by H* in (3.1).) Note that an element of
the form (3.1) an be interpreted as a Hilbert-Schmidt map [16, 22]

QRH - QH.

in out

We require however more strongly that this map be trace class. Then we require
that
U(X H YJ Cl ® <2) = U(X7 Cl) ® U(YJ C2)7
and
U(X,¢) = trace(U(X, ()).

One usually puts in more requirements, such as unitarity (reflection positivity);
they will, however, not affect the formulas presented here. We will, on the other
hand, restrict attention to holomorphic conformal field theories, which means that
the operator U (X, ¢) depends holomorphically on X, {: throughout the rest of this
paper, a conformal field theory will automatically mean a holomorphic CFT.

We will be interested in the partition function of a conformal field theory. For
g € C, ||g|| < 1, we consider the annulus A, which is the region in C bounded by
the circles ||z]|| = 1 and ||z|| = ||¢||- The circle ||z|| = 1 is parametrized by the
identity (incoming). The circle ||z|| = ||¢|| is parametrized by the map z — ¢z
(outgoing). Note that the there is a canonical element ¢, € D4, : considering the
unit disk D with boundaty parametrized by the identity (incoming), then sewing
A, with D gives D. 1, is the element of D4, which induces the identity on Dp.
Now the partition function is defined by

Z(1) = trace(U(Aq, tq))-

where ¢ = €?™", Under our assumptions, this is a holomorphic function of ||¢|| < 1.

Let E; be the elliptic curve defined by gluing the two boundary components
of A;. Segal [21], Proposition 6.9, gives a formula for the modularity of partition
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functions of holomorphic conformal field theories. Our main goal will be to study
variations of this formula. To fix ideas, we give the statement and proof of the
formula.

Assume that our holomorphic conformal field theory has central charge ¢, which
means that
(3.2) D = Det=¢/2,
By Theorem 2.21, we may assume ¢ € 2Z in the case of holomorphic CFT’s with
1-dimensional anomaly, which we are presently considering. Without referring to
Mumford’s theorem, the holomorphic C*-central extension D of C restricts to a
holomorphic central extension of the semigroup of annuli A. Segal [21], Chapter 5,
remarks that such holomorphic central extensions are in bijective correspondence
with C* -central extensions of Dif f, (S'), which are classified by central charge c
and rotation h. The central charge in this sense of Det is —2, and hence if we
define central charge of a CFT as the central charge of D, this gives (3.2). More
explanation will be given in Section 4 below. Let ¢ = €2™" Im(7) > 0. Then

E,2C/[r1] I7' = (a7 +b)/(cT +d), g = ( . 2 ) € SLy(Z),¢' = e*™", then
A, changes to Ay but E; does not change, so
Z(r') = p(r,9)"/*Z(7)

where p(7, g) is the ratio of the image €, of ¢y to the image ¢, of ¢4 in Det(E,;) =
Det(E, ), where here ¢4 is the canonical element of Det(A,).
Theorem 3.3. (Segal [21], 6.9) We have

plr,g) = u*(g)e =T/

where u? is as described in the beginning of Section 7.

Remark: In Section 7, we will describe u as a homomorphism on a central extension
of SLy(Z) by Z /2, but the square of the map vanishes on the center (as is true for
any homomorphism).

Corollary 3.4. For a conformal field theory with central charge c |

26 _ @
20 " et

O

Proof of Theorem 3.3: To prove the Theorem, we first need a description of
Det(E,) which would be invariant under modular transformations. To this effect,
we consider Diagram (2.18) with X = A4, X = E,. The top line is

(3.5) Hol(E,) — Hol(A,) — Q°(S1).

We see that, since Hol(E;) is canonically isomorphic to C, the determinant line is
dual to the determinant line of the cokernel of the right hand map (3.5).

At this point, it is time to establish notation for sheaves of forms. We denote by
Q" (S!) ordinary de Rham forms on S'. For a conformal surface X, we shall denote
by 27:9(X) the C-vector space of de Rham (p, ¢)-forms on X. (Obviously, only very
small values of p, g, n are relevant.) By underlining any of these notations, we shall
mean the corresponding sheaf of forms (in the analytic topology). Conversely, for
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a sheaf, sections will be denoted by I'. A subscript Hol will indicate holomorphic
sections. The embedding S' — E, will be denoted by i.
Then we have an exact sequence of sheaves on E,

(3.6) 0— Q%2 (B,) = Q%2,(4,) — i.0°(SY).

Now (3.5) is a part of the long exact sequence in cohomology corresponding to (3.6),
and hence the cokernel of the right hand map (3.5) is

H'(E,, Hol) = H\(E,).
This is 1-dimensional, so we have shown that
(3.7) Det(E,) = (H*'(E,))™*.

Now let § be the connecting map of the long exact sequence in cohomology induced
by (3.6). Define

& =01
(A non-zero element of a complex line has a well defined reciprocal in the dual
line.) To determine the behaviour of £, under modular transformations, we must
determine §(1) explicitly. To this end, consider the diagram

E,) —= Q% (4,).
The map & is onto, and a (0, 1)-form on E, representing J(1) can be obtained as
a"ok™1(1).

By picking a representative of £~1(1) which is R-linear and constant in the real
direction, it is easily seen that such a form is a constant times

(3.8) (Im(r))"'du
where u is the standard coordinate in C, where we consider E;, = C/[r,1]. Now

for g = ( Z 2 ) € SLy(Z), g(1) = 7, it is well known that, since Im(7) is
proportional to volume,
Im(t") = Im(7)/||er + d||*.

On the other hand, obviously,

We conclude that, if ¢’ = e2™i7

(3.9) §g = &g/ (eT +d).

To finish the proof of the Theorem, we must relate the element ¢, to £,. But this
is now easy: By the definition of £;, We have

(3.10) € = &, - det(F)
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where

F : Ker(6) — Ker(d)
is the operator which sends m4,(2") to 7(2"). We see that

FM=010-¢g")z"forn>0
and
Fz™)=1-=¢")z""forn>0.

Thus,

€3 = &g H (1-4¢"?,

n>0
and the statement of the Theorem follows from the modularity properties of the
n-function (7.2):

e _ & n(r)(d)TV/?
A (o A
(¢')~1/12

%4_(1 : (CT + d) : u2(g) ({1—1/12 .

O

Note that the conclusion of the Theorem implies that Z(7) = 0 if 7 = i or
r=+1 (because then there exists a level 1 modular transformation g such that
g(1) = 7, while u?(g) # 1). Thus, we have the following somewhat peculiar

Corollary 3.11. For a holomorphic conformal field theory of central charge not
divisible by 2 and 3, we have Z(e~27) = Z(—e~V37/2) = 0.

O

Remark: There is a vertex operator algebra ([10]) with central charge 24, and
partition function
Z(r) = q- (j(r) — 744),

and an action of the Monster. This formula suggests that this vertex operator
algebra should give rise to a CFT with 1-dimensional conformal anomaly. This
would be a most interesting example from the point of view of elliptic cohomology.
It is not known to the author if this is true, although some progress in this direction
follows from the ideas of [3].

One of the purposes of this paper is to generalize the modularity formula 3.4. To
this end, we shall define a conformal field theory with Spin-structure (Spin-CFT),
as a pair of Hilbert spaces H4 and Hp (spaces of states corresponding to S} and
Sh), a C*-central extension D of Cspin, and a map assigning to every conformal
surface with Spin-structure X and element o € Dx an element

UX,2)e QR Hao X Hro R Hie Q) Hr

out,A out,P in,A in,P

(the product is over incoming and outgoing, antiperiodic and periodic boundary
components).

To define partition function for Spin-CFT, note that there are two semigroups
of annuli (with one inbound and one outbound boundary component) contained in
Cspin, depending on whether the Spin-structure is antiperiodic or periodic. The
semigroup A4 of antiperiodic annuli is a 2-sheeted cover of A, while the semigroup
Ap of periodic annuli is A x Z /2.
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We will prove in the next section that a C*-central extension of Cspip splits
canonically over the sub-semigroup of 44 consisting of the standard annuli A,.
Thus, if ¢ is the canonical element of D, , we may define

Z(r) = tr(U(4Aq, 1),

q = €2™7. Note, however, that unlike the case of a CFT, Z(7) will depend on a
choice of ¢/?, which corresponds to the choice of spin of the boundary parame-
trization of A,.

Finally, define conformal field theory with square root structure (Sqrt-CFT) anal-
ogously as a Spin-CFT, with Cypin, replaced by Cz /. To define partition function
for Sqrt-CFT’s, we will show in the next Section that a C*-central extension of
Cz /2 splits canonically when restricted to the sub-semigroup of the standard annuli
in Ap =2 A x Z /2. If we denote these standard annuli by (A,,€), € € Z/2, then we
have a canonical element ¢ € D4, ). We define

Ze(1) = tr(U((Aq, €), te))-

We will now discuss the fundamental example of [21], i.e. Fermionic Fock space
conformal field theories. For a polarized Hilbert space H, one can consider the
fermionic Fock space F(H), which is the Hilbert completion of the exterior algebra

AHy ® H-).

(The Fock space should be thought of as a Floer-like analogue of the exterior
algebra of a finite-dimensional vector space. Along these lines, other, more invariant
definitions of the Fock space exist: for example, it can be defined as a module of
spinors of the Clifford algebra of the space H® H with respect to a choice of vacuum
vector - see e.g. [16], p. 257.)

Now Segal [21] constructs, for each k € Z, a CFT F(QF) with H = F(Q*(SY)),
and a Spin-CFT F(QF+2) with H = F(Q*+2(S1)). Roughly, the space of holomor-
phic a-forms on X (a =k or k + %) is interpreted as a graph of a partial function
from the a-forms on the incoming boundary components to the a-forms on the
outgoing boundary components. These graphs are composed as partial functions,
and define rays in the Fock space of a-forms on 0X.

To understand the situation in more detail, we must first consider the Gras-
manian composition in the finite case (see [21]). Consider the following situation.
Let Hy, H> be finite-dimensional Z-vector spaces. Let V' C Hy; & Hy ® H,. Define
o(V) C Hy by

(3.12) o(V) = {v1|there exists vy € Hy such that (v, v, —v2) € V},
provided that the following conditions are satisfied:

The map V — H; ® H, defined by (vq,v5,v5) —

(3.13) (v1, vy + vY) is injective,
(3.14) The map V' — H, defined by (v1, v}, v5) — vh+vl

is surjective.

We consider (V') undefined if either one of the conditions (3.13) or (3.14) fails.
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Proposition 3.15. Let dim(H>) = n. Consider the composition
7 A(Hy) ® A(H2) ® A(Hy) ——— A(Hy) ® A(H>)

|

A(Hy) @ A™(H3)

|

A(Hy)

where the first arrow is induced by addition Hs & Hy — Hy and the last arrow
is giwen by choosing a non-zero element in the dual of the 1-dimensional space
A™(H3). Denote, also, for V.C H, AV € A(H) the its determinant defined up to
scalar multiple (i.e. a non-zero element of the determinant line of V). Then

TAV)) = eXo(V)) ifo(V) is defined

= 0 else.

Proof: We let V C Hy; & H, be the antidiagonal consisting of elements of the
form (v,—v). Let Hyy C Hy ® Hy ® Ho = H be the first copy of H,. Write
H = H &V ® Hy. Reduced row echelon form then implies that there exists a
basis of V' of the following form:

(riysist;) € Hyp®Hi®V, i=1,..,m
(3.16) (0,s;,t;) € H oV, i=m+1,..,n
0,0,t;) € V, i=n+1,...,p

where the sets {r; € Hyli = 1,...,m}, {s; € Hili = m +1,..,n}, {t; € V|i =
n+1,...,p} are linearly independent. However, condition (3.14) says that {r;} is
a basis of Hsg, and condition (3.13) says that p = n. Obviously, if either of these
assumptions fails, then 7(A(V')) = 0. If they are satisfied, then the surviving terms
of the exterior product A(V') of (3.16) after applying the product A(Hs & H2) —
A(Hy) are

n

m
AN rmn N s

i=1 i=m—+1
After applying the next two maps in the definition of 7, we obtain

n

/\ Siy

i=m+1
which is A(a(V)). O

We now shift attention to the infinite-dimensional case. Suppose H; and H> are
polarized Hilbert spaces. For a polarized Hilbert space H, let H denote  the same
Hilbert space with reversed polarizaton. Now suppose V' € Gr(Hy® Hs ® H,) where
Gr(H)denotes the restricted Grassmanian of H, consisting of all closed subspaces
V such that the projection V. — H, is Fredholm, and the projection V' — H_
is Hilbert-Schmidt (see [16]). Define o(V') by the formula (3.12) if the conditions
(3.13) and (3.14) are satisfied, and consider it undefined otherwise.
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Nest, we must define the infinite analogue of the map 7. The Fock space F(H)
of a polarized Hilbert space H is the Hilbert completion of A(H, @ H_). Note that
the Fock space F(H>) is Hilbert-dual to F(Hz). Thus, we have a “supertrace map”

F(H,) ® F(H,) — C,

or

str : F(Hy) ® F(Hz) ® F(Hz) — F(Hy).
The supertrace is defined in the same way as the trace, but with reversed signs in
odd degrees. In this formula, the supertrace arises because of signs which occur
when we permute elements in exterior products. This map cannot be extended to
the Hilbert tensor product, but does extend to its subspace of trace class elements
([22]). Now for V € Gr(H), we have the Plicker coordinate \V € F(H) (see [16]),
defined up to scalar multiple. The appropriate infinite-dimensional analogue of
Proposition 3.15 is then

Proposition 3.17. Let V € Gr(Hy ® H> ® E) Then, up to mon-zero scalar
multiple,

str(A(V)) = if V does not satisfy (3.13) or (3.14)

0
Ao(V)) else.

Proof: Analogous to the finite-dimensional case, using the methods of [16], Section
10.6. O

Finally, consider the case of a-forms. If X is a connected conformal surface with
non-empty boundary (and Spin-structure if o € % + Z), then we can consider the
space 2%(X) of holomorphic a-forms on the interior of X which extend to L2-forms
on the boundary of X. For a € Z, putting H = Q®(S*, C), the space of C-valued
L?-a-forms on S!, this identifies

QX € Gr(P H e P H).
in out
In the case a € %+Z, this is altered in the obvious way to account for Spin-structure
on the boundary components of X. The inclusion
(3.18) CXcPaopu
in out

is the restriction to the boundary, composed with a minus sign on incoming bound-
ary components. If X is connected and 8X # ), we let

(3.19) UX)=X\QX) e ® FH)® ® F(H).

in out
Again, the obvious change is made when « € }+Z. Note that U(X) is defined only
up to scalar multiple, so we have defined a CFT with conformal anomaly. The fact

that (3.19) satisfies the axioms of CFT at least when X has no closed components
follows directly from Proposition 3.17 and from the obvious fact that

QX = o(Q°X)
when X is obtained from X by sewing. If X is closed, then we let Dx be C if
H*(X,0Q%) = 0. Otherwise, we put Dx = Det(H*(X,Q%)), and U(X) = 0.
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One caveat emptor is that, in H = F(Q%(S')), we have grading by exterior
degree, and we have, actually, constructed graded conformal field theories, which
means that each time we permute factors of degree p and ¢, we multiply by (—1)P?.
We also must replace trace by supertrace in the definition of partition function.

Comment: One can also consider a different concept of super-conformal field
theory, which have even more structure. The Lie algebra Vect(S!) of vector fields
on S! can be thought of as the Lie algebra of Dif f(S'). The Lie-theoretic version
of universal central extension of Dif f(S') is the Virasoro algebra. Conformal field
theory can, in some sense, be thought of as additional structure on representations
of the Virasoro algebra.

But Vect(S?) fits together with the space of —1/2-forms Q~'/2(S?) into a super-
Lie algebra (graded Lie algebra) structure on Vect(S') @ Q~1/2(S'). The universal
central extension of this super-Lie algebra is the super-Virasoro algebra. Now
a super-conformal field theory is a concept relating to representations of super-
Virasoro algebra in the same way as conformal field theories relate to representa-
tions of Virasoro algebra.

A mathematical treatment of super-conformal field theories is not included in
[21], but can be worked out using super-Riemann surfaces [20], [1], [11], [19]. The
super-Riemann surfaces form a super-moduli space. When considering only the
space directions (and not “super-directons”) in the super-moduli space, super-
Riemann surfaces essentially reduce just to Riemann surfaces with Spin-structure,
(which are treated in [21]).

However, we need to return to the Fock space, and calculate the partition func-
tion of F(Q2%(S')). We consider the variable z on the incoming boundary compo-
nent of A, (||z|| = 1), and the variable ¢ = z/q on the outgoing boundary component
(l1z]l = Ilgl])- The space of holomorphic a-forms has admissible basis
(2™(dz)%, —g"Tt" (dt)%) forn >0
(=g" %z "(dz)*,t~"(dt)*) for n > 0.

The corresponding element of the determinant line of Q%(A4,) is

(3.21) /\ (2™(d2)® — ¢"T*"(dt)*) A /\ (—g" %27 (d2)* — 7" (dt)“).

n>0 n>0

(3.20)

The above discussion says that to calculate the supertrace, we don’t need to convert
to Fock space notation, but can simply set z = ¢ in (3.21) and read off the coefficient
in the sum (3.21) at

/\ 2™ (d2)* A /\ 27" (dz)?.

n>0 n>0
The answer is
(3.22) Z(r)y=[[a-¢") J]Q - ¢
n>0 n>0
and, for a € Z,
(3.23) z_(r) = [[a+a*) [[a+a).
n>0 n>0

In particular, for a € Z,
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Thus, in this case, the statement of Corollary 3.4 holds for trivial reasons.
Processing (3.22) and (3.23) further, we get, for a € Z,

(3.24)
Z_(1) = q%a(l—a) H(l +qn)2 — q;—4(12a(1—a)—2) . (2q1/12 H(l +qn)2’)

n>0 n>0
and for a € %-I—Z,
(3.25)

Z(r) = +q2(0t3)? H(l _ qn+%)2 — gF(12a(1—a)=2) [ —1/24 H(l _ qn_,_%)Q'
n>0 730

The significance of the first factor on the right hand sides of (3.24), (3.25) is the
central charge. A conformal field theory specifies, in particular, a central extension
of Dif f(S') by C* ([21], Chapter 5). These extensions have an invariant called
central charge. Segal [21], Chapter 8 calculates the central charge of the conformal
field theory F(Q%) to be

(3.26) c=12a(l —a) — 2.

This explains the factor of —2 in the exponent of (3.2), since for @ = 0, the holo-
morphic ray in F(Q*(0X)) is Det(X) (see also next section).

4. C*-CENTRAL EXTENSIONS UP TO EQUIVALENCE

The purpose of this section is to calculate the C* -central extensions of C, Cspin,
Cz/2- The general plan is as follows. Following [21], we introduce a certain invari-
ant of central extensions called central charge c. Central extensions with ¢ = 0 will
define flat bundles on the moduli spaces C, Cspin, Cz/2, and hence C*-central ex-
tensions of C°, CJ;,, Cg/,- We then introduce additional invariants called rotation
numbers. If the rotation numbers also vanish, it implies trivial actions of the pure
modular groups on the line associated to each type of surfaces, and we shall obtain
trivial central extensions in the sense introduced above, or C* -central extensions
of Ctor, CLP C;"/’;. In this section, we shall classify C* -central extensions up to
equivalence, by which we mean modulo trivial C*-central extensions.

We shall make use of the following results.

Lemma 4.1. If D is a holomorphic C* -central extension of C which enjoys a func-
torial holomorphic flat connection compatible with sewing, then D is a pullback of
a canonical holomorphic C* -central extension of C°. If, further, the pure modular
groups act trivially on D, then D is a pullback of a canonical C* -central extension
of C*°?. Similarly for Cspin, Cz/2, Copin C5 /-

Proof: All the cases are analogous, so we only discuss C. The second assertion
is obvious from the short exact sequence (2.11). To prove the first assertion, we
must show how a diffeomorphism ¢ : X — Y of conformal surfaces which preserves
boundary parametrization defines a canonical map on D. To this end, note that our
assumption gives a canonical G(X)-equivariant flat connection on the Teichmiiller
space T(X), where G(X) is the mapping class group. The diffeomorphism specifies
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Y as a point of Y € T(X). Since T(X) is contractible, the flat connection defines
a canonical isomorphism Dy = Dx. The required properties are easily verified. [

The following is a well known fact;:

Lemma 4.2. All elements of the pure mapping class groups Go(X), Gf)pi"(X),

Gg/ % can be obtained from identities and elements of the mapping class groups
of annuli with one inbound and one outbound boundary component by using the
operations of sewing and disjoint union in the respective moduli stack with K -sewing
C, Cspin, CSpi, OT Cé/z (but not Cz/s).

spin
O

The conterexample for Cz/; is the sign reversal on a trivial Sqrt-structure on a
closed conformal surface X.

In [21], Segal proves that a functorial flat holomomrphic connection compatible
with sewing exists on a C* -central extension D of C, (resp. Cspin, Cpin» C5, /2 Cz/2)
if ¢ = 0 where ¢ is a certain invariant called central charge (which we shall define
below). Anyway, the point is that the central charge is also determined by the
restriction of D to the respective semigroup of annuli. In view of Lemma 4.2, we
therefore have

Lemma 4.3. Up to equivalence (as defined above), a holomorphic C* -central ex-
tension of C, Cspin, Copin, Cg /2 is determined by its restrictions to the semigroups
of annuli contained in each corresponding category.

O

Note that C contains one semigroup of annuli, while Cspin, Cgip, C5 /2 Cz/2
contain two semigroups of perioidic and antiperiodic annuli each.

We will begin by proving Theorem 2.21. Segal [21], Section 5 proves that holo-
morphic C*-central extensions of semigroup of annuli A are in bijective correspon-
dence with C* -central extensions of Di f f1(S'), which is classified by two numbers
¢ € C (the central charge) and h € C/Z (the rotation number). Any pair of these
numbers can occur. The rotation number h € C/Z classifies C*-central exten-
sions of S!, and holomorphic C* -central extension of the semigroup C: ={qc€
C*| |lg|| < 1}. Recall from [21] that in the standard basis L, = e™?d/df of
Vect(S!), the Lie algebra version of a central extension of Dif f, (S!) satisfies

[L_p,Ly] = 2inLy — 1—12cn(n2 -1).
Furthermore, in a representation of a central extension of Vect(S'), h can be char-
acterized as any eigenvalue of Lo, multiplied by —i. (Note: other authors use other
conventions; the most common choice is, setting z = €, to put L, = —z"t'd/dz,
which is our choice multiplied by i.)

Thus, the theorem reduces to finding out which holomorphic C* -central exten-
sions of A extend to C* -central extensions of C. First, we see that for a holomorphic
central extension D of C, we have h = 0, i.e. the central extension is trivial on the
semigroup of standard annuli CZ,. If D is the unit disk with identity (incom-
ing) boundary parametrization, then sewing D with A, gives D, which gives an
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isomorphism
(4.4) Dp®Dy, = Dp.

Choose ¢, € D4, which corresponds to the identity on Dp. Then, by associativity
of sewing, ¢q - Ly = tgq, which proves h = 0.

Now we recall that for D = Det, we have h = 0, ¢ = —2. Thus, we are done if
we can prove

Proposition 4.5. For a holomorphic central extension D of C, we have 2|c.

Proof: We will consider the elliptic curve E, = C/[r, 1], and the curve E,/ obtained
from E. by removing a small circle with center 0 and radius e, parametrized by
t = ze. More generally, if L is any lattice in C, we may analogously consider Ey,
E;. Let o = E;. Then in the moduli space Cq, we will consider the following loops
at a:
fl(t) = E}/(t)a te [07 1]7 1=1,2,3

where

Ly(t) = [i +t,1],
(4.6) Ly(t) =[1+14,1 —¢t(1+19)],

Ls(t) =1 + ti, —1].

Then the loops f; are Dehn twists, which means that they are obtained by cutting o
along a simple curve, and gluing back with a shift of parametrization on the curve.
(The curves fi, fa, f5 are the line segments [i,1 + 4], [1, —i], [1 + 4, 1], respectively.)
Thus, because the rotation number of D is 0, D splits canonically on the curves f;.
In other words, there is a canonical section of D along the loop fsfafi.

But now f = (f3f2f1)* is homotopic to the loop at « in C, which leaves « fixed,
except rotating the parametrization of its boundary 360°. Now the tangent space
to Cpy at Ej is the space of C-vector fields on 0E7 modulo vector fields which
extend to E} holomorphically. Thus, f is equal to a path in C,, obtained by leaving
the curve EJ; ;) fixed, and varying the disk D; we are cutting out, with its boundary
parametrization. It follows that

f(]-) _ eQm'cg

f(0)

for some constant g, independent of the choice of D.
Lemma 4.7. o= —1/2.

Suppose the lemma has been proven. Then note that we must have

I
£(0)’

since f is a concatenation of Dehn twists, and the rotation number is 0. Thus,

e?m@ = 1, and hence 2|c, as claimed. O

Proof of Lemma 4.7: Note that, theoretically, the boundary parametrization of
the disk D; can be calculated using Weierstrass’ (-function, which would give an
explicit formula for f(¢). However, this seems tedious.

Instead, note that the statement can be phrased in terms of L|.A, which can be
logarithmed in the sense that it comes from a C-Lie algebra extension. However,
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the different C-Lie algebra extensions of Vectc(S!) differ only by a multiplicative
constant in their cocycle. Thus, it suffices to prove the statement for D = Det.
Now for D = Det, use the isomorphism obtained by sewing a unit disk to D;:

(4.8) Det(Ef ) = Det(Egy) = H' (Bp), 0) ™"

Now a choice of isomorphism of a lattice with [r, 1] canonically identifies the right
hand side of (4.8) with C. Further, we know how a choice of basis [w1,ws] defines
an element in C =2 H 1(E[wl,wz], O) under the above identification: the element is
w2 But now observe that in the path f, the degree of the curve swept by wy with
respect to 0 € C is —1. Because of that, for a central extension Det” of A, r € C,
F(1)/£(2) = > as claimed. O

We shall next calculate C* -central extensions of Cspin, Cz /2. We begin by con-
sidering examples: Namely, in the case of Cypipn, we have the central extension

(4.9) P(X) = Det(F : 9'/2(X) —» 0Y/*(0x))".

The target of F' is understood analogously as above, as the direct sum of copies
of Q}'_/z(S}Ll), Q2 (sY), Q}'_/z(S};), QM2(SL) over outgoing (resp. incoming) and
antiperiodic (resp. periodic) boundary components. The operator F is restriction
followed by boundary parametrization, and projection to the specified space. The
proof of the fact that P(X) is a central extension is analogous to the proof in the
case of the determinant. Of course, Det(X) is a C*-central extension of Cgp;y, as
well.

In the case of Cz /2, let X be a Sgrt-conformal surface with Sgrt-structure given
by a holomorphic complex line bundle L, and an isomorphism L ® L = 1x. Let
Tsx (L) denote the space of L2-sections of L restricted on X . Let ['x(L) denote
the space of holomorhpic sections of L on the interior of X, which extend to L2-
sections of Lyx. Then, if X has no closed component, we can set

(4.10) Q(X) = Det(F :Tx(L) = Tox(L)y),
and prove that this defines a C* -central extension of Cz, similarly as above.

Now by the same argument as used in [21] in the case of Mumford’s theorem, a
C*-central extension of Cypin o1 Cz/5 is determined by its restriction to A4 and Ap.
Now A4 is itself a central extension of A with kernel Z /2 and hence its C*-central
extension projects to a C*-central extension of A. Such central extension is, again,
characterized by central charge ¢ € C and rotation number h € C/Z. We will put
ca =c¢/2 and hyg = h/2 (to make the numbers compatible with [21]).

On the other hand, a C*-central extension of Ap = A X Z/2 is the same as a
C*-central extensions of 4 C Ap. We will denote its central charge and rotation
by cp, hp.

To calculate these invariants for P, @), Det, we include here Segal’s calculation
[21], Section 8, of central charge and rotation number of F(Q*(S')). Let L, denote
e?d/df € Vectc(S'), and let a, = €199 € Q*(S'). We have

Lpaq = i(q + ap)aptq-
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Let w = am A @m_1 A ... € F(Q*(S'). Then

p—1
Lyw=1i > (m—k+ap)wg
k=0
if p > 0, where wy, is obtained from w by replacing an,—x by am—g4p- If p <0, then
L,w = 0. Hence,

L pTplo=— % (m—k+ap)(p+m—k—ap) =
k=0
-5 (12a(1 — a) = 2)p(P? — 1) + (a(a — 1) — m(m + 1))p.

Thus,

(4.11) c=12(a(l—a) -2, h = %(m(m+1) —a(a—-1)).

We see that for D = Det, we have m € Z, a = 0 for both periodic and antiperi-
odic annuli, so

ca(Det) = cp(Det) = -2,
ha(Det) = hp(Det) = 0.

For D = P, we have, in the antiperiodic case, a = 1/2, m € 1/2+ Z (but note that
ha € C/LZ). In the periodic case, « = 1/2, m € Z. We conclude that

ca(P) =cp(P) =1,

ha(P) =0, hp(P) = §.

Thus, P and Det generate a subgroup isomorphic to Z @& Z/4Z of the group of
C* -central extensions of Cspin (the group structure is the ten product).

For @, the periodic case is the same for Det (since we have C C Cz/3). In the
antiperiodic case, « =0, m € % + Z, so we have

ca(Q) = cp(Q) = -2,
(4.14) ha(Q) = —% € C/LZ, hp(Q) = 0.

We conclude that @ and Det generate a subgroup of Cypip, isomorphic to Z @ Z/4Z.

(4.12)

(4.13)

Remark: We need to observe that the C*-central extensions Det, P, ) extend to
the corresponding coarser moduli spaces Cg,;,, C7 /2 This is obvious for Det, which
does not depend on Spin-structure (resp. Sgqrt-structure).

The cases of P, () are analogous to each other. We shall discuss, say, P. To extend
P to C¢,;,,, we must specify Z /2-actions on the Hilbert spaces Hy = F(Q/2(S})),
Hp = F(2'/2(S})) corresponding to spin reversal, which intertwine in the appro-
priate way with the Spin-CFT structure on F(Q'/2). This action is a restriction of
an action of the appropriate C* -central extension of the loop group LS'. The inter-
twining of this action with Virasoro action is described in [16], while the extension
of this structure to CFT is usually referred to as currents.

Very briefly, this action is induced from the action of LS! on the corresponding
polarized Hilbert space: For Z/2 C LS' (constant —1), the action on polarized
Hilbert space is by —1. To lift this action to Fock space, we need a canonical
element of the Determinant line of its generator, or, in other words, a canonical
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element of Pr,. However, note that a canonical element of Dy, for any C*-central
extension of Cgpin, is specified by the iso (4.30) below.

Theorem 4.15. The groups of equivalence classes of C* -central extensions of Cspin,

spin are isomorphic to Z & Z JAZ, generated by P,Det. The groups of equivalence
classes of C* -central extensions of C5 /2 and of possible values of central charges
and rotation numbers of C* -central extensions of Cz /o are isomorphic to Z @ Z./AZ,

generated by the central extensions (Q,Det.

In view of Lemma 4.3, it suffices to study the restriction of the C*-central ex-
tension to the semigroups of annuli.

This task will be divided into several lemmas.

Lemma 4.16. hy = 0 for C*-central extensions of Cspin, and hp = 0 for C*-
central extensions of Cz .

Proof: Analogous as in the case of Mumford’s theorem (see (4.4)). The crucial
point is that in Cyspin, the boundary of the unit disk is antiperiodic, while in Cz5,
it is periodic. O

Lemma 4.17. For a C* -central extension of Cspin, o1 Cz/2, €4 = cp.

Proof: In the case of Cypin, there exists a pair of pants X with two periodic and
one anti-periodic boundary components. Since the tangent space to Cgpin at X
is Vectc(0X)/Vect(X) (Vect(X) denotes holomorphic vector fields on X), we see
that sewing an antiperiodic annulus to X is equivalent to sewing two periodic annuli
to the periodic boundary components of X. Passing to the Lie algebras of Ap, A4,
we see that ¢4 is a linear function of c¢p (independent of the choice of central
extension). Thus, we are done since our statement is true for the determinant. In
the case of Cz /5, the argument is analogous, switching the roles of A and P. O

Note that since C C Cz/2, we see that in the Cz/,-case, we have 2|c.

Lemma 4.18. If D is a central extension of Cspin (resp. Czso) such that ¢ = 0,
then 4hp = 0 (resp. 4ha =0).

Proof: In both cases of Cspin and Czys, if ¢ = 0, the method of [21], Chapter
5, gives a canonical flat connection on the bundle D over the subspace of the
moduli space Cspip, consisting of surfaces without closed components. Thus, we have
representations ox : m1 (Cspin, X) = C*, if X has no closed boundary components.

Now consider the case of Cgpin,. Consider the curve E; as above, but with non-
trivial Spin-structure given by the holomorphic line bundle on FE; with divisor
[(T 4+ 1)/2] — [0]. Consider the loop g1 in Cgpin, which transforms E} into E. where

(1-tyi—t
T=
ti+ (1+1)
and the loop g2 in Cspspn given by

t € [0,1]

1
=" tefo1]
=1 tEO]
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Then g1 and g are Dehn twists, g1 with respect to cutting along a periodic simple
curve, go with respect to cutting along the double of an antiperiodic simple curve.
Moreover, g291 is easily seen to be homotopic to the loop in Cspin at E} given
by rotating the boundary parametrization 90° counter-clockwise. Therefore, since
o(g2) =0,
o(g1) = o(7)
where 7 is a loop obtained by rotating the boundary parametrization 360° counter-
clockwise.
This is the same as the map

/,LI : DE: — DEi

induced by reversal of spin. Sewing on a standard disk to the boundary of E!, we
see that this is equivalent to considering the map

given by reversal of spin. But now cut E; along the simple antiperiodic curve
[i,i + 1]. The resulting surface is of the form A, € Aa (¢ = e®™%). Note that
(4.19) has the same sign as the spin-reversing automorphism

DAq — DAq,

which is trivial since D restricts to a trivial C*-central extension of A4. Thus,
o(gt) = 1, as claimed.

The case of Cz/; is actually simpler: we still use the loops g1, g2, but now we con-
sider the bundle on E; as a Sgrt-structure. Then g; is still Dehn twist with respect
to a periodic loop, and g» with respect to an anti-periodic loop. Thus, (g2g1)? is
homotopic to rotating the boundary parametrization of E} 360° counterclockwise.
This is 1, since the boundary is periodic and D|Ap is trivial when ¢ = 0. Similarly,
0(g1) = 1. We conclude that

o(g2)* = 1.
Hence, 8h4 € Z, and 4h4 € 37, as claimed. O

Note that in the case of Cz/, the proof of Theorem 4.15 is complete. From now
on, we shall specialize to the case of Cgpin.

Lemma 4.20. For a holomorphic central extension of Cspin, ¢ € Z.

Proof: We shall consider the loops g1, g2 as in the proof of Lemma 4.18 in Cspip
at E, with the Spin-structure induced by the bundle [(i + 1)/2] — [0] on E;. Then
(9291)8 is equal to a loop f in Cgpin obtained by varying the boundary component
of E} (and its parametrization), i.e. to a loop which is an integral of a path in
Vectc(S'). Now fixing lifts of i, ¢ to the line bundle on Cypip given by the C*-
central extension, f will lift to a path f in the line bundle, and hence we can measure
the ratio of its beginning- and end-points, which would be a certain number in C*.
Denote the logarithm of this number, divided by 27i, by ¢ = ¢(f). Now choosing
a representative of hp modulo Z, we can pick canonical lifts gi, g> (the canonical
representatives of Ly in the central extension of Vectél). This gives

(4.21) g=8h mod Z,
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since, using analogous notation for g; as for f,

q(g1) = h, q(g2) = 0.

Also, by the above analysis using a pair of pants with two periodic and one an-
tiperiodic boundary, the number ¢ is defined in Lie algebra terms only, and hence
does not depend on Spin-structure. But using the case of the determinant, we then
see that

(4.22) g=c.
But replacing the Spin-structure on E; by the trivial Spin-structure, we then have

q(91) = q(g2) = h,

and hence
(4.23) g =24h mod Z.
Comparing (4.21) and (4.23), we then get

16h € Z,
and comparing this with (4.22) and (4.21), we get

(4.24) ce %Z.

But now if, in fact, we had ¢ € % + Z, then, by (4.21),

1 1
(4.25) h e 16+8Z'
To see this scenario is impossible, consider a periodic annulus A with one inbound
and one outbound boundary component of the same spin. Let L be the infinitesimal
periodic annulus representing spin reversal (L can be replaced by an annulus of finite
thickness for models where the existence of infinitesimal spin-reversion annuli is not

assumed). Now spin reversal on A can be interpreted as the isomorphism
(4.26) A—2>(LoAolL).

(Here o denotes sewing regarded as composition of annuli.) An automorphism of a
line is multiplication by a non-zero complex number. We see by definition that the
number associated with the automorphism of D corresponding to spin reversal on
FE is equal to the number associated with the automorphism

o T®1
DA—U>DL0A0L<—DL®DA®DL—§>DA®DL®DL

ull(X)T

(4.27) Ds®DL® Dy
ll@sewing
D4

On the other hand, similarly, the number associated with the automorphism on D
associated with spin reversal on the elliptic curve E' obtained by sewing together
the boundary components of Lo A is

(4.28) D,® D4 ﬂ7>DL ®Dr ®Dy4 ®DZE%DA ® Dy, ——> D, ® D4.
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Since A has degree 0, the ratio between the numbers associated with (4.27) and
(4.28) is the number associated with
Dy ® Dy —>Dy® Dy
which is (—1)%9() Thus, we see that
(4.29) deg(L)=1 mod 2.

However, now consider the periodic (standard) annulus B with two outbound
boundary components. Then if we select boundary parametrizations appropriately,
there is an isomorphism in Cgpsp,

(4.30) B=TLoB
switching boundary components, which contradicts (4.29). O

This concludes the proof of Theorem 4.15. We saw that cutting along a periodic
curve played an essential role in excluding ¢ = 1/2 in the above Lemma.

5. THE PFAFFIAN CENTRAL EXTENSION

We will now show that the conclusion of Theorem 4.15 changes if we change the
axioms in a suitable way.

Consider the case of X closed first. Considering Q'/? as a sheaf, note that we
have a pairing

(5.1) HO(X, 0% @ H'(X,QY?) > C
given by
w®E&— / wé.
X
The pairing (5.1) is non-degenerate, and hence we have a natural isomorphism
(5.2) HO(X,0'?) = (H' (X, Q%)

where (?7)V denotes the dual. In view of (2.19), it is therefore natural to define
(5.3) Pf(X):= Det(H°(X,Q/?)).

Now suppose X is a connected Spin-surface with non-empty boundary. Recall
that, for such X, 2'/29X denotes the space of complex-valued L2-1/2-forms on X
with values in C. Recall also that Q'/2X denotes the space of L?-1/2-forms on X
with an extension to holomorphic 1/2-forms in the interior of X. As usual, Q'/26X
is more precisely viewed as QY/2(][ S4 [111SL) where the disjoint sum is over the
boundary components of X. As such, the Spin-structure on 0X is canonically a
complexification of a real bundle, namely the bundle of real 1/2-forms on 0.X, which
gives it a Real structure (a complex conjugation map). This is, however, slightly
different from the Real structure we will need to use. To this end, consider the
symmetric bilinear form B on Q'/29X given by

(5.4) B(w,n) = /8X w1).

The integration is in the direction of the parametrization of outbound boundary
components, but against the direction of the parametrization of inbound boundary
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components (to make holomorphic 1/2-forms on X isotropic). Then we need a dif-
ferent Real structure on Q'/2(8X), such that B is positive definite on (2'/2(0X))g.
Such Real structure is obtained by multiplying the old complex conjugation oper-
ator by —1 on inbound boundary components, which is equivalent to multiplying
the space of real 1/2-forms by ¢ on inbound boundary components. We will use
this new Real structure from this point on. Let ? denote complex conjugation with
respect to the new Real structure.

Now to define Pfaffian for Spin-surfaces X with boundary, we must pick a com-
plex structure on Q'/2(8X)g (by which we mean real 1/2-forms, with respect to
the form B, on a disjoint union of copies of S, S} corresponding to boundary
components of X).

There is a canonical complex structure on Q'/2(S})gr, where the isotropic sub-
spaces of Q'/2(SY,)c are the spaces of holomorphic and anti-holomorphic 1/2-forms
on the standard disk.

However, the situation is different for Q/2(S}). There is no complex structure
on Q'/2(S}) compatible with polarization!

In general, if Hy is a real Hilbert space with inner product B, then call a po-
larization of H even-dimensional if there is a complex structure on Hr which is
compatible with polarization. Otherwise, call Hg odd-dimensional.

The invariant distinguishing even- and odd-dimensional polarized real Hilbert
spaces is given as follows: It is known ([16], Chapter 12) that the restricted orthog-
onal group satisfies

OresHR ~ O/U

In particular, O,..s Hr has two connected components, which gives a canonical ho-
momorphism

h: OresHR e Z/Z.

We say that h is even- (resp. odd-) dimensional if h(—1) = 1 (resp. h(—1) = —1).
It can be shown that Q'/2(S}) is odd-dimensional.

The space Q120X for X € Cspin, however, is even-dimensional. We can pick a
complex structure on (/20X )g compatible with polarization. But since there is
no such canonical pick, the only way I know of defining the central extension v/P
for surfaces with periodic boundary components is to make the complex structure
a part of the moduli space:

Let Cy,;, be the moduli space of Spin-surfaces X together with a specified com-
plex structure, compatible with polarization, on the space of real 1/2-forms on the
boundary Q'/2(0X)r (with respect to the symmetric bilinear form B). From a
stack point of view, if T" is a Teichmiiller space for a connected component of Cspin,
then the corresponding Teichmiiller space 7" of Cg,,;,, is isomorphic to T'X Ores /Ures-
The modular group G is the same for Cspin and Cy,;,, and its action commutes with
the canonical projection 7' — T.

To define sewing on Cy,;,,, we shall consider a certain class of distinguished com-
plex structures Jo on Q'/2(C [[ C°%)g where C stands for S} or Sh. Denote by
P the operator

QL/2 (Cin H Cout)c >~ O1/2 (Ci”)c @ N1/2 (Cout)c v OL/2 (C)c
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where V(z,y) =y — z. Then Jy is distinguished if
P Ql/2(czn H Cout)(C,—i- - Ql/2 (C)(C

is an isomorphism, where Hc 4 is, as usual, the i-eigenspace of a complex structure
on HR.

Now a sewing map corresponding to C"*, C°% will be defined for surfaces X for
which the complex structure on the space of real 1/2-forms of 0X is of the form Jy®
J, where Jj is a distinguished complex structure on Q/2(C" || C°*)g compatible
with polarization, and J is some complex structure on Q'/2(8X — (C** [[ Co*))g,
also compatible with polarization. We will then also say that the complex structure
Jo ® J is distinguished, with respect to the pair of boundary components C¥*, C°%,

From a stack point of view, this corresponds to defining the sewing map on the
corresponding substack of a connected component of C, ;. Diagrams (2.5)-(2.8)
are interpreted in an analogous way as in the previous cases, thus giving a notion
of holomorphic C* -central extension on Cj;,,.

When considering this analogy, however, we must keep in mind the substantial
restrictions imposed by the fact that sewing is onl defined on distinguished complex
structures: For example, for two pairs Ci", C¢*, i = 1,2, of disjoint boundary
components where Ci", C9¥ for the same i are both periodic or antiperiodic, the
diagram expressing independence of sewing along Ci", C?% on the order of sewing
(1 =1,2vs. i = 2,1) has as its source the stack of Spin-surfaces with the boundary
components Cf”, C?¥t and three complex structures on

01/2(C{n H Ci)ut)R;
91/2(0571. H Cgut)R,

TREIC> S | I (e | [
i=1,2

where the first two are distinguished.

Remark: It is easy to see that there exist distinguished complex structures on
Q/2(C" ] C°**)g compatible with polarization. For example, take a standard an-
nulus A with boundary C" [] C°% with opposite spin, and take the complex struc-
ture determined by the isotropic subspaces Q'/2(A), Q1/2(A) of holomorphic and
antiholomorphic forms on A. This is a complex structure, because the elliptic curve
E obtained from A by sewing C*™ and C°* has non-trivial Spin-structure: then,
since Q'/2 is a line bundle of degree 0, and is non-trivial, we have H*(E, Q'/?) = 0.

Now recall that H*(E,Q'/?) is the cohomology of the complex
(5.5) Q'2(4) & Q12 (4) » a2 (c ] ¢,
s0 in this case the map (5.5) is an iso, as required.
Theorem 5.6. There exists a C* central extension VP of Copin, i-€- a central
extension whose square is the pullback of P to Cg;,.

It is helpful to introduce the notion of Pfaffians of operators: first, given a
Fredholm operator F': U — V together with an explicit isomorphism

(5.7) Ker(F) = Coker(F)Y,
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we can define the Pfaffian of F as
(5.8) Pf(F) := Det(Coker(F))) = (Det(Ker(F)))™ .

However, we shall need a “continuity property” similar to the discussion we had
in the case of the determinant line. To this end, we prove the following

Claim 5.9. Assume Coker(F) is even-dimensional. Then there exist operators
S:V* >V, T:U — V* such that F 4+ ST is invertible, S,T are Hilbert-Schmidt,

S is skew and
Im( f‘; ) cVeV*

is 1sotropic with respect to the canonical symmetric bilinear form on V@ V™ (where
V is isotropic, and forv eV, w € V*, B(v,w) = w(v)).

Proof: Since F' can be replaced by F'A where A is any invertible operator, we may
assume that F' is a projection. Let its 0- and 1- eigenspaces be K, W, respectively.
Then K = Ker(F) = Coker(F), so (5.7) gives a Real structure on K. Denoting
by Kr the real subspace, let J be any complex structure on Kr. Then we can put
S=J,T =-J (extended by 0 on W). O

For us, this motivates defining the Pfaffian from yet a different set of data,

namely an inclusion
F .
(F).vever

whose image is isotropic, T is Hilbert-Schmidt and there is a skew Hilbert-Schmidt
operator S : V* — V such that F + ST is invertible. (This requires Ker(F) to
be even-dimensional.) Then we can define the Pfaffian as the line generated by
F + ST. Note that if we replace S by another skew Hilbert-Schmidt operator S’
such that F' 4+ S'T is invertible, then we get a canonical isomorphism of Pfaffian
lines, as

(5.10) (F+S'T) Y (F+ST)=1+(S—-S"T(F+ST)™!,

while T(F + S'T)~! is skew. Thus, the right hand side of (5.10) is of the form
1+ AB with A, B Hilbert-Schmidt and skew, and such operators have a canonical
Pfaffian (see [16], Chapter 12).

Similarly as in the case of the determinant, another way to look at this discussion
is not as a definition, but as a “continuity statement”, specifying an isomorphism
between the Pfaffians of the operators F', F' + ST.

Following this terminology, we shall denote the desired C* -central extensions /P
by Pf, although, in comparison with our previous notation, Pf? is then not isomor-
phic to Det (since by Det we denoted the determinant of holomorphic functions, not
1/2-forms). To define Pf(X), note that our complex structure on Q'/2(dX)g gives
a decomposition (Q2'/20X)c =V @V for an isotropic space V (the i-eigenspace of
the complex structure). We can then define Pf(X) as the Pfaffian of the inclusion

(5.11) (?):mm@}%V®v

To be able to choose S skew Hilbert-Schmidt so that F'+ ST is invertible, Ker(F')
must be even-dimensional. If it isn’t, however, we can change the complex structure
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on Q'/2(9X ) to make the kernel even-dimensional, and then divide by the Pfaffian
corresponding to change of complex structure, which is defined in [16], Chapter 12.
Another way to say this is that the B-isotropic space

QY2(X) c QY2 (9X)

(assuming X has no closed connected components) has relative dimension 0 with
respect to the spacce V (with V @V = Q'/2(8X)). On the other hand,

(5.12) Q2(X)NQ/2(X) = 0.

To see this, note that an element w € 01/2(X) N QL/2(X) would be real, i.e. would
satisfy B(w,w) > 0 (if w # 0), contradicting the fact that Q'/2(X) is isotropic.

Now (5.12) and the fact that Q'/2(X) has 0 relative dimension with respect to
V implies that

Q2 (X) @ Q2 (X) = Q/2(9X),

and hence P fy(Q'/2X) is defined in [16], Chapter 12.

To define a sewing isomorphism along two boundary components C*" and C°%
of X with distinguished complex structure Jo & J on Q2(0X)g as above, note that
there is another, canonical, complex structure Jj§ on

(5_13) QI/Z(Cin H Cout)]R — Ql/2(Cin)R ® QI/Z(Cout)R_

To this end, recall first that the subscript R refers to the Real structure corre-
sponding to B, which multiplies the obvious real structure (square root of tangent
vector to the boundary in the direction of the parametrization) by 7 on inbound
boundary components. Thus, indentifying C* and C°% via the canonical iso, a
complex structure on (5.13) is given by the matrix

(5.14) ( o >

Observe that the i-eigenspace then consists of vectors of the form

( - ) , v € QY2(C)c,

and the —i-eigenspace consists of vectors of the form

( Z ) , v e QY2(0)e.

Therefore, projection onto the i-eigenspace is the map

(5.15) (Z)H“g”.

By definition, P f(X) is canonically isomorphic to the Pfaffian of an operator

01/2 (X) > Ql/2(cin H Cout)c @ 91/2((6X) _ (Cin H Cout))c
lGlean
Q'2(C)c ® Q'/2((0X) - (C™ 1 C7*))e+

where the first operator is restriction, the operator G5 is projection to i-eigenspace
of the complex structure J, and G is the restriction of the operator (5.15).
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In other words, the Pfaffian of X is canonically isomorphic to the Pfaffian of X
with respect to the complex structure Jj @ J on Q'/2(9X ).

Now the condition that Jy be distinguished says that the projection operator
from the i-eigenspace of Jy to the i-eigenspace of J! is an isomorphism. Following
[16], Chapter 12, this gives a canonical trivialisation of the Pfaffian of the transition
matrix from Jo to Jj.

There is a slight problem with this argument, due to the fact that, as the reader
may have realized, the canonical complex structure Jjj is not compatible with po-
larization. (In fact, note that there is a similar issue in the case of the determinant,
if we describe the gluing isomorphism in this language.)

Applying the methods of [16], Chapter 12, in this case will leave us with the task
of showing that we have a canonical isomorphism between the Pfaffians of Fredholm
operators of the form

F,F(I-SQ)

where S, Q are skew and SQ is trace class (but S, @} are not necessarily Hilbert-
Schmidt). In other words, we must show that an operator of the form

I-S5Q

for S, @ skew and SQ trace class, has a canonical Pfaffian (a number). To this
end, note that the formula

(5.16) f(I—ST) = Z Pf(S Qo)

of [16], Chapter 12 makes sense in the case when S, Q are skew and SQ is trace class.
To see this, note that the formula is proven by taking limit over skew submatrices
of S,  which have only finitely many non-zero entries: for such matrices, the
formula gives a square root of the determinant. Thus, (5.16) must converge, since
det(I — ST) converges and its two square roots form a discrete set. O

The situation simplifies if we restrict attention to the sub-moduli space Cspm of

Cspin consisting of Spin-surfaces whose each boundary component is antiperiodic.

Theorem 5.17. There erists a C* -central extension /P on Cspm (i.e. a C*-
central extension whose square is the restriction of P to Cspm
Proof: As remarked above, there is a canonical complex structure on Q/2(S%)r
compatible with polarization, whose isotropic subspaces of Q1/2 (SY)c are the spaces
of holomorphic and antiholomorphic 1/2-forms on the standard disk. Moreover, if
we reverse this complex structure on the inbound boundary component, we obtain
a complex structure on
Qs [T )=
which is obviously distinguished in the sense defined above. Therefore, we have
defined a canonical complex structure on Q/2(0X)g for every X € CA, which
is distinguished with respect to every pair consisting of an inbound and outbound
boundary component. Further, this complex structure is compatible with sewing.
Therefore, we have constructed a map
Cotin — C.

spin spin
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compatible with sewing, and our statement therefore follows from Theorem (5.6).
O

Both of these approaches leave open the question as to whether there is a gen-
eralization of the concept of C*-central extension which would include the case of
\/]_3, and which would be defined on Cgpip, itself, without introducing additional
structure. Such concept indeed exists, and is due to P. Deligne.

We need the language of super-Brauer groups due to C.T.C. Wall ([23], [5]).
Consider, for a field k, the graded tensor category sVect(k) of super-k-vector spaces,
i.e. Z/2-graded vector spaces where the commutativity isomorphism

T:-VW ->WeV

is defined by
Tvw)= (_1)d€g(v)deg(w)w 20

for homogeneous elements v, w. Morphisms in sVect(k) are homomorphisms pre-
serving degree. An algebra in sVect(k) (super-algebra) is then the same as a Z/2-
graded k-algebra, but the notion of center is defined in the graded sense, thus giving
a new notion of super-central simple algebra over k.

A Morita equivalence between two super-central simple algebras D; ~ Dy can
be defined as an additive functor from the category of D;j-modules to the category
of Dy-modules which is an equivalence of categories. Up to isomorphism, all such
functors are of the form M ®p,? where M is a right D{-module whose commutant
is isomorphic to Ds. The commutant of V' is the subalgebra of End(V') consisting
of endomorphism commuting with the right D;-action. End(V) is V*®V, i.e. the
algebra of (not necessarily graded) endomorphisms of V.

The super-Brauer group sBr(k) then is the group of Morita equivalence classes
of finite super-central simple algebras over k (with respect to the graded tensor
product ®). For our purposes, we only need the case k = C. The group sBr(C)
is isomorphic to Z/2, with generator Do which is of the form C(even) & Cn(odd),
n? = 1. Every super-central simple algebra over C is isomorphic to End(V) or
End(V)®D, for some Z /2-graded complex vector space V. The categories of super-
modules over these algebras are easy describe: The category of End(V)-super-
modules is equivalent to sVect(C), the category of End(V) ® Dg-super-modules is
equivalent to Vect(C) (the category of ungraded C-vector spaces).

We shall need two observations: First, there is s canonical iso (hence Morita
equivalence) of super-algebras

(5.18) D1 ®Ds =2 Dy ® Dy.

Second, for every super-algebra D, there is a super-algebra D°P which is D with
operation

(5.19) T ogpy = (—1)2e9(2)des(w)y .
(for z,y homogeneous). We have a canonical Morita equivalence

(5.20) D® D ~C.
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Now a holomorphic sBr(C)-C* -central extension of Cspipn consists of the follow-
ing data:

1. A C-super algebra D. Then define, for X € Cgpin,

DX)= ® D® ® D
out,P in,P

where the first (resp. second) tensor product is over outbound (resp. inbound)
periodic boundary components.

2. For each X € Cypipn, an irreducible D(X)-module M (X) (more precisely de-
scribed in the above stack language, i.e. in particular M (X) form holomorphic
Spin-bundles over the connected components of Cgpir, ).

3. For X obtained from X by sewing, an isomorphism between
M(X)
and the D(X)-module corresponding to M (X) by the canonical Morita equiv-
alence D(S) ~ D(X) coming from (5.20).

4. For X,Y € Cspin, an isomorphism between M (X) ® M(Y) and the D(X) ®
D(Y)-module coming from the canonical iso D(X)® D(Y) =2 D(X[[Y).

5. Coherence diagrams analogous to (2.5)-(2.8). In particular, the analogue of
(2.8) uses the isomorphism (5.18).

Theorem 5.21. There ezists a sBr(C)-C* -central extension /P of Cspin (i-e.
such that we have an isomorphism of sBr(C)-C* -central extensions (\/F®2 ~P).

Proof: Suppose Hp is a polarized real Hilbert space, and Wy € Gr,.s(Hc) is an
isotropic space such that

(5.22) Wo & Wo = Hc,

so Wy is equivalent to giving a complex structure on Hg (see [16], Chapter 12).
Now suppose that we have another complex structure, i.e. another isotropic space
W € Gryes(He), W @ W = Hg, then [16], Definition 12.4.3 gives a canonical line
P fw, (W) (which we already used).

The key point of the present argument is to understand how the Pfaffian line
changes if we fix an isotropic subspace Wy € Gry.s(Hc) not necessarily satisfying
(5.22). Let V be the (finite dimensional) orthogonal complement of Wy @ W, in
Hc. We have a quadratic form on V induced by the Real structure on H.

Observation 5.23. For a Wy just described, W as above gives a canonical irre-
ducible module P fw,(W) over the Clifford algebra C(V').

Proof: In the case W = Wy @ Z where

(5.24) Z®Z =Y,

put Pfw,(W) = A(Z). For general W, let P fy, (W) be A(Z) tensored with the
Pfaffian line P fy,gz(WW). The theory developed in [16], Chapter 12, shows that
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the Clifford modules thus defined are canonically isomorphic for different choices
of Z. O

Now we must choose (and fix) maximal isotropic subspaces W', W in the
restricted Grassmanians of Q2'/25Y, 0'/25L. We have already chosen W' as the
space of 1/2-forms extending to holomorphic 1/2-forms on the unit disk. In the
case of Q'/25},, choose

WL =< 2"du’?|n > 0>, where z = €2,
Then in the antiperiodic case, V = V4 = 0, so the corresponding Clifford algebra is
C, and in the periodic case V =V = C-du'/?, so D = C(VF) is a super-division
algebra. Note that if we reverse the sign of the symmetric bilinear form on Q'/25}
(which happens on inbound boundary components), W& remains isotropic, while
D is replaced by DP.
Thus, for a Spin-surface X, we have a canonical isotropic subspace

W(X)= & Wite o W ca/?6X)
A P
where the sums are over periodic (resp. antiperiodic) boundary components. Then

if we denote by V' (X) the orthogonal complement of Wy (X)@ Wy (X) in Q'/2(8X)c,
we obtain a canonical isomorphism

CV(X)=D(X)= ® Dg ® DO.
P,out P,in

Now for a maximal isotropic subspace W € Gr..,Q/2(0X)c (i.e. a complex struc-
ture on Q'/2(8X)g), we have already defined a graded Pfaffian line

P fw (X).
Using observation 5.23, define a D(X)-module

Pf(X) = Pfw,x)(W) ® Pfw(X).

It is not difficult to verify that this definition does not depend on the choice of W,
and satisfies the requisite axioms. a

Comment: P. Deligne remarks that the consideration of real structure is not nec-
essary to define a Pfaffian. The construction makes sense on a polarized Hilbertiz-
able infinite-dimensional C-vector space H with non-degenerate symmetric bilinear
form B. It then makes sense to say whether H is even or odd dimensional. If
H is even-dimensional, then for a maximal B-isotropic closed subspace W C H,
W € Gryes(H), B defines an iso

(5.25) H/W=2w*
A splitting
H/W - H
whose target is isotropic specifies a Real structure (i.e. an antilinear complex conju-
gation operator) on H, but any two such splittings differ by a skew map W* — W

which is Hilbert-Schmidt if the image of the splitting is in the restricted Grass-
manian of the opposite polarization.
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For two maximal isotropic closed subspaces W, Wy, we can then define a Pfaffian
line Pfw,(W). More generally, for W; € Gryes(H) isotropic, one can define a
super-central simple C-algebra C' as the commutant of the B-annihilator of A(W),
considered as a right C(H)-module, and one then has a canonical irreducible C-
module P fy, (W).

This corresponds to the fact that, if H is finite-dimensional, the subgroup of
GL(H) preserving B is the complex orthogonal group, which has the same homo-
topy type as the real orthogonal group, and hence has a Spin-central extension. In
the infinite-dimensional case, a similar discussion applies.

6. TRIVIAL CX-CENTRAL EXTENSIONS

In this section, we shall classify trivial C* -central extensions of Ct°P, ngﬁ’n.
Theorem 6.1. The group of isomorphism classes of C* -central extensions of Ct°P,
Cg’/pz are isomorphic to Z /2, generated by a C* -central extension in which the degree

of the line associated to a surface with d components is d mod 2.

Proof of the C case: First we will calculate the possible degrees of lines associated
to conformal surfaces. (For brevity, we will sometimes refer to this degree as the
degree of the surface associated with the given central extension, or the degree of
the central extension on the surface.) Surfaces can be cut up into disks, annuli
and pairs of pants. Annuli with 1 incoming and 1 outgoing component form a
semigroup, and hence must have degree 0. Therefore, the degree of all surfaces is
determined by the degree of the outgoing disk D and incoming disk D_.

Claim 6.2. In a C* -central extension of Ct°P, the degrees of D, and D_ are equal
( mod 2).

Proof: Suppose, say, that deg(Dy) = 1, deg(D_) = 0. Let A, (resp. A__ be
an annulus with two outgoing (resp. incoming) boundary components. Then A,
and A have non-trivial automorphisms a and a_ _, switching the boundary
components. However, since automorphisms of P! are trivial in Ct°?, and P! can be
glued from Dy, Dy, A__ (resp. D_,D_, A, ) in a way equivariant with respect
to a—_ (resp. ayy) and a switch of disks, we conclude that the sign induced by
a4+ on its central extension line is +1, while the sign induced by a__ is —1. But
now an elliptic curve can be glued from A, [[A__ equivariantly with respect
to a4+, @, indicating that the automorphism (which is trivial in C*°?) induces
multiplication by —1. |

Note that the generator is obtained as the tensor product of the two kinds of
determinants mentioned above (resulting from shifting the polarization of L?(S?!)
by index 1). Thus, the proof of Theorem 6.1 will follow from the following. |

Claim 6.3. Every C* -central extension of Ct°P in which all degrees are 0 (we will
call this a degree O extension) is isomorphic to the unit central extension I.

Proof: Let L be a degree 0 C*-central extension of C!?. For each connected
component [x/S] of Ct°P, we shall first prove that the modular group S acts trivially
on L. To this end, note that by use of sewing, it suffices to show that the switch of
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boundary components acts trivially on the annulus A, . Recall the automorphism
ayy of Ay, switching boundary components. Then, however, we can sew two
copies of D_ on the two boundary components of A, obtaining a copy of P!,
with a non-trivial automorphism obtained by sewing the automorphism a4 with
a switch of the D_’s. But by our assumptions, the switch of D_’s induces 1 on L,
and so does the automorphism of P!. Hence, the automorphism a4 induces 1 on
L also. The treatment of a_ _ is analogous.

Now we shall construct an isomorphism L 22 [. First choose isomorphisms
Lp, = 1= Lp_ arbitrarily. Sewing then forces the isomorphism L 2 1 on annuli
and pairs of pants, and therefore on every surface in C*°P. We must show that
the isomorphism thus defined is consistent. This amounts to saying that if we cut
a surface X into disks, annuli and pairs of pants in two different ways, the two
resulting isomorphisms Lx 2 1 coincide. To this end, we first consider surfaces
X of genus 0. (The genus of a surface with boundary is defined as the genus
of the surface obtained by sewing on disks.) Note that our choices specify an
isomorphism Lp: 2 1 and we can define Lx simply by requiring that it be consistent
with attaching disks to all boundary components of X (which gives P!). This is
obviously compatible with sewing in the category of surfaces of genus 0 (the reason
this argument doesn’t work in C is that there are different kinds of disks). Now if
we have a connected surface X of genus > 0, cut X into Riemann surfaces of genus
0 along non-separating curves. Note that there is an ambiguity in such cutting due
to possible permutations of boundary components. However, we have proven that
such permutations induce the identity on L. a

Proof of the C;p;y, case: Recall that for a C* -central extension we have its degree
which is a function assigning to each surface in the respective category an element
of Z /2.

Following similar arguments as in the case of C, one sees that the degrees of all
elements of Cz"’i’n with respect to a C*-central extension are determined by degrees
of the following surfaces:

1. deg(Dy) = deg(D_) (there is only one possible Spin-structure).

2. deg(L) where L is a periodic annulus with one inbound and one outbound

boundary component, reversing spin.

3. deg(P) where P is a periodic annulus with two inbound periodic boundary

components.

We have shown in ((4.30)) that
(6.4) deg(L) =0,

even for C* -central extensions of C,p,, and, in fact, the line corresponding to L is
canoncally trivialized. Thus, to show that we have the same possible degrees as in
the case of C*°P, it remains to show that

(6.5) deg(P) = 0.

To this end, suppose that

(6.6) deg(P) #0

for a C*-central extension D of C;ofi’n. Consider a genus 0 Spin-surface X with

four outbound boundary components. We have seen above in Lemma 2.24 that in

Cﬁ;ﬁ’n, there is an automorphism a of X which induces the permutation (12)(34)
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on boundary components. We can sew a with a switch of two copies of P to get
an automorphism of a genus 2 closed surface, which is trivial in C;an. Because of
this, (6.6) implies that « induces —1 on Dx. By sewing, it follows that there are
permutations in S*P¥" of boundary components of a genus 0 Spin-surface Y with
six outbound periodic boundary components which induce —1 on Dy. Thus, by

Lemma 2.24, we would obtain a non-trivial homomorphism
Ag — c* s
which is a contradiction. Thus, (6.5) is proven.

We have reduced our task to proving

top

Lemma 6.7. All degree 0 C* -central extensions of Cspin are isomorphic to the unit

C* -central extension I.

Consider a C*-central extension M of C;Zﬁ’n. First note that our proof of (6.5)
also implies that the group S*Pi"(X,) acts trivially on Mx,.

We shall now define a natural isomorphism M 2 I on Spin-surfaces of genus
0, compatible with sewing: the trivialization is defined arbitrarily on D, D_ and
annulus with two outbound periodic boundary components. It is then specified
uniquely on all pairs of pants, and every Spin-surface X of genus 0 can be cut up
into pairs of pants.

The cutting is determined by matching (or dividing into pairs) the periodic
boundary components of X. Observe carefully that the choice of matching does
matter slightly: any two matchings are carried one to another by a permutation
whose sign is well defined. Suppose, for simplicity, that X is connected and has
outbound periodic boundary components only. Then S*P¥"(X) is the alternating
group, so the order of boundary components of X is defined up to sign, and com-
patibility of order with sewing (up to sign) in C*P¥" shows that there is a ‘positive’
choice of matching which we should use for our trivialization. Reversing the sign of
the order of boundary components changes X into a different (although isomorphic)
surface X'. Comparing the trivialisations of Mx and Mx: gives a trivialization of
My, where L is the periodic annulus with one inbound and one outbound boundary
component reversing spin.

Claim 6.8. Consider the elliptic curve E with Spin-structure of Kervaire invariant
0, and the ratio A of the images of the canonical elements A\, Aa of the C* -central
extension M of C;Zﬁ’n on the periodic and antiperiodic annuli L, A (L reversing
spin - see (4.30)) obtained by cutting E along a periodic (resp. antiperiodic) curve.
Then A = 1.

Proof: Consider a surface () obtained from P! by cutting out four disks D;, ..., Dy,
where D, D4 are inbound, D», D3 are outbound. Choose a Spin-structure on )
where D, D> are periodic, D3, D4 are antiperiodic. There is a simple curve ¢ in )
separating Dy and D3 from Dy and D,, and c is periodic. Now construct a genus 2
Spin-surface X by sewing D; and D5 together into a curve A\, and D3, D, together
into a curve pu. We shall need one more simple closed curve v in X obtained from
a simple line in @ joining a point z € 0D3 with a point y € 0D, such that z,y
correspond to the same point on pu. We can choose spins on 8D3, 0D, in such a
way that the curve v is periodic in X.
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Then we make two observations: First of all, by cutting X along A, i or A, ¢ gives
us two genus 0 Spin-surfaces e, f on which M therefore has canonical elements.
However, the images of these two elements in Mx coincide, since they must coincide
with the image of the canonical element in M of the (disconnected) genus 0 surface
obtained by cutting X along the three disjoint simple curves A, ¢, i.

The second observation is that there is an automorphism of X in C.of  which
carries A, c¢ in this order onto A,v: to this end, simply observe that in Cﬁ;fn, the
genus 0 Spin-surfaces obtained from X by cutting along A\, v and A, ¢ are isomorphic.
By the triviality of actions of ngfn—modular groups, te image in Mx of the
canonical element obtained from M on the genus 0 surface obtained by cutting
along A, v is now equal to the element of Mx obtained from the canonical element
of the M of the surface obtained by cutting along A, u. But we see that if  is a
simple (antiperiodic) curve in @ separating D, and D, from D3 and Dy, then X is
the connected sum, along &, of two elliptic curves in one of which u,v are positioned
as in the statement of Claim, and the other one of which contains . |

Proof of Lemma 6.7: In view of what we already showed, it suffices to prove
that for a connected Spin-surface X, the trivialization of Mx obtained by cutting
X along disjoint simple curves along disjoint simple curves into a connected genus
0 surface does not depend on the choice of curves. Clearly, it suffices to consider
the case when X is closed of genus n. Consider a set R of n disjoint simple curves
in X (thus specifying a maximal isotropic subspace of the canonical bilinear form
on HY(X,Z/2)).

By a hyperbolic switch, we shall mean the following modification of R: Expressing
X as a connected sum

X =Y4E

of Y and an elliptic curve E (along a curve disjoint with R) such that E is diffeo-
morphic to r X s, r € R, then replace R by

R =(R-{r})u{s}

In view of Claim 6.8, our statement then follows from the following result. |

Lemma 6.9. Any two sets R, R' of n disjoint simple curves in X can be carried
one onto another by a sequence of hyperbolic switches and elements of the Spin-
mapping class group of X.

Proof: Let R, R’ be as above. By cutting along R (resp. R') and sewing back, we
see that we can write

R={ry,..,ra}, R ={rl,...m},
such that X is a connected sum of elliptic curves E;, (resp. E}) diffeomorphic to
r; X 8; (resp. r; x s;) for some s;, s;. (This specifies a selection of two hyperbolic
bases of H1(X,7/2).) Now consider the numbers k, (resp. k') of the elliptic curves

E; (resp. E}) which have Kervaire invariant 1. The parity of these numbers is the
Kervaire invariant of the Spin-structure on X, and hence

k=K mod 2.
Note that if £ = &', we are done.

Thus, it suffices to show how to modify the number £ by 2 by means of hyperbolic
switches. To this end, it suffices to consider X of genus 2. Without loss of generality,
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we may assume that r;, ro are periodic. We must show that X can be expressed
in two ways as a connected sum of two elliptic curves Ei, F2, Ei{, E} where E;
have Kervaire invariant 0 and E; have Kervaire invariant 1, and E; = r; x s;,
E; = r; x sj. To this end, cut X along 71,72, creating a genus 0 surface with
four periodic boundary components. Arranging the four boundary components in
the corners of a square, such that the pairs of components to be sewn are facing
diagonally, the curves s; are obtained by connecting one diagonal pair of corners
by a straight line, and the other by a disjoint line. The curves s} are obtained in a

similar way, switching the roles of the diagonals. |
Remark: The discussion of the case of C{)? is completely analogous, with the ex-

ception that degree 0 C* -central extensions D of C:I’;‘;Lp

namely the map on Dp induced by an isomorphism

have an additional invariant,

¢:B—B
switching boundary components (see (4.30)). Note that
¢t =1,
while ¢? is spin reversal on B. However, note that we must have
Dy = Id.

taking a connected sum of two copies of B, we obtain a genus 0 Spin-surface
X with 4 outbound periodic boundary components. Reversing spin on two of
them, considered as an element of S¢(X), cannot induce —1, since performing such
reversal on components 1,2 then 2,3 then 3,1 gives Id.
Thus, ¢ induces £1. Now it turns out that a degree 0 C*-central extension of
spin ON Which ¢ induces —1 does exist: It is obtained as the conformal anomaly of
the tensor product of the two variants of the Spin-CFT F(92'/?) where in one we
choose

91/2(511;) =< 2"du?n > 0> z =¥,
and in the other
Qi/2(5113) =< 2"du'*In > 0> .
The rest of the argument is analogous, thus giving

Theorem 6.10. The group of (Z/2-graded) C* -central extensions of Coyer is iso-
morphic to Z /2 x Z /2 where one generator has degree d mod 2 on a surface with

d boundary components, and the other generator D has degree 0, but satisfies

Dy =—1.

Ctop Cc,top

Analogous discussions can be made for C, 72 Cra -
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7. SOME BASIC FACTS ON LEVEL 2 MODULAR TRANSFORMATIONS

In this section, we shall review some classical facts which are of interest to us. For
the most part, S. Lang [15], Chapter 18, is a sufficient reference for our purposes,
with his older references filling in all the details.

We begin with Dedekind’s n-function

n(r) =g [J(1-q"
n>0

where, as always, ¢ = €>™". To discuss the automorphic properties of 5, let T'(1) =
PSLy(Z). Then I'(1) = (Z/2Z) * (Z/3Z), so T'(1) has unique non-trivial central
extensions by Z/2, Z /4, respectively. The Z/2-central extension is SLy(Z). We

denote the Z /4-central extension by SLs(Z). This group can be described as the
set of all pairs

{(g,f)|g = ( Z 2 ) ,ad —bc =1, f : H — C holomorphic, f(7)? = cr +d}
where H is the upper half plane in C. The composition is defined by
(9. f)o(g's ) = (99", F")

where
() = fi (1) - f(g' (1))

Now the abelianization PSLy(Z) — Z /6 obviously gives an abelianization

—~—

SLy(Z) — Z.24.

We choose a model of this map

—~—

u: SLQ(Z) — 24

(4, means the n-th roots of unity) where

u( ]. ]. ) 7Id) — 627ri/247
01
(7.1) 0 —1 Coiss
where

f(’L) — 627Ti/8.

Now we have for (g, f) € SLy(Z), g : ¢ — ¢' (we will use this notation to mean
q = e27rir” g(,’_) — T'),

(7.2) n(r') = f()ul(g, £))n(r)
(see [15], Theorem 6 on p. 253).

Next, we will look at level 2 modular transformations. The group I'(2) C T'(1)

a

is the subgroup consisting of all elements g represented by , where 21b,

b
d
2|c. This can be interpreted as follows: an element g € I'(1) defines, up to sign, an
isomorphism of elliptic curves

i(9) : ¢/[r,1] = C/[g(7),1].
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(Here, and below, [wy,ws] denotes the lattice spanned by w;, ws.) The map i(g)
is simply ——. Now I'(2) consists of all g € I'(1) for which i(g) preserves each of
the points 1/2,7/2,(1+ 7)/2 € C/[r,1]. Then I'(2) is, in fact, a degree 6 subgroup
of I'(1). It is a free group, with free generators (1) f and ( ; (1) (hence,
the central extensions discussed above split over I'(2)). I'(2) acts freely on H, and
its fundamental domain is the area in H bounded by {Re(z) = —1}, {Re(z) = 1},
{llz—1/2]|=1/2}, {ll=+1/2|[ = 1/2}.

It will be beneficial for us to also consider three intermediate groups
I'(2) cT1,T9, T3 C T(1).

These are defined to be the subgroups of all elements g € T'(1) for which i(g)
preserves the the point 7/2, 1/2, (7 + 1)/2, respectively. These subgroups are
of index 3 in I'(1); they are conjugate, and isomorphic to (Z/2Z) x Z (the order 2
elements flip the remaining two of the numbers 7/2, 1/2, (41)/2. For illustration,
the fundamental domain, say, of I's, is the area in H bounded by {Re(z) = —1},
{Re(z) = 0}, {||z + 1/2|| = 1/2}. Note that the non-trivial central extensions of
I'(1) by Z /2, Z /4 do pull back to non-trivial extensions of I';. Denote these central
extensions by Gj, Gi, respectively.
Now consider the Weierstrass function

P X ()

w€l,7]
As usual, for a lattice L, L' = L — {0}. We denote
e1 =P(7/2), e2 =P(1/2), e3 =P((r +1)/2),

and also

Po= T (=qv) Pi= TI (1—q™}

n=1 n=1
oo oo
1
P= I (1+4¢") Ps= [] (1+g¢"2).
n=1 n=1

Following [15], p.251, we have
(e2 —ex)'/* = /TP P},

(7.3) (e2 — e3)'/* = /TPy P},

(e3 — €)'/t = \/m2q" /8 Py P}.
For example,

1/8 2
q/122 I Q+q¢v)2= Vr2q' PP P; =

= /8
>0 Vgt Py
(7.4)
q1/12 (e3 = 61)1/4 — (e3 — 61)1/4
Vn(T)

Vg T - ")
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On the other hand, we have
q1/6 H (1 _ q2n)2

n>0
g/ I (1+4¢")?= /12 e
A7 I A=)
(75) n>0
n(2r)?
n(r)?

By (7.2), the modularity properties of the right hand side of (7.5) can now be

computed. Define
o a b ) = a 2b
c d ) \¢2 d)-°

Thus, for g € T'(2), (actually, g € Gs),
@)/ 11 A+ (@)’

n>0
q1/12 H (1+qn)2
(76) n>0

igai(t(qg))) =: v31(9)-

Here the notation vz (g) refers to the formula (7.4): we will later be interested in
the transforms of this formula by level 1 modular transformations permuting the
e;’s. For now, explicitly, for g € I'(2), g: 7= 7', g : ¢; — €},

(e — e/
(7.7 L)lﬂ = v31(9)-

n(7)
By (7.1), v3; can now ve computed. First, we have,

o 11 _ 2mi/12
(g g =i

Consequently,
2, (1 0
v 10 _ ! (( 11 ) _ e"2miN12 — 2mi/12
31 2 1 u2(< 1 0 >) e—27ri/6 )
2 1
(7.8)
o (1 2
11 _u (< 0 1 )_ e2mi/6 27i/12
Ust| g 1 | = /11 g2z — € :
w({ g 1)
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We will be interested in calculating the transforms v;; of v31 by level one modular
transformations which carry es — e;, e1 — e;. First, however, let us record the
corresponding transforms of (7.4): We have

L (1 gm)

n>0
7.9
(79) (2 —e) (e —e)'/?
T Vn(r)
¢™vr I 1-q"
n=1
and, symmetrically,
_ 1 (e2 —e3)!/!
7.10 g V2Tl —gnte)y2 =2 =80
(710 - ==
Now let, for g € I'(2), g: 7= 7', g 1 ; — €,
(¢ — e/t
n(r')
7.11 /A E— Y
(10 ORI
n(7)

To calculate v21, we note that

v21(g) =U31(< } (1) )

o

and hence

V21 ( ; (1) ) =31 ( ; (1) ) = ¢2mi/12
(7.12) V91 ( é ? ) = vg ( :; ; ) — ¢ 2mi/12

U21 ( _i (1) ) =v3 ( (1) } ) = g2mi/12,
Similarly,

v23(9) =U21(< (1) } >g< (1) _} )),

and hence

(3 )= (} )=
(7.13)
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We conclude this section by remarking that one can use (7.4), (7.9), (7.10), (7.8),
(7.12) and (7.13) to obtain, for g € I'(2), g : €; — €},

(e — ef)"/!
(e, — )1
(e2 —e1)
(e3 — e1)'/4
(7.14)
1 for g = ( ; (1) )
24-
U319 .
e—2mi/4  for g= ( (1] f )
and
(eh —ep)t/4
(e —ept/t _
(62 _ 63)1/4
(e3 — 61)1/4
(7.15)
o= (3 9)
1123E93 —
v31(9 , 1 2
—27i/4 —
e for g ( 0 1 )

This could, of course, also be deduced directly, since
€2 —€3 €3 — €1
€3 — e ’ €3 — e
are images under level 1 modular transformations of

€2 — €3
A=

e1 —es’

which is the generator of the field of modular functions of level 2 (see [15], Section
18.6).

8. MODULARITY IN HOLOMORPHIC Spin- AND Sqrt-CONFORMAL FIELD
THEORIES

We will start with the case of Sqrt-CFT’s, which is slightly simpler. Note that
a Sqrt-CFT is in particulat a CFT, so the modularity formula for Z(r) is given by
(3.3) above. We will now treat the case of Z~ (7). Define ¢ : 'y — py C C* by the

formula
0 ( > — 627”'/47

1
2
1

—= == O
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Theorem 8.1. Let g € Ty, let g(7) = 7', q¢ = €2™, ¢' = €2™" . Then, for a
Sqrt-CFT,

Z () _ (@) e w
(8.2) 7 () = g u(g)"“o(g)

where c is the central charge, and H = 8ha € Z [4Z.

Proof: First, note that gluing the boundary components of (4,,—1) € Ap C Czs,
we obtain the elliptic curve C/[r,1] with the Sgrt-structure [1/2] — [0]. Thus, the
group of symmetry is I's.

To see this, study the divisor of the theta-function 6 which would satisfy

(8.3) O(u+1) =0(u), O(u+71) =—-0(u).
Given the fact that the function ¢ has divisor [0] and satisfies
1

Bu+1) = ), d(u+7) = e,

we see that 6(u) = ¢(u + 1/2)/¢(u) satisfies (8.3). Now 6 has divisor [1/2] — [0], as
claimed.

Now recall that the group of C* -central extensions of Cz /s is Z © Z/4Z, spanned
by Det and ). Now we have a tensor product of CFT’s, and because Det and () are
conformal anomalies of CFT’s, so is every C*-central extension of Cz/,. Because,
further, the formula (8.2) is clearly preserved by tensor product of CFT’s, it suffices
to establish the formula for a CFT whose conformal anomaly is @) or Det.

Now in the case of Det, the formula is valid by Corollary 3.4 above, since Det is
independent of the gluing.

In the case of (), on the other hand, we have

Q(E-, (5] ~[0)) = DetH* (B, [1] - 0)) = Det(0) = C.

Therefore, Q(E;, [5] — [0]) contains a canonical element 1 which is preserved by the
action of T's. Similarly as in the proof of Theorem 3.3 above, we see that the image
of the canonical element of Q((A4,,—1)) € Ap in Q(ET,[3] — [0]) is

(8.4) Z_ (1)-1

where Z_(7) is the negative partition function corresponding to the conformal field
theory whose conformal anomaly is Q). Now (8.4) is equal to

2[J+¢7-1.
n>0
The modularity properties of this function are determined by (7.4)-(7.7): We have

7. _ (¢)"/"

(8.5) ) =wv31(9) - e

But now, by (7.8), vs1(g) = u%(g) - o(g), and thus (8.5) is equivalent to (8.2) in this
case. O

Next, we will treat the modularity of Spin-CFT’s. In this case, we defined
only one partition function Z, which is, however, a function of ¢'/2. Now note
that when investigating the modularity properties of this function, the variable
7 determines the two square roots of ¢ as €™, —e™7. By making a choice of
the first or second square root, we get, in effect, two different partition functions,
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which we denote, in this order, by Z(7), Z_(7). These functions will have different
modularity properties.
We will begin with the function Z_ (7). First, define a function

w:G3—>,u8C<CX
by

where f(i) = *>7¥/8.
Theorem 8.6. Let g € Gs,let g(7) = 7/, ¢ = €>™7, ¢ = 2™ . Then, for a
Spin-CFT,
Z.(r) (@) m
(87) Z,(T) - qc/24 U(g) ’U)(g)
where c is the central charge and H = 8hp € Z /8.

Proof: We will proceed similarly as in the proof of Theorem 8.1. However, because

P

of ¢(P) =1, we have to deal with subgroups of SL3(Z).

First, one determines in an analogous mannes as above (using theta functions)
that by gluing the boundary components of A, € A4 with negative spin, one
obtains the elliptic curve E, with Spin-structure given by the divisor [Z£L] — [0].
Thus, the group of symmetry is Gs.

Now recall that the group of holomorphic C*-central extensions of Cgpin, is Z @
Z/AZ, generated by Det and P. Similarly as above, there are Spin-CFT’s whose
conformal anomaly is any given holomorphic C*-central extension of Cgp;n,. Thus,
referring to tensor product of CFT’s, it suffices to berify the statement of the
Theorem for Spin-CFT’s with conformal anomalies Det and P.

Once again, the case of Det follows from (3.4) above, since H = 0. In the case
of P, once again,

P(E.,[*+7]~ [0]) = Det(H* (B, Qf2,, ) = Det(0) = C,
so P(E;,[*£7] — [0]) contains a canonical (modular-invariant) element 1.

Once again, the image of the canonical element of P(A4,) € A4 in P(E,,[147] -

[0]) is

(8.8) Z_(r)-1

where Z_(7) is the partition function of the CFT conformal anomaly defined above
with conformal anomaly P. The function (8.8) is equal to

[Ja+q¢+2)* 1
n>0

The modularity properties of this function are determined by (7.9),(7.11). Specifi-
cally,

Z_(t'") () />
7 - va1(9g) - P

(8.9)
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But now by (7.12), v21(g) = u(g) ™ - w(g) ™!, so (8.9) is equivalent to (8.7) for this
conformal anomaly. O

Finally, we treat the function Z(7) in the case of Spin-CFT’s. First, define a
homomorphism
w:G — Mg C cx
by

, Id) =1,

= O =N

7f) — e27rz'/8

where f : H — C such that f(7)? =7 + 1 is characterized by
f(l) — 21/4627”'/16-

Theorem 8.10. Let g € Gy, let g(1) = 7', ¢ = €2™7, ¢’ = 2™ . Then, for a
Spin-CFT,
Z(T') (ql)c/24 _ H
11 —_— = ¢
.11 . Ot

where c is the central charge and H = 8hp € 7 /8.

Proof: The proof is isomorphic to the proof of Theorem 8.6. By gluing the bound-
ary components of A, € A4 with positive spin, one obtains the elliptic curve E,
with Spin-structure given by the divisor [§] — [0]. Thus, the group of symmetry is
G;.

Once again, it suffices to prove the statement for a CFT whose conformal anom-
aly is Det or P. Once again, the case of Det follows from (3.4) above. In the case
of P, one still has

-

P(E,,[3] - 0]) = Det(H"(E,, QL o) = Det(0) = C,
so P(E;,[%] —[0]) contains a modular-invariant element 1.
The image of the canonical element of P(A,), 4, € Aa, in P(E;,[5] —[0]) is
(8.12) Z(r)-1

where Z(7) is the positive partition function of the CFT with conformal anomaly
P which we described above. The function (8.12) is equal to

H (1- qn-i-% )2‘

n>0
The modularity properties of this function are determined by (7.10), (7.11). Specif-
ically,
Z(T') B (q/)1/24
2 =) g
But now by (7.13), va3(g) = u(g) ‘w(g) !, so (8.13) is equivalent to (8.11) in the
case of this conformal anomaly. a

(8.13)




(1]
2]

(23]
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