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Abstract. In this note, I study a comparison map between a
motivic and étale cohomology group of an elliptic curve over Q
just outsie the range of Voevodsky's isomoprhism theorem. I show
that the property of the map being an isomorphism is equivalent
to certain arithmetical properties of the elliptic curve.

1. Introduction

The most well known theorem of motivic homotopy theory is Voevod-
sky's proof of the Beilinson-Lichtenbaum and Bloch-Kato conjectures
[10]. In one form ([10], Theorem 6.17), this result states that for a
pointed smooth simplicial scheme X, the natural homomorphism

(1) H̃p
Mot(X,Z/`(q))→ H̃p

ét
(X,Z/`(q))

is an isomorphism for p ≤ q and a monomorphism for p = q + 1. In
view of this success, it would be nice if motivic homotopy theory could
ultimately comment on questions of arithmetic. Yet, this has largely
not materialized yet, at least not beyond the realm of rational varieties.

The purpose of the present note is to take a baby step toward broach-
ing this di�cult, yet surely very rich topic. We study the map (1) in
one seemingly very simple case, namely when X is an elliptic curve
over Q, p = 2, q = 1. In this case, we know from Voevodsky's theorem
that (1) is a monomorphism. In what cases is it an isomorphism? We
prove the following:

1. Theorem. Let X = E be an elliptic curve de�ned over Q. Then for
p = 2, q = 1, the map (1) is an isomorphism if and only if X(E)(`) is
�nite and rankQ(E) > 0.

We see easily (as reviewed in the next section) that for p = 2, q = 1,
(1) is never an isomorphism for X = S0. Therefore, it would never
be an isomorphism for an elliptic curve if we took unreduced instead
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of reduced cohomology. It is worthwhile noting that philosophically
speaking, by taking reduced cohomology, the weight of the motive in
question increases by 1. If it increased by 2, we would be back in
the range of Voevodsky's isomorphism theorem. Consequently, we are
investigating a cohomology group which is really �just over the isomor-
phism line�.

A couple of additional comments are in order. It is worth pointing
out that the statement of Theorem 1 is slightly surprising, and perhaps
also surprisingly, the proof is not elementary. The surprising point is
that in this case, a purely homotopical condition is equivalent to a non-
trivial arithmetic condition, yet one that is perhaps a little unexpected.
The non-elementary nature refers to the fact that to prove one impli-
cation, one needs to refer to Tate's theory of Galois cohomology [9],
the modularity of elliptic curves [11, 1], and Kato's Euler systems [3].
Therefore, an analogue of the Theorem is at present not known for gen-
eral number �elds. We also give an example when this implication can
be proved directly using Galois cohomology alone. This gives a hope
that in some special cases, one may prove similar results by elementary
means for more general number �elds, or, even more generally (by Weil
restriction), abelian varieties, where modularity is not yet known.

The present note is organized as follows: We review some notation
and �x some de�nitions in the next section, and we give a more de-
�nitive statement of Theorem 1. In Section 2, we prove the easier of
the two main implications of the theorem. In Section 3, we prove the
harder implication, which uses Galois cohomology, modularity of ellip-
tic curves as well as Kato's Euler systems. Finally, in Section 5, we
give an example where the statement of the harder implication can be
proved by more elementary means, using Galois cohomology alone.

2. Basic Definitions and the Main Theorem

Let E be a smooth projective variety over a �eld k of characteristic
0. Let us begin with reviewing some notation. The Kummer short
exact sequence of étale sheaves

(2) 0 // Z/`k(1) // Gm
`k // Gm

// 0

gives rise to a co�bration sequence in the derived category of étale
sheaves

Gm
`k // Gm

φk // Z/`k(1)[1].
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We then have the canonical homomorphism

φk∗ : H1
ét

(E,Gm)→ H2
ét

(E,Z/`k(1)).

In this paper, we will make use of the derived categories of motives
and the derived category of étale motives DM−

Nis, DM−
ét
([4]). Con-

stant sheaves, Gm, Z/`k(1) are examples of étale sheaves with transfers,
thereby de�ning objects of DM−

Nis, DM−
ét
. We will denote the corre-

sponding objects of those categories by the same symbols. Smooth
schemes over k have well de�ned cohomology with coe�cients in an
object of DM−

Nis or DM−
ét
. If the object of DM−

Nis or DM−
ét
comes

from a homotopy invariant Nisnevich resp. étale sheaf with transfer,
the cohomology with coe�cents in the motive is the same as the cor-
responding Nisnevich (resp. étale) cohomology. Moreover, Nisnevich
cohomology in this case is the same as Zariski ([4], Proposition 13.9).
We will refer to it simply asmotivic cohomology. This justi�es our iden-
ti�cation of symbols, since we are solely interested in cohomology. We
will decorate motivic resp. étale cohomology as HMot, Hét, thus elimi-
nating the need to distinguish notations on the level of coe�cients.

Next, in DM−
Nis, DM−

ét
, we shall write

(3)
Z` = ho lim

←
Z/`k

Z`(1) = ho lim
←

Z/`k(1).

It is important to note that these are not the same objects as Z`, Z`(1),
which mean the Nisnevich or étale constant sheaf and its tensor with
Z(1) respectively (or the associated Nisnevich or étale motive). For
example, by Theorem 4.1 of [4],

H1(Spec(k),Z`(1)) = k× ⊗Z Z`,

which is in general not equal to

H1(Spec(k),Z`(1)) = lim
←

(k×/(k×)`
m

).

We have the usual lim 1 exact sequence
(4)
0→ lim 1H i−1

ét
(E,Z/`k(1))→ H i

ét
(E,Z`(1))→ lim

←
H i

ét
(E,Z/`k(1))→ 0.

There is also a similar short exact sequence for the motivic groups.
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We therefore get a canonical diagram

(5)

H1
ét

(E,Gm)

((RR
RRR

RRR
RRR

RR
Φ // H2

ét
(E,Z`(1)).

H1
ét

(E,Gm)⊗ Z`.

55llllllllllllll

2. Lemma. We have the following isomorphisms both in DM−
Nis and

DM−
ét
:

(6) Z(1)⊗ Z`
' // Z`(1).

Proof. In the category of derived motives, Z(1) = Gm[−1] is an in-
vertible and hence strongly dualizable object with dual Z(−1), so we
have

Z(1)⊗ Z` = Hom(Z(−1),Z`) =

holim
←

Hom(Z(−1),Z/`m) = holim
←

Z/`m(1) = Z`(1),

as claimed. �

But also a smooth projective variety is strongly dualizable in the sta-
ble motivic homotopy category, and therefore its cohomology is equal
to the homology of its dual. It follows that in the following comparison
diagram, the top row (with notation analogous to the étale case) is an
isomorphism:

(7)

H1
Mot(E,Gm)⊗ Z`

∼=
ΦMot

//

∼= ρ⊗Z`

��

H2
Mot(E,Z`(1))

ρ

��
H1

ét
(E,Gm)⊗ Z`

Φ // H2
ét

(E,Z`(1)).

(To see that ΦMot is an isomorphism in (7), note that the group of
rational points E(Q) is a �nitely generated abelian group. We have

H2
Mot(E,Z/`m(1)) = E(Q)/`m

by the Kummer exact sequence, while H1
Mot(EZ/`m(1)) is the `m-

torsion subgroup of E(Q), which is �nite and hence the lim 1 term
vanishes in the motivic analogue of (4).)
On the other hand, the realization map

ρ : H1
Mot(E,Gm)→ H1

ét
(E,Gm)

is well known to be an isomorphism (a version of Hilbert 90 theorem, see
e.g. [6]). Therefore, the left column of diagram (7) is an isomorphism.
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We must discuss another point. As stated, there is no chance that
the map ρ (or Φ) of ddiagram (7) would be an isomorphism. Let us
consider the case where E = ∗ is a point. Then

H1
Mot(∗,Gm) = 0,

and hence

(8) H2
Mot(∗,Z`(1)) = 0,

whereas by (4), we have a short exact sequence

0→ lim 1H1
ét

(∗,Z/`k(1))→ H2
ét

(∗,Z`(1))→ lim
←
H2

ét
(∗,Z/`k(1))→ 0,

or, using (2),

0→ lim 1k×/k×`
k → H2

ét
(∗,Z`(1))→ lim

←
Br(k)`k → 0.

The �rst term is clearly 0, we get

(9) H2
ét

(∗,Z`(1)) ∼= lim
←
Br(k)`k .

For a number �eld k, the right hand side of (9) is nonzero by class �eld
theory. However, if E has a point over k, the map ρ from (8) to (9) is
a retract of the map ρ in (7), so the map ρ cannot be an isomorphism.

As customary, we will denote by H̃ the kernel of either corner of the
diagram (7) to ∗ induced by a k-point in E, and call this summand the
corresponding reduced cohomology group.

Let E be an elliptic curve over Q.

3. Theorem. Let ` = 2, 3, 5, . . . be a prime and let E be an elliptic
curve de�ned over Q. Then the following are equivalent:

1.X(E/Q)⊗ Z(`) is �nite and rankQ(E) > 0.
2. The realization map of diagram (7)

(10) ρ : H̃2
Mot(E,Z`(1))→ H̃2

ét
(E,Z`(1))

is an isomorphism
3. The map ρ of (10) is onto
4. The map

(11) Φ : H̃1
ét

(E,Gm)⊗ Z` → H̃2
ét

(E,Z`(1))

is an isomorphism.
5. The map Φ of (11) is onto.
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3. Proof of the Main Theorem - The Easy Implication

Consider diagram (7) and the fact that the maps Φ, ρ when reduced
mod `k become (by de�nition) isomorphisms. Since the source of Φ is
a �nitely generated Z`-module, it has no in�nite `-divisibility, which
implies that Φ (and hence ρ) is injective. Therefore, we know that 2.,
3., 4. and 5. of the statement are equivalent.

Let us prove that 2. implies the �rst statement of1., i.e. that
X(E/Q) ⊗ Z(`) is �nite. We follow the notation of [5]. Consider the
diagram

(12)

E(Q)/`E(Q)
i1 // S(`)(E/Q)

j1 // H1(Q, E`)

E(Q)/`2E(Q)

π1

OO

i2 // S(`2)(E/Q)

α1

OO

j2 // H1(Q, E`2)

γ1

OO

E(Q)/`3E(Q)

π2

OO

i3 // S(`3)(E/Q)

α2

OO

j3 // H1(Q, E`3)

γ2

OO

...

π3

OO

...

α3

OO

....

γ3

OO

The maps in, jn are inclusions, the πn are projections (hence onto), and
the other vertical maps are induced by projections. Since X(E/Q)`n
is a quotient of the �nite group S(`n)(E/Q), it is �nite, so �niteness
of X(E/Q) ⊗ Z(`) is equivalent to the absence of in�nitely `-divisible
non-zero elements in X(E/Q). This, in turn, is equivalent to asserting
that

(13) i1 : E(Q)/`E(Q)→
⋂
n

Im(α1α2 . . . αn) is onto.

Clearly, (13) follows from

(14) j1i1 : E(Q)/`E(Q)→
⋂
n

Im(γ1γ2 . . . γn) is onto.

We shall prove (14). We have

H2
Mot(E,Z(1)) ∼= Z⊕ E(Q)

where the �rst summand corresponds to the degree. More precisely,
there is a short exact sequence of the form

(15) 0 // H2
Mot(E,Z(1))0

// H2
Mot(E,Z(1))

deg // Z // 0,
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and there is a canonical isomorphism

H2
Mot(E,Z(1))0

∼= E(Q).

We shall also be interested in the `-adic version of (15):

0 // H2
Mot(E,Z`(1))0

// H2
Mot(E,Z`(1))

deg // Z` // 0.

Now consider the diagram
(16)

H2(E,Z/`Z(1))
r // H̃2

ét
(E,Z/`Z(1))0

u // H1(Q, E`)

E(Q)/`E(Q)

⊆

OO

r′
// H̃2

ét
(E,Z`(1))0/(`)

q

OO

u′
// H1(Q, T (E))/(`)

⊆ s

OO

H2
Mot(E,Z`(1))0

OO
π′

OO

r // H̃2
ét

(E,Z`(1))0

γ′ ∼=

OO

u // H1(Q, T (E)).

OO
γ

OO

To explain this, �rst note that we have

H2
Mot(E,Z`(1))0/(`) = E(Q)/`E(Q).

Next, the étale group with subscript 0 is de�ned in analogy with the
corresponding motivic group, i.e. as the kernel of the degree map. The
maps π′, γ′, γ are reductions mod `, so they are onto. The map r
is étale realization, and is an isomorphism by our assumption 2. The
maps s, q are inclusions coming from the Bockstein long exact sequence
associated with

0 // T (E)
` // T (E) // E` // 0

where T (E) is the Tate module. Now the map u comes from the
Hochschild-Serre spectral sequence

(17) E2 = Hp(Q, Hq
ét

(E,Z`(1)))⇒ Hp+q
ét

(E,Z`(1)).

We have

T (E) = H1
ét

(E,Z`(1)),

so the p = q = 1 term is the target of u. Note (using purity) that the
p = 0, q = 2 term is

H0(Q,Z`) = Z`,
and the edge map in p + q = 2 is the degree map. Note also that the
p = 2, q = 0 term is

H2(Q,Z`(1)) = H2
ét

(∗,Z`(1));
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the canonical map of the right hand side to H2
ét

(E,Z`(1)) is the edge
map. Therefore, since E contains a point over Q, the projection given
by the spectral sequence

H2
ét

(E,Z`(1))0 → H1(Q, T (E))

factors through an injection

u : H̃2
ét

(E,Z`(1))0 → H1(Q, T (E)).

The map u is de�ned as the corresponding map for the analogous spec-
tral sequence E

r

pq with coe�cients reduced mod `.
At this point, let us �rst assume that ` 6= 2. Then u is onto since the

only possible di�erential of (17) originating at p = q = 1 has target

H3
ét

(Q, H0
ét

(E,Z`(1))) = 0.

Next, observe that by the Bockstein spectral sequence,

(18) Im(sγ) =
⋂
n

γ1 . . . γn,

while

(19) su′r′ = j1i1.

In e�ect, to prove (19), let us spell out the de�nition of j1i1: Take
x ∈ E(Q), and set

(20) y =
√̀
x ∈ E.

Then de�ne a 1-cocycle on Gal(Q) by setting

(21) g 7→ g(y)

y
.

Now the analogue E
r

p,q of (17) with coe�cients reduced mod ` has a

motivic analogue MotE
r

p,q (although we do not know whether it con-
verges). Nevertheless, we have a realization map of exact couples, and
hence spectral sequences

(22) MotE
r

p,q → E
r

p,q.

On r = 2, p = q = 1, and r = 2, p = 0, q = 2, the map (22)
is an isomorphism. Now on the level of D` motivic cohomology, the
de�nition corresponding to (20) and (21) is equal to ur by the de�nition
of the exact couple which produces MotE

r

p,q, which proves (19).
Now since u, γ are onto and r is an isomorphism, u′r′ is onto, and so

is γ, so
Im(sγ) = Im(su′s′) = Im(s).

Therefore, (18) and (19) imply (14).
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Now let us treat the case ` = 2. We see that all that remains to show
is that u is onto, which follows from the following Lemma.

4. Lemma. In the Hochschild-Serre spectral sequence (17), we have

(23)

H1(Q, H1
ét

(E,Z2(1))) = H1(Q, T (E))

d2=0
��

H3(Q, H0
ét

(E,Z2(1))) = H3(Q,Z2(1)).

Proof. We have a restriction comparison diagram

H1(Q, H1
ét

(E,Z2(1)))

��

d2 // H3(Q, H0
ét

(E,Z2(1)))

∼=
��

H1(R, H1
ét

(E,Z2(1)))
d2 // H3(Q, H0

ét
(E,Z2(1)))

where the right hand column is an isomorphism by Theorem B, p. 108
of [8]. Thus, we may replace Q by R in (23).
Then, however, we are dealing with a spectral sequence isomor-

phic to the Borel cohomology spectral sequence for the Z/2Z-action
by complex conjugation on a (complexi�ed) real elliptic curve, i.e.
EC = C×/qZ, q ∈ R, 0 < q < 1. We see then that topologically
Z/2Z-equivariantly, we have

(24) E ∼= S1 × Sα

where α is the sign representation and SV is the one point compacti�-
cation of a representation V . But stably (i.e. after taking suspension
spectra), (24) splits as

S0 ∨ S1 ∨ Sα ∨ S1+α,

and hence the Borel cohomology spectral sequence collapses. �

4. The Hard Implication: Galois Cohomology and the

Kato Euler System

Thus, we have shown that 2. implies the �rst statement of 1. To
complete the proof, we will show that 1. implies 5., and that 5. together
with the �niteness of X(E/Q)⊗ Z(`) implies rankQ(E) > 0.
We shall make use of the following
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5. Lemma. Let E be an elliptic curve de�ned over Q, let `, p be primes.
Then

(25) H1(Qp, T (E))⊗Z`
Q`
∼=
{

0 if p 6= `
Qp ⊕Qp if p = `

Proof. Let

V`(E) = T`(E)⊗Z`
Q`.

We can use the Euler characteristic formula for local Galois cohomology
[8] 5.7, Theorem 5 together with the fact that

(26) V`(E)Gal(Q`) = 0,

and that

(27) HomQ`
(V`(E),Q`)(1) ∼= V`(E)

as Galois representations.
The Euler characteristic formula is stated for �nite modules in [8],

but one can look at T`(E)/(`m) and pass to the limit to get a statement
about ranks. For any continuous Z`[Gal(Qp)]- module T satisfying (26)
and (27), V = T ⊗Zp (Qp), the rank of H1(Qp, V ) over Q` is 0 for ` 6= p
and is equal to rankQp(V ) for ` = p and 0 otherwise. �

Now the inverse limit of the short exact sequences

(28) 0 // E`k // E
`k // E // 0

has the form

(29) 0→ T`(E)→ lim
←
E → E → 0.

Observe now that the �rst map factors as follows:

(30)

T`(E) //

&&LL
LLL

LLL
LLL

lim
←
E

T`(E)⊗Z`
Q`

88

Therefore, Lemma 5 has the following

6. Corollary. The connecting map of (29)

(31) δ : E(K0)→ H1(K0, T (E))

is onto for ` 6= p and for ` = p, if xp ∈ Im(δ) with x ∈ H1(Qp, Tp(E)),
then x ∈ Im(δ).
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Proof. For p = `, if x /∈ Im(δ), then x maps to a non-zero element
of H1(Qp, lim←

E), so xp maps to a non-zero element of H1(Qp, lim←
E),

contradicting xp ∈ Im(δ). �

7. Lemma. The inclusion of a p-decomposition subgroup in Gal(Q)
induces an inclusion

(32) H1(Q, Vp(E))→ H1(Qp, Vp(E))

whose image is isomorphic to Qp.

Proof. Again, it is true more generally for any continuous Z`[Gal(Q)]-
module T , V = T ⊗Zp Qp, satisfying (26) and (27) that for ` = p, (32)
is an inclusion whose image has Qp-rank equal to rankQp(V )/2. The
Poitou-Tate exact sequence [9, 7] is usually stated for a �nite continuous
Gal(Q)-module M :
(33)

0 // H0(Q,M) //
∏

pH
0(Qp,M) // H2(Q,M ′)∗

��
H1(Q,M ′)∗

��

∏′
pH

1(Qp,M)oo H1(Q,M)oo

H2(Q,M) //
⊕

pH
2(Qp,M) // H0(Q,M ′)∗ // 0

where M ′ denotes the Pontrjagin dual and
∏′ the restricted product.

Our statement can be proved by replacing T with T/(`m) and passing
to the limit. �

Now by our earlier discussion of the Hochschild-Serre spectral se-
quence (17), 5. is equivalent to the statement that

(34) δQ : E(Q)→ H1(Q, T (E))

is onto. Since the groups H0(Q, E`k) are �nite, there is no lim 1 term,
and we have

H1(Q, T (E)) = lim
←
H1(Q, E`k).

Therefore, for (34), it su�ces to prove that the connecting map of (28)

(35) E(Q)→ Im(H1(Q, T (E))→ H1(Q, E`k))

is onto. Take an element x ∈ H1(Q, T (E)). By Corollary 6, the image
of x in H1(Qp, T (E)) is in the image of the connecting map (31) if and
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only if this is true rationally, i.e. if

(36)

Every element x ∈ H1(Q, Vp(E)) is in the
image of the connecting map

δ : E(Qp)⊗̂Qp → H1(Qp, Vp(E)).

If rankQ(E) > 0, then certainly (36) is true: By Lemma 7,H1(Q, Vp(E))
is a 1-dimensional (over Qp) subspace of H

1(Qp, Vp(E)) and if

rankQ(E) > 0,

then a 1-dimensional Qp-subspace of the target of δ in (36) comes from
the connecting map (34).
If (36) holds, then the reduction xm of our element x mod `m is in

the image of the connecting map. This means that

(37) xm ∈ S(`m)(E/Q).

Therefore, assuming X has no `-divisibility beyond `s, we see from
(37) that xk = xk+s+1 mod `k is in the image of the connecting map
(34), as claimed. This completes the proof that 1. implies 5.

To prove that 5. implies that rankQ(E) > 0, assume that

rankQ(E) = 0.

Note that we can assume X(E)(p) <∞, since we already proved that
5. implies it. Now we claim, however, that (36) is false. Note that
this implies that x is not in the image of the connecting map (34), and
hence 5. is false as claimed.

To show that (36) is false, once again by Lemma 7, H1(Q, Vp(E)) ∼=
Qp. We now refer to the work of Kato [3]. By [11, 1], every elliptic curve
over Q is modular, and hence Vp(E) may be replaced by Vp(f) where f
is a weight 2 normalized newform. Kato [3], Theorem 12.5 constructs
an element z ∈ H1(Q, Vp(f)) which, by the dual exponential map exp∗,
maps to

(38) L{p}(f
∗, 1)

(see [3], 6.2). Now since X(E)(p) < ∞, the element (38) is non-zero.
On the other hand, the dual exponential map exp∗ (see [3] 9.3) factors
through

H1(Qp, B
+
DR ⊗Qp Vp(f)).

Thus, the image of δ under exp∗ is 0, since the image of δ in Vp(f) is
in Hodge �ltration 1 ([2], Prop. 5.2.5). �
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5. An Example

In this Section, we give an example where we can show for an elliptic
curve that (36) is false directly, without appealing to [3, 11, 1]. In the
example, the conclusion can be made by Galois cohomology computa-
tions, thus in particular showing directly that rankQ(E) = 0 for any
elliptic curve over Q with the same Galois data.
The elliptic curve over Q given by the equation

y2 = x3 + x2 − 117x− 541

has conductor N = 24 · 112, CM, (0 rank), torsion 1 and ordinary good
reduction at 3. Looking at the smallest number �eld K over which E
has Z/9× Z/9 torsion, one sees that

G = Gal(K/Q) ∼= Z/6× Σ3.

The 3-decomposition subgroup of G is the normal subgroup

G3 = Z/6× Z/3.
The representation of G on T3(E)/(9) can be described (up to isomor-
phism) as follows: the generator of the Z/6-factor acts by(

2 0
0 2

)
,

the generator of the Z/3-subgroup of Σ3 acts by(
4 0
0 7

)
,

the generator σ of a Z/2-subgroup of Σ3 acts by(
0 1
1 0

)
.

Let Γ = Gal(Q), and let Γ(3)
∼= Gal(Q3) be a 3-decomposition sub-

group. Let also Γ3 be the pullback of Γ by G3 → G. Then we have
inclusions

Γ(3) ⊂ Γ3 ⊂ Γ.

8. Lemma. The restriction

H1(Γ3, T3(E)/(9))→ H1(Γ(3), T3(E)/(9)) ∼= Z/9× Z/9
is an isomorphism.

Proof. Once again, we know that the group H1(Γ(3), T3(E)/(9)) is iso-
morphic to Z/9 × Z/9 by the Euler characteristic formula ([8], 5.7,
Theorem 5). The corresponding cohomology group of Γ3 can be com-
puted in the following way: let Q be the Γ-module coinduced from
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the Γ3-module T3(E)/(9). Then |Q| = 94, so by the Poito-Tate exact
sequence (33),

H1(Γ3, Q) ∼= H1(Γ3, T3(E)/(9)) ∼= (Z/9)2.

To see that the restriction is an isomorphism, pick a G3-equivariant
section

T3(E)/(9)

Id ''NN
NNN

NNN
NNN

// Q

��
T3(E)/(9)

and consider the commutative diagram

H1(Γ, Q)

∼=
��

// H1(Γ(3), Q)

H1(Γ3, T3(E)/(9)) // H1(Γ(3), T3(E)/(9))

OO

and the Poitou-Tate exact sequence (33). �

Note that T3(E)/(9) as a G3-module actually splits as

T3(E)/(9) ∼= M ⊕M ′

where both M,M ′, as abelian groups, are isomorphic to Z/9. The �rst
cohomologies of both Γ(3) and Γ3 onM andM ′ are therefore isomorphic
to Z/9.

Now the image of

Z/9 ∼= H1(Γ, T3(E)/(9)) ⊂ H1(Γ3, T3(E)/(9)) ∼= Z/9⊕ Z/9

is, by the Hochschild-Serre spectral sequence, invariant under the ac-
tion of the involution σ. We see that neither of the subgroupsH1(Γ3,M)
nor H1(Γ3,M

′) satis�es this property, since σ switches them.
This describes an obstruction modulo 3, but it lifts to a non-torsion

obstruction. In fact, Kato [3] in Chapter 16 relates Lp to the p-adic L-
function in case of newforms with ordinary good reduction. In our case,
the Galois cohomology calculation shows that the 3-adic L-function is
non-zero mod 3. It is interesting, however, that the calculation is
elementary, giving hope that non-vanishing of the obstruction can be
shown in contexts where modularity is not known, for example over
more general number �elds or for abelian varieties.
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