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Abstract. We give a new proof of Greenlees’s conjecture stating
that for an abelian compact Lie group G, the stable G-equivariant
complex cobordism ring M U∗G is the G-equivariant Lazard ring, i.e.
the ring representing universal G-equivariant formal group laws. In
the process, we give a presentation of M U∗G as a deformation of
the non-equivariant Lazard ring L = M U∗ .

1. Introduction
An RO(G)-graded equivariant generalized cohomology theory (or Gspectrum) for a compact Lie group G ([10]) is called complex-oriented
if it has a Thom isomorphism with respect to every G-equivariant
complex bundle. In the case of G abelian, Cole, Greenlees and Kriz
[?, 2] introduced a concept of a G-equivariant formal group law, which
is the algebraic structure universally present on the cohomology ring
R = E even (CPG∞ ) for a complex-oriented G-equivariant spectrum E
where CPG∞ is the equivariant infinite-dimensional complex projective
space. Roughly speaking, the structure is a formal group scheme (not
necessarily Noetherian) over Spec(A) where A = Eeven which receives a
morphism of formal group schemes from the formal group of characters
̂ of G, which has a “good parameter,” i.e. a regular element x such
G
that R/(x) = A and a fundamental system of neighborhoods in R is
̂
given by the ideals generated by products of G-images
of x. We shall
give a precise definition in Section 2.
It was conjectured by J.P.C.Greenlees that the ring A which supports
the universal G-equivariant formal group law for an abelian compact
Lie group G is isomorphic to the stable equivariant cobordism ring
M U∗G [14, 10]. This conjecture was recently proved first for G = Z/2
by Hanke and Wiemeler [5], and then in full generality by M. Hausmann [6]. The purpose of this paper is to give a different proof of
Hausmann’s theorem [6], which also comes with a different statement,
and gives a certain insight into the structure of the equivariant Lazard
Kriz acknowledges the support of a Simons Collaboration Grant.
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ring M U∗G . The structural information we obtain is somewhat different
from the theorems of P. Hu [7], who completely describes the divisibility properties of the cobordism ring with respect to Euler classes in
the case of G = Z/pr . Instead, we obtain a formulation which, in some
sense, presents the G-equivariant Lazard ring as a deformation of the
non-equivariant Lazard ring.
We will need more preliminaries to be completely precise, but briefly,
we can describe our statement as follows. A G-complete flag E can be
identified with a sequence of irreducible (hence 1-dimensional) complex
representations α1 , α2 , . . . ... of G which contains every irreducible representation infinitely many times. For a G-equivariant formal group
law (A, R), with a complete flag E, we can associate elements
n

xE,n = ∏ xαi
i=1

where xα is the translate of the good parameter x by the character α.
Additionally, as an A-module, R is a product of copies of A, indexed
by the generators xE,n , n = 0, 1, 2, . . . . The comultiplication then gives
(1)

x ↦ ∑ aE
ij xi,E ⊗ xj,E .
i,j≥0

Additionally, we have Euler classes uα which are reductions of xα−1 in
R/(x) = A. Now by completing at (x), we can express the right hand
side of (1) as a power series in 1⊗x and x⊗1 with coefficients which are
polynomials in the Euler classes with coefficients in A. In this sense,
the coefficients aij of the underlying non-equivariant formal group law
x ↦ ∑ aij xi ⊗ xj
i,j

can be expressed as polynomials in the generators aE
ij and the Euler
classes, and in fact, it turns out that aij is congruent to aE
ij modulo the
ideal generated by the Euler classes.
Thus, the relations between coefficients of the non-equivariant formal
group law lead to one set of relations between the the elements aE
ij and
uα . In addition to these relations, we also have that
(2)

ue = 0

where e is the trivial irreducible representation. Because of this, (1)
gives the relation
(3)

uα⊗β = ∑ aE
ij (uα )i,E (uβ )j,E
i,j
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where
n

(uα )n,E = ∏ uα⊗αi .
i=1

Further, because of (2), the right hand side of (3) has only finitely
many non-zero summands, and thus defines a second set of relations
between the generators aE
ij and uα .
Our main result then can be stated as follows:
Theorem 1. The G-equivariant Lazard ring (i.e. the ring A supporting
the universal G-equivariant formal group law (A, R)) is the quotient of
the polynomial ring
Z[aE
ij , uα ]
modulo the two types of relations given above. Additionally, it is isomorphic to the stable G-equivariant cobordism ring M U∗G .
We can see that this description can be considereda deformation of
the non-equivariant Lazard ring, which we get by quotienting out the
Euler classes. More precise reformulations and proof of this theorem
occupy the remainder of this paper.
The present paper is organized as follows: The basic notations and
definitions we are using are given in Section 2. The case of a cyclic
group, which is somewhat special, is treated in Section 3. The case of
S 1 is proved in Section 4 and the general case is proved in Section 5.
2. Definitions and notation
In this section, we give the needed definitions and notation.
Definition 2. Let G be a finite abelian group. A G-equivariant formal
group law (A, R, ∆, , xL ) (sometimes abbreviated as (A, R)) consists
of the following data:
(1) A commutative ring A and a commutative A-algebra R which
is complete with respect to an ideal I where I ∩ A = 0, together
with a homomorphism
(4)

̂AR
∆ ∶ R → R⊗
̂ A R = (R ⊗A R)∧J ) where J is the ideal generated by
(where R⊗
x ⊗ 1, 1 ⊗ x, x ∈ I.
̂ ∨ where the target
(2) An I-continuous map of rings  ∶ R → A[G]
has the discrete topology, for an A-module M , M ∨ = HomA (M, A)
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̂ = Hom(G, S 1 ) is the Pontrjagin dual, compatible with
and G
comultiplication,
∆

R
(5)





̂∨
A[G]

ψ

/

/

̂AR
R⊗


̂A 
⊗

̂ ∨ ⊗A A[G]
̂∨
A[G]

where the comultiplication ψ
̂∨
A[G]

ψ

/

̂ ∨ ⊗A A[G]
̂∨
A[G]

is given by the group structure on G.
̂ such that R/(xL ) ≅
(3) A system of regular elements xL ∈ R, L ∈ G
A as A-algebras,
I = ∏ (xL )
̂
L∈G

and
(6)

̂
xL = ((L) ⊗ 1)∆(x1 ) for L ∈ G.

The element x1 ∈ R is often denoted by x. Note that we can consider Spf (R) as a formal group scheme over Spec(A), although we
do not require that Spec(A) be Noetherian. From this point of view,
̂ is just the (discrete) character group over Spec(A) and
Spec(A[G])
the diagram (5) is a morphism of formal group schemes over Spec(A).
The existence of the “good parameter” x and the expression of the
ideal of definition of Spf (R) by condition (3) however is a substantial
additional restriction which is the equivariant analogue of specializing
from non-equivariant formal groups to formal group laws.
This definition generalizes to the case when G is an abelian compact
̂ is discrete and
Lie group with some changes. The group algebra A[G]
∨
̂ is given the product topology. We do not have an ideal
its dual A[G]
I and instead, the condition (1) says that the ring R is complete with
respect to the topology where a fundamental system of neighborhoods
of 0 is given by all the ideals
(xL1 ⋅ ⋅ ⋅ ⋅ ⋅ xLn )
̂ and the elements xL are still related to the “good
for L1 , . . . , Ln ∈ G
parameter” x by (6). The ring R ⊗A R in (4) is completed with respect
to the topology where a fundamental system of neighborhoods of 0 is
given by the ideals
(xL1 ⋅ ⋅ ⋅ ⋅ ⋅ xLn ⊗ 1, 1 ⊗ xL1 ⋅ ⋅ ⋅ ⋅ ⋅ xLn )
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̂ Thus, in the case of an infinite abelian compact
where L1 , . . . , Ln ∈ G.
Lie group G, we are dealing with a further generalization of the concept
of a formal group scheme in that R does not really have an ”ideal of
definition.”
For a compact Lie group G, a G-equivariant May spectrum E [10] is
a representing object for a homology and cohomology theory E α (X)
on G-spaces X, α ∈ RO(G) where RO(G) is the real representation
ring of G. We have a suspension axiom on reduced (co)homology of
based G-CW-complexes. (The usual discussion on the connection between reduced and unreduce (co)homology applies.) A commutative
associative G-equivariant ring spectrum E is defined analogously as in
the non-equivariant case by a product morphism µ ∶ E ∧ E → E and a
unit morphism η ∶ S → E satisfying analogous axioms as in the nonequivariant case. Then for every closed subgroup H ⊆ G, π∗ (E H ) forms
a graded-commutative ring. We refer the reader to [10] for details.
A commutative associative G-equivariant ring spectrum E is called
complex-oriented if for every G-equivaraint n-dimensional complex buñ2n X ξ
dle ξ on a G-CW complex X there exists a Thom class u ∈ E
ξ
(where X denotes the Thom space) which restricts to a unit in π0 E H
on every fiber of X H . Plugging in u to the Thom diagonal θ ∶ X ξ →
X ξ ∧ X+ then gives a Thom isomorphism
̃α+2n X ξ .
E αX ≅ E
As a consequence, one gets complex stability which is a natural isomorphism
E α X ≅ E α+κ X
for every virtual representation κ of dimension 0.
The G-equivariant infinite complex projective space CPG∞ can be
defined as the G-space of all complex lines in the complete uiverse
U, which is a disjoint sum of countably many copies of all irreducible
representations of G. It was proved in [?] that for an abelian compact
Lie group G and a G-equivariant complex-oriented spectrum E, there is
a natural G-equivariant formal group law (A, R) where A = Eeven (the
commutative ring of 2Z-graded (co)homology groups of a point), R =
E even CPG∞ . The comultiplication on R is induced by the multiplication
on CPG∞ coming from the tensor product.
A particular example of a complex-oriented G-equivariant spectrum
(see [2]) is the Thom spectrum M UG which can be defined as the colimit
n
of the Thom spectra BUG (n)γ −2n where BUG (n) can be defined as the
Grassmannian of n-dimensional subspaces of U and γ n is the universal
G-equivariant complex n-bundle, whose fiber over V ∈ BUG (n) is the
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space V . It was conjectured by Greenlees that for G abelian compact
Lie, the G-equivariant formal group law of M UG is the universal Gequivariant formal group law. In particular, the conjecture was that
(M UG )even = LG is the G-equivariant Lazard ring, i.e. the representing
object of G-equivariant formal group laws. One can prove directly
that there exists such a ring LG for which there is a natural bijection
between ring homomorphisms LG → A and G-equivariant formal group
laws (A, R).
The Greenlees conjecture was proved first for G = Z/2 by Hanke and
Wiemeler [5] and more recently in the general case by Hausmann [6].
Theorem 1 above contains that result, giving also in some sense an
explicit description of the equivariant Lazard ring (M UG )even . As it
turns out, this ring is concentrated in even degrees by the theorem of
Comezana and May [3], which will also follow from our proof. We will
therefore denote this ring simply by (M UG )∗ or M U∗G .
3. The case of G = Z/n
In this section, we will discuss Theorem 1 in the case of a cyclic group
G = Z/n. In fact, we will first discuss a particularly nice G-complete
flag in this case, for which the theorem has a simpler statement, which
is easier to prove.
We use the symbol 1 for the trivial representation, and α for rotation
by 2π/n. Define the regular flag {Vi }i≥0 by
(7)

V0 = 0, V1 = 1, V2 = 1 + α, V3 = 1 + α + α2 ...

With the complete flag the ring R has an additive basis {xi ∶ i ≥ 0},
where xi = xVi is the product of the coordinates corresponding to components of Vi . Given any Z/n-equiavariant formal group law we can
hence under the basis write the coproduct of x as
(8)

∆(x) = ∑ ai,j xi ⊗ xj .
i,j≥0

The structure constants ai,j ∈ A will satisfy certain relations from the
axioms of equivariant formal group laws. For example, the cocommutativity condition implies that ai,j = aj,i , and the counitality condition
implies that ai,j = 0 if i = 0 and j ≠ 1.
We define the Euler class of α by
u = (α−1 )(x)
where x = x1 . More generally, we can define
uk = (α−k )(x)
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for k = 1, 2, ..., n. We also have
uk = (α−` )(xα`−k ),
u0 = 0.
Thus, inductively we can compute,
uk = (α−k )(x) = ((α−1 ) ⊗ (α1−k ))(∆(x))
(9)

k−1

i−1

= uk−1 + u ⋅ ( ∑ a1,i (∏ uk−1−j )).
i=0

j=0

Thus, referring to (9), we obtain a relation among the elements u, ai,j ∈
A given by
(10)

un = 0

which has the form
(11)

nu mod (u2 ).

We will also need the following result: let p be a prime factor of n, and
define m = n/p. Similar computation gives
ukm = (α−km )(x) = ((α−m ) ⊗ (αm−km ))(∆(x))
(12)

= ((α−m ) ⊗ (αm−km ))( ∑ ai,j xi ⊗ xj )
m (k−1)m

i,j≥0
i−1

j−1

= um + u(k−1)m + ∑ ∑ ai,j (∏ um−s )(∏ u(k−1)m−t ).
i=1

j=1

s=0

t=0

The relation (10) therefore has an alternative form
(13)

pum mod (u2m ).

Another set of relations is obtained as follows. If (A, R, ∆, , xL )
∧
is a Z/n-equivariant formal group law, then R(x)
= A[[x]] (since x is
n
n
regular, R/(x) = A implies R/(x ) ≅ A[x]/(x )). Thus, applying the
completion map
R → A[[x]],
the coproduct ∆ maps to a non-equivariant formal group law on A. By
Lazard’s theorem [9], we obtain an expression of the coefficients ai,j as
polynomials of ai,j and u. Note also that, by the definition of ai,j , with
this identification, we have
(14)

ai.j ≡ ai,j mod (u)

8
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(since xL ≡ x mod (u)). Thus, the relations
(15)

r(ai,j )

in the Lazard ring give, by substitution, a set of relations among the
ai,j ’s and u. (Recall that modulo decomposables, the relations among
the ai.j ’s say that they are all multiples of the Lazard generators xi+j ,
which in turn, modulo indecomposables, is a linear combination of the
ai,j ’s with coefficients in Z.)
Now we state a version of Theorem 1 for the regular flag {Vi }i≥0 :
Theorem 3. (1) There exists a Z/n-equivariant formal group law
(A, R, ∆, , xL )
where A is the quotient ring of Z[u, ai,j ] modulo the relations (10), (15).
Furthermore, this Z/n-equivariant formal group law is universal in the
sense that for any Z/n-equivariant formal group law (A′ , R′ , ∆′ , ′ , x′L ),
there exists unique ring homomorphisms A → A′ , R → R′ , which carries
∆ to ∆′ ,  to ′ , and xL to x′L .
(2) There is an isomorphism A ≅ (M UZ/n )∗ .
The theorem will be proved by induction. For clarity we will sometimes write An for the ring A in the statement above. Throughout we
use the complete flag {Vi }i≥0 defined above.
Proof. First, we observe that if we have a homomorphism of rings
f ∶ A → A′ , there exists at most one equivariant formal group law
(A′ , R′ , ∆′ , ′ , x′L ) over A′ such that (8) holds with ai,j replaced by
f (ai,j ), and other notations replaced. Applying f to the coefficients
of the computations below (8), we get formulas for all euler classes
u′k ∈ A′ in terms of the images of ai,j ’s. Now
k

′ (α−1 )(xk ) = ∏ u′i ∈ A′ .
i=1

Therefore,
k

′ (α−` )(xk ) = ∏ u′i+` .
i=1

This determines ′ by linear extension. Since
∆′ (x′ ) = ∑ f (ai,j ) x′i ⊗ x′j ,
i,j

the following formula determines elements
x′L = (′ (L) ⊗ 1)∆′ (x1 ).

THE STRUCTURE OF EQUIVARIANT FGL’S

9

For example when p = 2, L = α this gives
x′α = u′ + x′1 + u′ f (a1,1 )x′1 + u′ f (a1,2 )x′2 + ...).
It holds a priori that

x′α x′1 = x′2 ,
x′α2 x′2 = x′3 ,
...
′
′
To calculate xα` xk for any ` ∈ Z/n and k ≥ 1, the recipe is to rotate the
above formula for x′α`−k by αk . This gives x′α` in terms of a new basis
{Vk+i /Vk }i≥1 = {αk Vi }i≥1 .
Now since x′k corresponds to Vk and
(Vk+i /Vk ) ⊕ Vk ≅ Vk+i ,

we have x′α` x′k in original basis {Vi }i≥1 .
Similarly, we can compute x′α` x′m for any `, m. Thus, by induction,
the product in R′ is determined.
Now by Axiom (2),
∆′ (x′α` ) = ∆′ (′ (α` ) ⊗ Id) ○ ∆′ (x′ ))
= ((′ (α` ) ⊗ Id) ○ ∆′ ) ⊗ (′ ) ⊗ Id) ○ ∆′ ) ○ ∆′ (x′ )
i

= ∑ f (ai,j ) ∏ x′α`+k−1 ⊗ x′j ,
i,j

k=1

(since (′ (α` )⊗Id)○∆′ (x′i ) = ∏ik=1 x′α`+k−1 ). Thus ∆′ is also determined.
Note that we do not yet know that A actually supports a Z/nequivariant formal group law. However, we have the following
Lemma 4. The ring AZ/n has um -torsion of order ≤ 1, i.e. for every
z ∈ AZ/n , if u2m z = 0, then um z = 0.
Proof. It will be convenient to introduce the polynomial generators xk
of the (non-equivariant) Lazard ring L. We also join another formal
generator um to A. Then we can write
A = Z[ai,j , xk , u, um ]/(ri,j , um = [m]u, [p]um )
where the relations
ri,j = ai,j − qi,j (xk )
are given by thinking of ai,j as a polynomial in the ai′ ,j ′ ’s and u, and
[p]um ,

um = [m]u

are results from computations (9), and
[p]um
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is (13) of form
pum mod u2m .
Suppose
u2m ∣ Q = c ⋅ [p]um + ∑ ci,j ri,j + d ⋅ [m]u
for some ci,j , c, d ∈ Z[ai,j , xk , u, um ]. Then, factoring out um and considering non-equivariant formal group law theory (namely the algebraic
independence of the relations ri,j ), we conclude that
um ∣ ci,j , um ∣ d
for all i, j. Thus, we may write
(16)

ci,j
d
ri,j +
.
um
um

coeffum (Q) = cp + ∑

Then assuming um ∤ c, factoring out um , (16) would again contradict
the algebraic independence of the relations ri,j of the classical (nonequivariant) Lazard ring. Therefore, um ∣ c, and therefore the relation
Q can be divided by um , as claimed.
◻
Recall that we choose p ∣ n and let m = n/p. Let F = F (Z/m) be
the family of subgroups of Z/n contained in Z/m. Denote the universal
space for this family by EZ/p (since EZ/p is a model for EF (Z/m))
̃ of EZ/p+ → S 0 , we have a pullback
and consider the cofiber E Z/p
square for equivariant complex cobordism
/

M UZ/n

̃ ∧ M UZ/n
E Z/p

(17)

/

F (EZ/p+ , M UZ/n )



̃ ∧ F (EZ/p+ , M UZ/n ).
E Z/p

On the other hand, by [11], we have a pullback square for A = AZ/n
/

A
(18)

u−1
mA




A∧um

∧
u−1
m Aum .

/

By Greenlees and May [4], the coefficient of the square (17) is
/

(M UZ/n )∗
(19)


(M UZ/n )∧∗um
/

u−1
m (M UZ/n )∗


∧
u−1
m (M UZ/n )∗um .
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Now we shall argue that the top row and the left hand column actually define Z/n-equivariant formal group laws on the respective target
rings, and the rings are isomorphic to the corresponding coefficients in
the square (19).
In the case of the bottom left corner, we start with the case when
n is a prime. In this case, our conclusion is due to the fact that if we
are allowed to sum infinite power series in u, then the ai,j ’s can also
be expressed as power series in the ai,j ’s (rather than just vice versa).
Under this correspondence, the relation (10) just becomes [p]u = 0.
Thus,
A∧(u) ≅ L[[u]]/[p]u
where L is the non-equivariant Lazard ring.
In the general case, use induction assumption we have
AZ/n /um ≅ AZ/m ≅ (M UZ/m )∗ ≅ (M UZ/n )∗ /um
(the first isomorphism follows from our definition and the last isomorphism comes computations for equivariant complex cobordism). We
can use Borel cohomology spectral sequence to compute the associated
graded ring of ((M UZ/n )∗ )∧um
E2s,t = H s (Z/p, πt (M UZ/n )) ⇒ π∗ F (EZ/p+ , M UZ/n ).
It collapses since the coefficient concentrates in even degrees and there
are no p-torsions, and gives the associated graded ring as
(M UZ/m )∗ [[um ]]/[p]um .
Denote (M UZ/n )∗ by S and denote um by ω:
ω r S/ω r+1 S ≅ ω r Sω∧ /ω r+1 Sω∧ ≅ S/(ω, p).
Compare the short exat sequence
0 → pS/ωS → S/ωS → S/(ω, p) ≅ ω r S/ω r+1 S → 0
with
q

0 → ker q → A/ωA Ð
→ ω r A/ω r+1 A → 0
and [p]ω/ω ∈ ker q maps to p ∈ pS/ωS, hence the map
ker q → pS/ωS
is surjective and
ω r A/ω r+1 A → ω r S/ω r+1 S
is an isomorphism for all r ≥ 1. Thus,
(20)

A∧um ≅ ((M UZ/n )∗ )∧um .
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Let p1 , . . . , ps be the different prime factors of n, p = p1 . Similarly to
(20), we can prove
(21)

(w−1 A)∧um ≅ ((w−1 M UZ/n )∗ )∧um

where w is a product of a set S of Euler classes of the form un/p2 , . . . , un/ps .
When ∣S∣ = s − 1, i.e. S contains all those classes, then in the ring
−1
B = u−1
m w A,

all the Euler classes are inverted. The completion of B[x, x1 , . . . , xn−1 ]
n−1

at ∏ xi , by the Chinese remainder theorem, is
i=0

(22)

∏ B[[xα ]].

̂
α∈G

Now the relations (15) give an x-completed coproduct on B[[x]], which
we denote by F (y, z) (i.e. we really have y = x ⊗ 1, z = 1 ⊗ x). The
equivariant FGL axioms (2) and (3) imply that the coproduct on xα
must be
∏ ∆(yβ , zγ )
β+γ=α

where yα = xα ⊗ 1, zα = 1 ⊗ xα . The relation (10) implies that this
Z/n-equivariant FGL definition is consistent, as well.
Also, by inspection of the relations,
B ≅ ΦZ/n M U∗ .
(Since by [13], the coefficients bij of xi in x +F uj are free polynomial
generators of ΦZ/n M U∗ , with b0j = uj inverted, all we really need to
show is that they are expressible in terms of the coefficients ai′ j ′ and
u, which is obvious from the decomposition (22).)
Moreover, since the Z/n-equivariant FGL’s just defined on the corners of the diagram (18) are both induced from maps from the pullback
−1 ∧
A, they coincide when pushed forward to u−1
m ((w A(um ) ). By reverse
induction, we can then prove that
w−1 A ≅ (w−1 M UZ/n )∗
for any w as above, and in particular, it has a Z/n-equivariant FGL on
it. For w = 1, we have the ring A.
By general universal algebra, the compatible Z/n-equivariant formal group laws on the three remaining corners of (18) define a Z/nequivariant FGL on A, which is induced, in the above sense, by Id ∶
A → A. It follows from the similar formal argument the Z/n-equivariant
FGL on A is universal.
◻
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It is also convenient to have a reformulation of this result in terms of
an arbitrary complete flag (which is the formulation used in Theorem
1). This has two reasons. First of all, in the case of S 1 , the analog of
the regular flag is not complete. i.e. its union is not the complete (or
any) universe. In fact, we will see below that the coefficients aij derived
from the “regular flag” in the case of S 1 can be expressed merely as
Laurent polynomials in the Euler classes, so they do not generate the
coefficient ring of the universal S 1 -equivariant FGL.
The other reason why having a flag-invariant description is desirable
is of course aesthetic: there is no particular reason why the regular
Z/n-flag should be special. Of course, that flag is special in that there
is a polynomial defining the Euler classes uk in terms of u = u1 and the
coefficients aij , which will not be true for an arbitrary complete flag,
so we need to deal with this problem.
Let E be a complete Z/n-flag. Define, for a Z/n-equivariant formal
group law F on a commutative ring A, elements aE
ij ∈ A by
(23)

∆(x) = ∑ aE
ij xEi ⊗ xEj .
i,j≥0

Observe that if we write
(24)

y +F z = ∑ aE
ij yEi zEj ,
i,j≥0

then if we denote by uk , k = {1, . . . , n − 1} the Euler classes of a Z/nequivariant FGL, expressions such as
x +F ui , ui +F uj
make sense, since (ui )Em = 0 for m >> 0. Using this, we can express
′
′
the coefficients aE
ij with respect to any other Z/n-flag E (complete
or otherwise) in terms of the elements aE
ij and the Euler classes uk .
This applies in particular to the “non-equivariant” FGL coefficients
aij . Additionally, the relations
(25)

ui +F uj = ui+j

where the left hand side is interpreted as a polynomial in uk , aE
k` for
different k, ` (where i, j, i+j ∈ Z/n, with the understanding that u0 = 0).
The case of Theorem 1 for the case of G = Z/n is then restated as
follows:
Proposition 5. The coefficient ring of the universal Z/n-equivariant
FGL can be expressed as the commutative ring with generators uk , 1 ≤
k ≤ n − 1, aE
ij , i, j ∈ N0 modulo the relations (15) (interpreted in terms
E
of aij ), and the relations (25).
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Proof. From the above, one can express these generators and derive
these relations for any complete flag E ′ from the generators and relations for E. Since this is symmetrical, the presentations then give
isomorphic rings for different complete flags. For the regular flag, however, the presentation is equivalent to the one we gave above (since
uk +F u gives an explicit formula for uk+1 , k ≥ 1). This concludes the
proof.
◻
4. The S 1 -case
The purpose of this section is to prove the following result, which is
a restatement of Theorem 1 for G = S 1 :
Theorem 6. Let E be an S 1 -complete flag. The coefficient ring of
the universal S 1 -equivariant FGL can be expressed as the commutative
ring with generators uk , k ∈ Z ∖ {0}, aE
ij , i, j ∈ N0 modulo the relations
E
(15) (interpreted in terms of aij ), and the relations (25) for i, j ∈ Z
(where we set u0 = 0). Moreover, this ring supports the universal S 1 equivariant formal group law.
Before proving this result, we begin with some general comments on
spectra. Let, for H ⊆ G, F(H) denote the family of all
subgroups of H. Then for G = S 1 , we have
S 1 -equivariant

EF[S 1 ] = hocolim EF(Z/n)

(26)

n

where the homotopy colimit is taken over the poset of natural numbers
with the relation of divisibility. For any S 1 -spectrum E, this gives a
cofibration sequence
̃1 ] ∧ E.
(27)
hocolim EF(Z/n) ∧ E → E → EF[S
n

Taking S 1 -fixed points, we get a cofibration sequence of spectra
1

1

hocolim(E Z/n )hS 1 → E S → ΦS E.

(28)

n

Here in the leftmost term, we are making the identification S 1 ≅ S 1 /(Z/n).
But now we can complete (28) to a “Tate diagram” in whose bottom
row, E is replaced by
F (EF[S 1 ]+ , E) = holim F (EF(Z/n)+ , E).
n

The leftmost term (27) will remain the same, so we obtain a cofibration
sequence
̂∞
(29)
hocolim EF(Z/n) ∧ E → holim F (EF(Z/n)+ , E) → E
n

n
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where
(30)

̃ ∧ F (EF(Z/n)+ , E)
̂∞ = hocolim holim EF(Z/m)
E
m

n

and also a homotopy Cartesian diagram
/

E
(31)

̃1 ] ∧ E
EF[S


/

holimF (EF(Z/n)+ , E)
n



̂∞ .
E

Taking S 1 -fixed points, we have a homotopy Cartesian diagram of spectra
ES
(32)


holim(E
n

/

1

Z/n hS 1

)

/

1

ΦS E


̂∞ )S 1 .
(E

̂∞ )S 1 is obtained from
Further, for an S 1 -complex oriented spectrum, (E
1
holim(E Z/n )hS by inverting the Euler classes of all non-trivial irren
ducible S 1 -representations.
Proof of Theorem 6: Let A be the ring with the presentation
described in the statement of Theorem 6. By the comments before
Proposition 5, for a commutative ring B, a homomorphism of rings
A→B
determines all the data of an S 1 -equivariant FGL on B (although we
have not yet proved that this always gives, in fact, an S 1 -equivariant
FGL). However, if the data on A iself do determine an S 1 -equivariant
FGL, then as before, we know that it is universal.
Now to that end, we will study the algebraic counterpart of the
diagram (32). Note that in A, we have uk ∣ um when k ∣ m. Consider a
topology on A where a fundamental neighborhood of 0 is any system
of ideals
{(uk ) ∣ k ∈ S}
where S is a set of non-zero integers cofinal with respect to divisibility,
i.e. such that for every non-zero integer k, there is an element of S
which is divisible by k. Let A∧ be the completion of A with respect to
this topology.
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On the algebraic side, we shall consider the diagram
/

A
(33)


A∧

A[u−1
k ∣ k ∈ Z ∖ {0}]


A∧ [u−1
k ∣ k ∈ Z ∖ {0}].
/

The plan is to map this diagram to the diagram obtained by taking
coefficients of the terms of the diagram (32) for E = M U . This diagram
from topology becomes
M U∗S
(34)


1

(M U∗S )∧
1

/

M U∗ [ui , u−1
i , bij ∣ i ∈ Z ∖ {0}, j ∈ N]
/



(M U∗S )∧ [u−1
i ∣ i ∈ Z ∖ {0}]
1

To identify the lower left term, recall that by the result of Sinha [12],
Z/n

M U∗

1

= M U∗S /(un ).
1

Additionally, by [12], all the elements un are non-torsion in M U∗S , so
by the Borel cohomology spectral sequence, the coefficients in the n
term of the diagram in the lower left corner of (32) are
(M U∗S )∧(un ) .
1

Our identification of the lower left corner coefficients then follows from
the commutation of limits, and the fact that all the structure maps of
the limit diagram on coefficients are onto.
Note that, thus, by Proposition 5, we have a canonical isomorphism
of the lower left corner of (33) to the lower left corner of (34).
On the other hand, also recall that by [12], the top row of diagram
(34) is localization by inverting all uk , k ∈ Z ∖ {0}, and thus, since
these elements are regular, is injective. We shall now construct an
isomorphism from the top right hand corner of (33) to the top right
hand corner of (34), and also prove that the top row of (33) is injective.
To this end, we shall construct a map
(35)

A{{xEi ∣ i ∈ N0 }} → ∏ A[[xk ]]
k∈Z

where on the left hand side, the double braces mean the product of
copies of A over the given basis. Indeed, the map (35) is not difficult
to construct simply by expanding the series on the left hand side in the
given variable xk .
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Now order the basis elements of the factors on the right hand side
of (35) as follows: Let
xEi = xk(i) xEi−1 , i > 0.
Then let m(i) be the exponent of xk(i) in xEi . Then let the i’th element
of our basis B of the right hand side of (35) be
m(i)−1

xk(i)

.

Then by expanding x` in x(k(i) , the base-change matrix between the
basis (xEi ) and the basis B is lower triangular with the diagonal coefficients momonials in the uk ’s, k ≠ 0. It follows that if we invert these
uk ’s, the matrix becomes invertible.
Additionally, however, the generators aE
ij are just expansions of the
formal group law ∆(x) in terms of the basis xEi . However, we know
that on the right hand side of (35), the expansion of ∆(x) is just
obtained in terms of the aij , bij , and uk ’s. Therefore, we obtain an expression of each bij in terms of the aE
i′ j ′ ’s, and, in return, the expression
E
of aij times some monomial in the uk ’s in terms of the bi′ j ′ , ai′ j ′ and
uk ’s. This implies both that A cannot have any uk -torsion, and that
−1
A[u−1
k ∣ k ≠ 0] ≅ M U∗ [ui , ui , bij ∣ i ≠ 0, j ≥ 0].

Thus, we have identified the upper right corner of the diagrams (33),
(34), and by construction, the identifications of the lower left and upper
right corners coincide on the lower right corner.
1
Now it is a result of Comezana [3] that the coefficients of M U∗S are
concentrated in even degrees, and hence, the diagram (34) is a pullback.
Thus, we obtain a homomorphism of rings
(36)

A → M U∗S

1

by universailty. On the other hand, the diagram (33) is always a pullback when the top row is injective. Therefore, (36) is an isomorphism.
But then this also implies that the data provided by the elements aE
ij ,
uk indeed define an S 1 -equivariant formal group law on A, which, as
already noted above, proves that this S 1 -equivariant FGL is universal.
◻
It is interesting to add a comment on what happens to the regular
flag V in the case of S 1 (of course in that case, by α, we mean the
tautological irreducible representation). As already remarked, this flag
is not complete, since it does not contain the representations αn with
n > 0, but also because it only contains one copy (instead of infinitely
many copies) of each representation. Nevertheless, it is still possible
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to expand ∆(x) with respect to this flag, and therefore the elements
1
aij ∈ M U∗S exist.
1

Proposition 7. The elements aij ∈ ΦS M U∗ are Laurent polynomials
with coefficients in Z in the Euler classes un , n > 0.
Proof. Let V denote the union of the spaces Vi . Then the S 1 -fixed
points of the projective space P (V) are identified with the infinite discrete set N0 . Additionally,
(37)
̃1 ] ∧ M U )∗ P (V) = (EF[S
̃1 ] ∧ M U )∗ (P (V))S 1 = ∏ ΦS 1 M U ∗ .
(EF[S
n∈N0

Now analogously to the case of the complete flag, we have a lower
triangular (topological) base change matrix from the basis xVi to the
basis given by the generators of each factor on the right hand side of
(37). This time, however, since we are only looking at the constant
terms, the diagonal elements are only monomials in the un ’s, n > 0
(they do not even depend on the aij ’s!). Since, on the other hand, the
expansion of ∆(x) in terms of the topological basis on the right hand
side of (37) are also the un ’s with n > 0, the statement follows.
◻
We should comment that over Z/n, the formulas given by Proposition
7 for aij , i, j < n, are still valid. This is because when ∆(x) is expressed
in terms of the basis B given by 1’s in each factor on the right hand
side of (37), we will get ui+j in the (i, j)’th factor. Now the base-change
matrix P from the basis (xEi )i∈N0 to the basis B is
⎛
⎜
⎜
P =⎜
⎜
⎜
⎝

1
0
0
0
1 u1
0
0
1 u2 u2 u1
0
1 u3 u3 u2 u3 u2 u1
... ... ...
...

...
...
...
...
...

⎞
⎟
⎟
⎟
⎟
⎟
⎠

To get aij , we need to base-change using the matrix P −1 ⊗P −1 . However,
we will only need the first i rows of the first factor and the first j
rows of the second factor. Therefore, we do not divide by any un for
n > max(i, j). This can be proved by solving recursively for a`m in the
following generalization of formula (9):
`

m

i−1

j−1

uk = u` + um + ∑ ∑ ai,j (∏ u`−s )(∏ um−t ).
i=1 j=1

s=0

t=0

When one of the indices is greater or equal to n, the formula will
contain un denominators, which makes no sense, since un = 0. On the
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topological side, note that there is not direct functoriality between ΦS
and ΦZ/n .

1

5. The case of a general abelian compact Lie group
We are now ready for the case of a general abelian compact Lie group
G. Let E be a G-complete flag.
Theorem 8. The ring M U∗G is given by the generators aE
ij and uα ,
̂ and the relations (15), (10),
α∈G
(38)

uα +F uβ = uα⊗β .

Moreover, this ring supports the universal G-equivariant formal group
law.
Proof. It suffices to prove this result for a torus. This is because by
[12], for a general compact Lie abelian group G embedded into a torus
T , M U∗G is known to be a quotient of M U∗T by the relations on Euler
classes given by the embedding G ⊂ T . For a torus, we prove the
statement by induction on its rank. Let the statement be known for a
torus T of a given rank m. Then we proceed to prove it by induction
on n for G = T × Z/n. To this end, choose the flag E in such a way that
for the representation α given by composing the projection G → Z/n
with the standard representation of Z/n, E starts with
1, α, . . . , αn−1 .
That way, the stated generators and relations are equivalent to a set
of generators and relations containing the Euler classes wγ of representations γ of T , and the Euler class u of α. The relations (38) are
included only for the representatinos wγ , and there is an additional
relation (10) (since u2 , ⋯un can again be expressed using (9)). Now an
analog of Lemma 4, and the conclusion of the proof of Theorem 3, can
be proved the same way, replacing M U∗ by M U∗T . (Note that by [12],
M U∗T ⊂ ΦT M U∗ is an integral domain.)
◻
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