LOGARITHMIC POTENTIALS, QUASICONFORMAL
FLOWS, AND Q-CURVATURE

MARIO BONK, JUHA HEINONEN, AND EERO SAKSMAN

Abstra ct. By using quasiconformal flows, we establish that ex-
ponentials of logarithmic potentials of measures of small mass are
comparable to Jacobians of quasiconformal homeomorphisms of
R", n ! 2. As an application, we obtain that certain complete
conformal deformations of an even-dimensional Euclidean space
R" with small total Paneitz or Q-curvature are bi-Lipschitz equiv-
alent to standard R".

1. Intr oduc tio n

A nonnegitive locdly integrable function in R", n ! 2, is called a
weight A weight w is said to be comparableto a quasionformal Jaco-
bian if there exist a quasicorformal homeomaphism f: R" " R" and
aconstant C'! 1 sud that

(1.1) %w(m) # Ji (2) # Cw(x)

for almost every z $ R". Here J; (z) = det(Df(z)) is the Jacobian
determinant of the (almost everywhere debned) total dilerential D f
of f. The quasionformal Jacobian problem asksfor a characteriza-
tion of the weights in R" that are comparable to a quasiconfomal
Jacdvian. Counterexamplesto some natural conjectures about quasi-
conformal Jacobians have been obtained by various authors, notably
by Semmeq29], Laakso [23], and Bishagp [5]. For positive results and
more badkground see[6], [22].

The problem has an intereging connectionto the problem of bi-
Lipschitz parametrization of metric spacesby R". For example,con-
sidera conformd deformation ¢ of the standard Riemannian metric gq
of R"; that is,

g= 62“90
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for somesmooth function »: R" " R. Then the Riemannian manifold
(R", g) is bi-Lipschitz equivalert to (R", go) if and only if the weight
w = e™ is comparable to a quasiconfomal Jacobian. This fact fol-
lows directly from the depnitions and basic properties of quasiconfe-
mal mappings (seeLemma 7.3 below). There is also a framework for
weights that dispenseswit h the smoothnessassumptian in the preced-
ing example. We will not discuss this framework here, but refer to [12],
[28], [30], [6]. (Seehowever Remark 1.4.)

In our ealier paper [6], we usal the preceding fact and a result of
Fu [16]to obtain that weights of the form ¢?, for functions v with dis-
tribut ional gradient %u in L?(R?), are comparable to quasiconfomal
Jacdiansin R?. In fact, Fu shaved that a complete conformal defor-
mation of R? is bi-Lipschitz equivalent to standard R? if the Gauss
ian curvature of the deformed surfacehastotal variation lessthan an
absdute constart ¢, > 0. We showved in [6] that functions « with
%u $ L*(R*) admit a decomposition u = s+ b, where&' s& 1(g2) < o
andb $ L>(R?). A sharp versionof FuOsesult was givenin [7], where
it was alsoshown that one cantake ¢ = 2.

In this paper, we proceedthe opposite way. We will shav directly
that certain weights are comparable to quasiconformal Jacobians. Then
applications to the bi-Lipschitz parametrization problem follow. Our
Prst main result, Theorem 1.1, gives that exponertials of logarithmic
potentials of signed measureswith small enoudh total massare com-
parable to quasiconformal Jacobians in R" for every n ! 2. As an
application, in Theorem 1.3, we obtain a courterpart of FuOseault in
even dimensions,where Gaussiancurvature is replacedby the Paneitz
or @-curvature recertly studied in [14], [10], [11], [9], [8], [18], and
elsavhere.

Our principal method in this paper is to usequasiconfomal Bows. It
appearsthat this method has not been applied previouslyin connectian
with the quasiconforma Jacobian problem, or the related problem of
Pnding bi-Lipschitz parametrizations of spaces Note that there are
marny applications of quasiconformal Bowsin dimensionn = 2 (seee.g.
[4]), but lesssoin higher dimensions.

We now describe our main results in more preciseterms.

A function v: R" ™ [( ,( ], n! 2,is saidto be a logarithmic
potential if u is Pnite almost everywhere and if there is a signed Radon
measurey, of Pnite total variation on R" sud that

(1.2) u(z) = Lp(x) =" logle" yl du(y)

]Rn
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for almostevery x $ R". We write Ly := Ly, if du(x) = ¢(x) dx for
a function ¢ $ L!(R"). Here and hereafter, dz indicates integration
with regpect to Lebegue measure.

It is easy to seethat a potential Ly is Pnite almost everywhere if
and only if

13) [ tog" Il dlults) < -

It is alsowell-known and easy to see that Ly is a BMO-function. In
particular, Ly is locally exponertially integrable and lies in Lf (R")
for all p! 1. We gather some further basic results about logarithmic
potertials in Section4.

We denote by &:&= |u|(R") the total variation of a measurey.

Hereis our Prst main result.

Theorem 1.1. For eachn ! 2 there existsa positive constant ¢, with
the following property. If u is a signel measure on R" satisfying (1.3)
and &:& < ¢, then the weight

w(z) = "X z$R",

for the loganthmic potential v = Ly is comparableto a quasionformal
Jacobian.

More precisely, there existsan H’-quasionformal mapping f: R" "
R" suchthat (1.1) holds,where H’ and C degendonly on n. Moreover,

we can take ¢, = {5 4127 2" 4=,

A di! erert versionof this theorem is formulated in Proposition 7.2.
If we denotethe supremum of all constants ¢, for which Theorem 1.1
is true by vy, then

n o, _4(n—
(1.4) % 127 M= g~ 1
The upper bound follows because the logarithmic potential
u(x) = Log(x) =" log|z|
corresponding to the Dirac measure 9, producesthe weigh
1

||
which is not locally integrable near the origin and so cannot be com-
parable to a quasiconfemal Jacdian.

By the resultsin [7], we know that v, = 1. It is tempting to guess

that onewould have~, = 1for all n! 2, but a proof of this is beyond
the methods of this paper. Moreover, in [7], there is no constrant on

w(z) = ™™ =
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the negative part of the measureu beyond its Pniteness. It would be
interesting to know if somethingsimilar holdsin higher dimensions.
Our proof of Theorem 1.1 requiresa more geneal result, where we
considera classof functionsthat areobtained by composinglogarit hmic
potertials with quasiconfemal mappings. We say that a function u is
a quasi-lgarithmic potential if v = (Lu)) g, where Ly is a logarithmic
poterntial and g: R" " R" is a quasiconfommal homeomaphism. By a
theorem of Reimann [24], quasiconformal mappings presene the space
BMO(R"), and so every quasi-logarithmic potential isa BMO-function.

Theorem 1.2. For eachn! 2 and H! 1 there there exist constants
g0 >0, H'! 1, andC! 1 with the following property. If g: R"" R"
is an H-quasionformal mapping and if p a signel measure on R"
satisfying (1.3) and &:& < ¢q, then there existsan H’-quasionformal
mapping f: R" " R" suchthat (1.1) holds, whee

w(z) = ™™, x$ R",
for the quasi-lggarithmic potential v = (L)) g.

Note that Theorem 1.1 follows from Theorem 1.2 by choosing ¢ to
be the identit y mapping (then we cantake H = 1 in Theorem 1.2).

Next we desribe the mentioned application in even dimensons. Let
g = e¥Mg, designae a smooth conformal change of the standard metric
go in R", wheren $ N is even. We asume that X" = (R",g) is a
complete Riemannian manifold. The Paneitz or ()-curvature of X is
given by

(1.5) Q=rc ™" ") "

Thus, the Paneitz curvature is an nth-order dile rential invariant of
the metric. Various normalizations for -curvature appearin the liter-
ature. Our choice correspondsto the oneusedin [15] and givesequdity
of Q-curvature and Gaussan curvature for n = 2.

Following [11] for n = 4, we call a complete smaooth conformal metric
in R" normal if the Paneitz curvature is in L!'(X) and the conformal
factor has a represenation

1
(1.6) u(x) = = | log lx',ylylcg(y)e“um dy + const,
n R
where
(1.7) dy = 271 (02) A2,
Note that

(™ "2log = dndx,-

| ol
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This accouns for the normalizing constants in (1.6); indeed, (1.6) is
valid (in the distributio nal sense)for u(x) = log|z"' x|, 2o $ R\ {0}.
For n = 2 every completemetric in L*(X) is normal [20]. If the scalar
curvature of the metric is nonnegtive nea inbnity, then the andogous
statemert is true for n = 4 [11, Theaem 1.4] and for arbitrary evenn
provided that w« is also radially symmetric [13, Theaem 3.8].
The following result is es®rtially a cordlary to Theorem 1.2.

Theorem 1.3. For eachevenn $ N there exist constants¢, > 0 and
L, ! 1 suchthat every Riemannian manifold X" = (R", g) is L,-bi-
Lipschitz equivalentto (R", g;) wheneverg = ¢! g, is a smaoth normal
metric in R" whosePaneitz curvature satispes

1
(L8) - [ 1a1av <
dn Jx

We can chasec, = {5 41272 (=bn,

Here dV; meansintegration with respect to Riemannianvolume; so
in our situation

AVy(x) = ™™ dg.

We do not know whether the bi-Lipschitz mapping provided by Theo-
rem 1.3 can be chosen to be a di'leomorphism.

In an earlier version of this paper the previous theorem was only
formulated for n = 4. The authors would like to thank A. Chang,
P. Yang, and oneof the refereedfor pointing out that our proof actually
givesa similar result in all even dimensions.

We have made an e! ort to make this paper accessibleto readers of
varied background. In particular, several standard results about quasi-
conformal mappings are collectedin Sedion 2. Similarly, in Section 3
we discussquasiconformal 3ows in considerable detail. There we also
prove a slightly strenghened version of a result of Reimann that is
suitable to our purposes (Proposition 3.6). But seealsoRemark 6.2

In Sedion 4, we gather somefacts about logarithmic potentials; these
results should be well known, but rather than searching for a reference,
we provide the easyproofsfor the convenienceof thereader. In Sectin
5, we prove the main auxiliary result (Proposition 5.3). This reault
assertsthat every quasidogarithmic potential agrees,up to a bounded
function, with a divergenceof a vedor bPeldv for which Sv is bounded,
whereS is the Ahlfors operator measuring the deviation of a vedor pdd
from a confamal generabr.

Theoremsl.1 and 1.2 will be proved in Section6, and Theorem 1.3
will be provedin Section7.
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Remark 1.4. Theoremsl.1and 1.2 give an appropriate result about
bi-Lipschitz equivalenceof spacesakin to Theorem1.3in all dimengons
n ! 2. Namdy, assumethat « = Ly is a logarithmic potential with
w satisfying (1.3) and ||u|| < ¢n, where ¢, is the constant appeaing
in Theorem 1.1. Then it follows from Theorem 1.1that w = e™ is a
strong A.-weightin the senseof David and Semmeg12], [28], such that
the asscciated quasimetric space (R", dy,) is bi-Lipschitz equivalent to
R". Here

1/n
(1.9) dw(z,y) = (/B e dz)

with By = B(z,|z" yl)* B(y.|ly" zl).

There is also a local statemert as follows. If v« = Ly is a loga-
rithmic potential with ; satisfying (1.3) and not having atoms with
massexceeding ¢,, then ewvery point in R" has a neighborhood sud
that the neighborhood equipped with the quasimetric d,, asin (1.9) is
bi-Lipschitz equivalert to an opensetin R".

Analogous statements are true about quasi-logarithmic potentials by
Theorem1.2

Remark 1.5. It wasprovedin the aforemertionedpaper [6]that every
distributi on v in R? with %u $ L?(R?) can be written asthe sum of
a logarithmic potential of a measure (with arbitrarily smadl prescribed
mass)and a boundedfunction. It follows from this that the set

{logJ; : f: R"" R" quasiconformal} + L>*(R") + BMO(R")
contains the homogeneougquasi-)confomally invariant Sokolev space
L'™(R™ :={u$ L,.(R") :%u$ L"(RM)},

if n = 2. It remans an open problem whether this fact holds also
for n ! 3. One cannot derive sud an asrtion from the reaults of
this paper, for it is not possible to writ e every function in L'"(R") as
the sum of a logarithmic potential and a boundedfunction, if n ! 3.
This follows from the fact that the setswherefunctionsin L*"(R") can
be inPnite (in an appropriate sense) are in generalbigger in sizethan
similar setsfor logarithmic potentials. See,for example,[19, Theorem
2.27 and Lemma 10.7]. For further open problems along theselines,
see[6, Section4].

Notation. Our notation is mostly standard. We denoteby B(a, r) the
openball and by B(a, r) the closedball in R" of radiusr > 0 certered at
a. Vedorsin R" are considered ascolumn vectors. The standard basis
in R" is denotedby e1,...,en. If u,v $ R", then |u| is the Euclidean
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norm of u, and (u av) the standard scalar product of v and v. We
let M,(R) dende the sd of real-valued (n, n)-matrices,with I, the
(n, n)-identity matrix. If A$ M,(R), then AT is the transpose, tr( A)
the trace, and |A| the operator norm of A. If u = uje; + @84+ upen
and v = vye; + &4+ v,e, are vectors in R", then - v is the matrix
A= (aj)$ My(R) with entries aj = wjv;.

The Lebeggue measureof a measurableset M in R" is denoted by
| M|, and the LP-norm of a measurablefunction « on R" by &:&,. Unless
otherwise indicated, all integrals are taken over R". The vector space
of compactly supported smooth functionsin R" is dended by C3°(R").
The support of a function ¢ is dended by spt(y).

If A and B are two quartities, we write A . B and A! B if
there exists a constant C' > 0 depending on some obvious or explicitly
specibed parameters such that (1/C)B # A # CB and A # CB,
respectively. We write C(a,b,...) for a positive constant that can be
chosenonly to depend on the parametersa, b, . ... The value of sud a
genericconstart may vary from line to line.

2. Quasiconf ormal mappings

In this section, we recall some basic facts about quasiconfemal map-
pings; for the proofs we refer to VaisalaOsnonograph [32].
An orientation preservinghomeanorphism f: R" " R", n! 2,is
guasionformal if
sup H(z, f) < ( ,

XER”
where

— 170" F@)l
(2.1) Hx, )= “Tfoup\u_xilf\l/r—)x\:r lf()" @)

In this paper, by the (maximal) dilatation of a quasiconformal mapping
f:R"™ R" we mean the linear dilatation of f, dePned by

(2.2) H(f) = esssUpepnH(z, f) = &H(a f)& -

The inverseof a quasiconformal mapping is quasiconformal, and
(2.3) H(f)= H(f™).

We also have that

(2.4) H(f1) f2) # H([)H(f2).

A quasiconfomal mapping f is called H-quasionformal, H ! 1, if
H(f)# H,andafamily of quasiconfemal mappingsis caled uniformly
guasionformal if there exists H ! 1 such that every mapping in the
family is H-quasiconfomal.
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We alsorequire the following analytic dePnition for quasiconformal
mappings. A sensepreservinghomeomorphism f: R" " R", n |
2, is quasiconfemal if and only if f is in the local Sdolev space
WM (R"; R") and there exists K ! 1 sud that

loc
(2.5) |Df()" # K Ji (2)

for almost every x $ R", where Df(x) dendes the formal (distribu-
tional) di'erential matrix of f. The constart H in (2.2) and theinPmal
K sud that (2.5) holds depend only on ead other and n.

A homeomaphism f: R" " R" is called n-quasisymmetricif there
existsa homeomaphism n: [0,( )" [0,( ) sud that

(26) |ﬂw:ﬂm#n(w:ﬂ)

1f(2) " f(=) |z"
whenever z,y,z $ R" are distinct points. Every H-quasiconfomal
mapping is n-quasisymmetricwith a function n = 7,y that depends
only on n and H [33].

In order to have an explicit estimate for the constant ¢, in Theo-
rem 1.1, and consequetly for the constant ¢ in Theorem1.3, werequire
an explicit estimae for the function 7, . It is givenin the next lemma
which is a consequence of standard distortion theorems for quasicon-
formal mappings. Except for estimating the constant ¢,, Lemma2.1is
not usedelsewherein the paper. Estimate (2.7) is certainly not shamp,
and probably better estimatesexist in the literature. However, even a
sharp estimate for n, 4 would not yield a consderable improvemert in
the constarnt ¢,. Our objective here is to show that with our method
someexplicit estimate can be given.

Lemma 2.1. Let f : R"" R" bean H-quasionformal mapping. Then
(2.6) holdswheneverz, y, 2 $ R" are distinct points and

(2.7) n(s) = nop () = 41O N(@+ ) s>0.

Notethat n(s) /" Oass" 0in (2.7), but the given expressionfor n
is su#cient for our purposes.

Proof. We may assime that = = f(z) = 0. Put ¢/ := f(y) and 2’ :=
f(z). If s = 1y|/I/] # 1, the desired inequality holds, so suppose
s' > 1.

Let $ bethe family of all pathsin R" connectingE := f~'(B(0, |2']))
and F == R"\ f~YB(0,|y])). Then 0,z $ E while F is an un-
bounded connected set containing y. A standard symmetrizaion ar-
gumert shows that the n-modulus of $ (see[32]) satisbes

(2.8) Tn(s) # mod,($),
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wheres = |y|/|z] and 7,: (0,( ) " (O,( ) is the function that gives
the n-modulus of the Teichmuller ring

Rs = R"\ ([' e1,0]* {Xer i A! s}).
It is known that
(2.9)

(log(4ex—2(s + 1)))”‘1

for all s > 0, wherew,_; is the surface measureof the unit (n"' 1)-
sphere[34, pp. 88E89]. (Note that there is a typo in [34, Lemma 7.22
(2)]. Oneshauld write: ¢ > 0.) The quasi-invariance of modulus gives
that

# 1(s)

(2.10) mod, ($) # H" ' mod,(f($)).
On the other hand, we have that

_ Wn-1
(2.11) mod, (f($)) = —(Iog ST

Inequalities (2.8)D(211) imply that s’ # n(s), wherenisasin (2.7). "

Quasiconformal mappings preseve sets of Lebesguemeasurezera
Moreover, the following change of variables formula holds: if f: R" "
R" is quasiconfornal, then

(2.12) / w) f(2) i () da = / u(y) dy

for every integrable function »: R" " R.

The next lemmais a consequence of (2.12 and the fact that quasi-
conformal Jacobiansare A..-weights (quartitativ ely) [17], [31, Chap-
ter V).

Lemma 2.2. Let f: R"" R" bean H-quasionformal mapping. Then
there exist constantsa = a(n, H) > 0 and C = C(n, H) > 0 suchthat
for every kall B + R",

1 Y
o 4@ 4 ()

An immediate application of this lemmais the following useful fact:
if u$ LY (R") foral p! land f:R"" R"is quasiconformal, then
u) fislocally integrable (cf. the proof of Lemma 3.3 below).

Every sequencd fy), £ $ N, of uniformly quasiconformal mappings
subconvergesto a quasiconformal mapping (i.e., it has a locally uni-
formly convergen subsequenceif suitable normalization conditions are
imposed. For example,it is enoudh to assumethat both |f«(0)| and
| fk(e1)| are boundedfrom above, and that |fk(e1) ' fk(0)| is bounded
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from below, by positive constants that are independen of £ . Alter-
natively, it is enaugh to require that | f,(0)| is uniformly boundedand
that there existsa constant C'! 1 and a ball B sud that

1# /Jfk(x)dx# C
B

C
for al £ $ N. A quasiconfemal limit mapping of a sequence of H-
guasiconformal mappingsis H’-quasiconfemal with H’ depending only
onn and H.

We denoteby Qq(n, H) the family of H-quasiconfemal homeoma-
phisms f: R" " R" normalized sothat f(0) = 0 and f(e;) = e;. By
the preceding discus$on, every sequencein Qq(n, H) subconvergesto
an H’-quasiconfomal map, where H' = H'(n, H).

Mappingsin Qq(n, H) are locally uniformly Helder continuousin the
following sense:for ead R > 0 there exist constants o = a(n, H) > 0
and C = C(n, H, R) > 0 sud that

(2.13) [f()" f)I# Cla* ol

whenerer f $ Qo(n, H) and =,y $ B(0, R). Moreover, there are con-
stants 5 = ((n,H) > 0and C = C(n, H) > 0 sud that

(2.14) |f(@)| # CL+ |z]),
whenever [ $ Qo(n, H) and x $ R".

3. Quasiconf ormal flo ws

Let v: R" " R" be a continuousvector bPeldin R", and a member of
the local Scholev space W,'(R™;R™), n'! 2. The Ahlfors operator S
on sud pPeldsis debPnedby

(3.1) Sv = }((Dv) + (Dv)")" ltr( Dv)I, ,
2 n

where the distributional derivative Dv of v is an almost everywhere
debnedlocally integrable matrix-v alued function on R".

The operator S was introduced by Ahlfors in [1], and studied later
by Ahlfors [2], [3], Reimann [25], Seme&ov [27], and others.

Note that S annihilates vedor peldsv of the form

(3.2) v(z) = Az with A= B+ M,

where B is a skew-symmetric matrix and A $ R. These vector belds
generde conformal Rows.
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The map = 0" [Sv(x)| that assignsto a point + $ R" the operator
norm of the matrix Sv(x) is an almost everywhere debPnedlocally inte-
grable) real-valued function. We denote the L>°-norm of this function
by &Své&,..

We require the following fundamenal reault about quasiconformal
Bows dueto Reimann[25 Theoremsl, 3, and 5]. (Notice the misprint
in [25, Theorem 1], where one should write n! 2.)

Proposition 3.1. Letv: R", [0,a] " R" be continuoustime-dependent
vector Peld suchthat for eacht $ [0, a] the function v; := v(4t) has
locally integrable distributional derivatives satisfying

(3.3) &Sv(a1)&. # c,

wheee ¢ is a constant independentof t. Moreover, assumethat there
existsa constant C' > 0 suchthat

(3.4) [v(z, )] # C(1+ |z|log” |z])

for all (z,t) $ R", [0,a]. Then there existsa unique solution f: R",
[0,a]" R" of the Bow equation

35) I = (@), 0=

Moreover, for everyt $ [0, a] the t-advan@ map f; ;= f(4t): R"" R"
is H-quasionformal with H = ¢,

We note that the bound in (3.3) is not enoughto guarantee the
existenceof the Row for all timest¢ $ [0, a], but the additional growth
condition (3.4) is alsorequired.

The rest of this secti is dewted to proving Proposition 3.6 which
givesan expression, (3.15), for the Jacdian of a quasiconformal map-
ping generaed by a 3ow as in the previous proposition. While for-
mula (3.15) is well known for smooth vedor Pelds its proof under our
relaxed smoothnessassumptionsis more subtle. We brst derive se\erd
statemerts that complemen ReimannOsnvestigations in [25]. (See,
however, Remark 6.2 below.)

The following lemmais an easy consequencef the quasisymmetry
(2.6), the change of variables formula (2.12, and Proposition 3.1. We
leave the proof to the reader.

Lemma 3.2. Letv: R", [0,a]" R" be a vector beldas Proposition
3.1, and let f; be the solution of the asseiated 3ow equation as in
(3.5). Then the map (x,t) 0" fi(x) is continuous. Moreover, for each
ball B + R" there existsa constant ¢ > 0 suchthat

(3.6) (B! c
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for all ¢ $ [0, a].

If v is vedor bPdd asin Proposition 3.1, then for each ¢t $ [0, ] the
function v; is almost everywhere dilerentiable and the total di! eren-
tial of the vedor bdd v, agreeswith the distributional derivative Dv;
almost everywhere [25, Corollary of Proposition 15]. Set

(3.7) V(x,t) .= Dvy(x).

Then the entries of the matrix V(x,t) at almost every point (z,t) are
limits of dilerence quotients of the componert functions of (x,¢) 0"
vi(x). Since these componerts are jointly continuous in =z and ¢,
it follows that the map (z,t) 0" V(z,t) is amost everywhere de-
Pnedand measurable. A similar argumert also shows that the map
(z,t) 0" D fi(x) is measurable,since quasiconfemal mappings are al-
most everywhere dilerentiable. Finally, because quasiconformal map-
pings presene setsof measurezerg the map (z,t) 0" V(fi(z),t) is also
measurdle.

Lemma 3.3. Let v: R", [0,a] " R" be a vector bPeldas in Propo-
sition 3.1. Then for all p ! 1 and for all balls B + R" there exists
C'! 0 suchthat

(3.8) /B|th(a:)|pda:# C

for all ¢ $ [0,a]. Moreover, the maps
(3.9) (z,1) 0" V(fi(x),?) and (z,t) 0" V(fi(2),t)D fi(x)
are locally integrablein R", [0, a].

Proof. Fix p! 1andabxbal B+ R". We may cleally assume that
p>1. Let x $ C5°(R") be sud that x|B = 1 and consider

vi(z) = v(z,1) = x(2)v(z,1)

for (z,t) $ R", [0,a]. Then Dv, = Dv; on B for all t $ [0, ], and so
it is enoudh to prove a uniform bound asin (3.8) for ¥;. Next, we have
that Dv, = xDv¢ + v¢ - %)y, which togetherwith (3.3) and the local
uniform boundednesf v, implies that there exists¢ ! 0 sud that

&S¥i&, # ¢

for all ¢ $ [0,a]. Thence,the vedor Peldsv; being supported in some
pPxedball B’ independent of ¢, there existsC; ! 0 sud that

(3.10) / ISv(2)Pdz # C,
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for all t $ [0,a]. Moreover, there exists a singular integral operator
of Calderen-Zygmund type mapping Sv; to D, (see[25, Cordlary to
Propositions 10 and 11]). Sincesud operators are boundedon LP(R")
(we need the asuumption that p > 1 here), the uniform bound (3.10)
implies a uniform bound asin (3.8) for ¥, asrequired.

To prove the secondassertion, note that the family (), ¢t $ [0, a],
is uniformly quasiconformal by Proposition 3.1 Lemma 2.2 together
with inequality (3.6) then implies that

(3.11) /B(th(x)—! de # Cy

for all ¢ $ [0, a], for same constarts o > 0 and C; > 0 that are inde-
pender of t. Next, let p= 1+ 1/« and bxa ball B’ with f;(B) + B’
for all ¢ $ [0,a] (cf. Lemma 3.2). By the change of variables formula
(2.12), and by HelderOsnequdity, we have that

/B V(fila), B)] de

i (/B [V (fe(2), )P (2) da:) * (/B Ji, (2) dﬂf) e

1/p
# 03(/ |th(y)|pdy) #Cy.
B!

whereby (3.11) and (3.8) the constaris C; and C, are independen of
t. Similarly, we have that

( / |V(ft(x),t)th(a:)|dx) e / V(). ) D fi()]" de
B B
¥ Cy /B V@), 01N () de

# Co [ |Dvi()|"dy # C7,
B!

wherethe constants C5, Cg, and C; areindependert of ¢. Note that the
uniform quasiconformality of the maps f; and the analytic depPnition
(2.5) was used here.

This concludesthe proof of the lemma. "

Reimann proved in [25, Theorem 4] that the variational equéion

(3.12) Dfi(x) = I + /O V(fu(2), 1) D ful) dr

isvalid for aimost every (z,t) $ R", [0, a]. This statemert is not strong
enoudh for our purposes, sincewe would like to derive a statemert for
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the Jacobian determinart J;, = det(Df;) of f; for everyt $ [0,a]. We
will use a slightly di'e rent method and show that, for all ¢ $ [0, a],
equaton (3.12) holds for almost every x $ R". To this end, set

(3.13) M(zx,t) = I, + /o V(fe(x), 7)D fu(x) dT .

Note that by Lemma 3.3 for almost every = $ R" the matrix M(x,t)
is debnedfor all ¢ $ [0, a].

Lemma 3.4. For eacht $ [0, a] the almost evelywhee debné matrix
function M (4t) is the weak derivative of f;.

In particular, for all ¢t $ [0, a] we have D fi(z) = M(x,t) for almost
every z $ R". This implies the improved version of the variational
equation (3.12) discusedabove.

Proof. We have to shav that if x $ C5°(R"; R") is a vector-valued test
function, then

/X(x)TM(x,t) de =" /ft(x)TDx(x) dx.

This follows from a straightforward computation involving FubiniOshe-
orem and the 3ow equation:

/X(x)TM(x,t) dz' /X(I)le‘
= /(/0 X(JJ)TV(f#(%),T)Df#(x)d7>dx

/o (/ X(@) "V (fa(@), 7) D fa(2) dx> dr

' /Ot (/ v(fa(x), )" Dx(x) dx) dr
([ v s

' / (f()' ) Dx(x) dz

' /ft(x)TDx(x)dx' /X(x)de.

Here we also used the fact that the map (z,t) 0" V(fi(z),t)D fi(x) is
locally integrable (Lemma 3.3), and the fact that for each ¢t $ [0, a]
the map = 0" V(fi(x),t)Dfi(x) is the weak derivative of v ) f; [25
Cordllary to Proposition 17]. "
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Lemma 3.5. Let M, N: [0,a] " M,(R) be matrix-valued functions.
Supmsethat M is continuous, that NV is integrable, and that

M(t) = [n+/ON(T)M(T)dT

for all ¢ $ [0,a]. Then

t
(3.14) det(M(t)) = exp( / tr( N(7)) dr)
0
for all ¢t $ [0, a].
Proof. Debne
a' = sup{t $ [0,a] : M(7) is invertible for all 0# 7 # t}.

Since M (0) = I,, we have 0 < o' # a. Moreover, M (t) is invertible for
all ¢ $ [0,a'). Considerthe function g dePnedby

g(t) = det(M(t)) exp(‘ /0 tr( N(7)) dT)

for t $ [0, a]. Then g is absolutely cortinuous, and hencedilerentiable
almost everywhereon [0, a].

If ¢t 0" A(t) $ M,(R) isamatrix-valuedfunction that is di! erertiable
at a point to and if A(%y) is invertible, then

= det(A(to)) tr( A'(to) A(to) ™).

t=to

d
- det(A()

Usingthis fact, a straightforward computation shovsthat ¢'(¢t) = 0 for
almost every ¢ $ [0,d’). Sinceg(0) = 1 and g is absolutely cortinuous,
it followsthat ¢(¢) 1 10on]0,d’), and so(3.14) is true for all ¢t $ [0, a').
By continuity this equdity extendsto ¢t = «’, showing that M (d') is
invertible. If ¢’ < a, thenagan by continuity, M(t) would be invertible
for all ¢ in an interval larger than [0, a'] contradicting the debnition for
a’. Henee o’ = a and the lemmafollows. "

We now cometo the main result of this section. It shapens Rei-
mannQOsesult along the lines explainedjust before Lemma3.4. In the
following, we dende by div vy = tr( Dv;) the formal divergence of the
vector peld vy.

Proposition 3.6. Let v: R", [0,a] " R" be a vector beld as in
Proposition 3.1. Then for all ¢ $ [0, a] we have

(3.15) l0g Jr, (z) = / div vy (fo(2)) dr

for almostevely z $ R".
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Proof. DebnelM(z,t) asin (3.13). Sincethe map

7 0" V(f4(x), 7) D fu(x)

is integrable for almost every x $ R" by Lemma 3.3 the map ¢ 0"
M (x,t) is continuous for almost every z $ R". By Lemma 3.4 we have
that M(xz,t) = Dfi(x) for aimost every (z,t) $ R", [0,a]. Thus,
for almost every ' $ R" we can replace the function = 0" D fx(z) by
70" M(x,7) in (3.13). This implies that for almost every x $ R" we
have

M(z,t) = I + / V(fu(), 7) M (2, 7) dr

for every t $ [0, a]. Moreover, by Lemma 3.3 for almost every  $ R"
the map 7 0" V(fx(z), ) is integrable.

These consideraions shawv that there existsaset N + R" with | V] =
0 sudh that for z $ R"\ N the functionst 0" M(t) = M(z,t) and t 0"
N(t) = V(fi(x),t) satisfy the hypothesesof Lemma3.5. In patrticular,

log(det(M (x,1))) = /0 tr(V(fa(x), 7)) dr = /0 div vy (fu()) dr

whenever x $ R"\ N and ¢t $ [0,a]. Sincefor al ¢t $ [0,a] we have
Ji,(x) = det(M(z,t)) for almost every  $ R" by Lemma 3.4, the
statemert follows. "

4. Logar ithmic potential s

In this section, we collect same standard facts about logarithmic po-
tentials, and provide the proofs for convenience.The edimates

log™(ab) # log* a+ log' b,
and
log"(a+ b) # 1+ logta+ log* b

for a,b6$ (0, ( ) will be used repeatedly in the following.
Let 1 be a signed measureon R" of bnite total variation. It is well
known that the maximal function My of p,

1
M = _ d R"
)= swprpe [l SR

r>0

is Pnite for almostewery x $ R". It is easyto seethat if Mu(x) < ( ,

then
/ |og+(_,1 )dlul(y)<(-
lz" yl
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If, in addition,
J’_
[ 1og" i) < (

then
/M¢M'mwmw#/mwmwmwwunﬂmw<<,
and hence

LG # [ 1ol vl i)
=/Qwﬂx'm+m¢(ﬁia))wmw<(.

In particular, the logarithmic potential Lu of a measure with Pnite
logarithmic moment as in (1.3) is Pnite almost everywhere.

Lemma 4.1. If ¢ is an es®ntially boundel measurable function with
compact supprt on R", then Ly is Lipschitz continuous.

Proof. The measure i debnedby du(y) = ¢(y) dy satisPes(1.3) and
has a Pnite maximal function at every point; hence the logarithmic
potertial Ly(z) is Pnite for every = $ R". The Lipschitz condition
follows from a simple integral estimae. "

In the following string of lemmas, 4.284.6, we assumethat p is a
signal measure of Pnite total variation ||u|| on R", n! 2, satisfying

M:/thﬂmw<(.

Lemma 4.2. For everyhall B = B(0,R) + R" andfor every0 < g <
n/&u& we have

/ e (LX) 1o # C(n,R, M, 3, &&).
B

Proof. Fix B and ( asin the statement of the lemma. Considerthe
Jordandecompsition = p,' p_ of u. Then for an arbitrary = $ R",
e (™) js bounded from above by

exn(ﬁh/\09+|x' yldu_(y) + ﬁy/wog+<j;%£zﬁ) du+(y))-
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Forxz $ B,

/ log" [o* yldu_(y) # / (log* [«] + log" 5] + 1) dul()
# C(M, R, 8&u8).

If . = 0, the statemert follows. Otherwise, &:,& > 0 and we debne
V= mm. Let A = B&u, &# 3&i&< n. Then

/Be" (O g 1 /exp( /Iog ( )du+(y)) dx
= [exp( [1og* (1) vt ) o

# / / max{1,1/|z"' y|*} dv(y) dz

// ( $>dmdu(y)# C(n,R, M, (3, &u&) ,
B (0.R+1) ||

asrequired.

Fix a nonnegaiv e function y $ C°(R") with spt(y) + B(0,1) and
Jx(z)dr= 1. For0 < < 1llet x,(z) = 6 "x(z/0), andlet py= x,2u
be the regulaization of ;. Then gy is a smooth function and we have
that

(4.1) 8ol H# &8,
and that

/ (log* [y lewds) dy # / / (log* ly) oy’ =) dydlyil()
4.2) m / L+ log" [2]) dlul(z) = &u&+ M.

In other words, the total variation (integral) of the regularizations g,
as well as their logarithmic momerts, are uniformly bounded from
above.

Lemma 4.3. For evely bhall B+ R" and for evely p! 1, we have
/ |Lpox)' Lp(x)|Pdz™ 0 as 6" O.
B

Proof. Let B bean arbitrary ball, and let p! 1. We usethe inequality

' 1 1
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valid for a,b > 0. We estimate

/B Loo) ' Lu(@)|P de

p
dz

(loglz' y|" loglz" z[)x,(v" 2)dydu(2)

p
/ o 4 (o ) ot Do)
L o a2 ) wle i) as

/ W zlny’ 2 dyd(z)! 6,

wherethe constants depend only on p, ||u||, and B. The claim follows.

Lemma 4.4. For evely ball B + R" and and for everyp! 1, we have
/ @I SWIWP g 0 as 5 0,
B

whenever0 < fp < n/&u&

Proof. Let B be an arbitrary ball, let p ! 1, and let 3 be sud that
0 < Op < n/&& It follows from Lemma 4.2 and from estimates (4.1)
and (4.2) that
(4.3) / SL&0) qz # C(n, B, M, ||pl])

B

whenever 0 < A < n/&& Choose A sudh that 0 < Op < A < n/&ué&
and write = \/(fBp) > 1and s = r/(r' 1). Using (4.3), we obtain

/‘e"L&s(X)' ¢ P gy
1/s
(/ |e PLE () 4 " LI (X ) (/ |[Loofx) " Lu(x)|P® dx)

1/s
I (/ | Loof ) ! Lu(x)|psd:c) "0 as 0" O,
B
whereLemma 4.3 was invoked in the last line.

Lemma 4.5. Assumethat g: R" " R" is an H-quasionformal map-
ping. Then there existsa constantd, = do(n, H) > 0 with the following
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property: for every 0 < 3 < &,/&é& the function e’ (4)°9 is locally
integrable and for everyhall B + R" we have

/ |7 (L8000 " (LX) | gz 0 as 5" O,
B

Proof. Let a = a(n, H) > 0 be the number appearing in Lemma 2.2,
and put §, = na/(1+ «). Fix aball B+ R" and0 < 3 < §y/&u& Set
p= 1+ 1/a, sothat Sp < n/||u|]. By Lemma4.4,and by (2.12), we
obtain

/ [ 180000 " LHoG)| g
B

1/p 1/ (1+! )
7 </ ‘euL&”g(X)' e"LHOQ(X)‘pJg(I) dm) (/ Jg(x)_! dm)
B B

1/p
! </ | L&) e"L“(y)|pdy) "0 as " O
9(B)

A similar estimae conbined with Lemma 4.2 shows that ¢" (t4)°9 s
locally integrable. The lemma follows. "

Lemma 4.6. Assumethat g: R" " R" is an H-quasionformal map-
ping. DebPneyx = p|B(0,k) for £ $ N. Then there existsa constant
do = do(n, H) > 0 suchthat for evey ball B + R" and for every
0 < (3 < 6o/&u& we have

(4.4) / ¢ Qg+ W90 gpt 0 as k"
B

The proof will shov that we can debned, asin the proof of the
previous lemma, and that we cantake 6, = n if g is the identity map.

Proof. For almost every 2 $ R" we have |Lu(z)| < ( . For every sud
z, and for ewery large k&, we moreover have that

L@ L@ # [ el | du)

# / (log” |21 + log" [y] + dlul(y).
R7\B (0,)

whene Luk(z) " Lu(z) ask "™ ( . Sincequasiconformal mappings
presene sets of measurezerq it follows that

(4.5) Lp) g(x) " Lp) g(z) as k" (
for almost every z $ R".
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Next, let 4= py' p_ bethe Jordan decommsition of i, and debne
, 1
i) = [log 1z glan-)+ [log (i) i)
for 2 $ R". We proceed asin the proof of Lemma 4.5, with the same
choicesfor «, §y, 4, and p, to obtain

1/p 1/ (1+! )
/Be"HC’g(X) dx # (/B ¢ PHost) 7 () dx) (/B Jg(x)™ dx)

! / e PHO) gy
9(B)

Sincefp < n/&u& the proof of Lemma4.2 shows that the last integral
is Pnite. Finally, since

(4.6) etHKeg(X) g Heg(x)

for almost all  $ R" and for all &£ $ N, the statemert in (4.4) follows
from (4.5), (4.6), and from the dominated corvergencetheorem. "

5. Split tings of quasi-logari thmic potent ials

In this sedion, we prove our main auxiliary result Proposition 5.3. It
provides a convenient splitting of a quasi-logarithmic potertial of a
smooth test function.

Throughout this se¢ion, we use subgriptsto indicate which variable
of a function of several variables a dilerential operator has beenapplied
to. For example, %yh(u,v) denotesthe gradient of the function u 0"
h(u,v) with v Pxed.

Lemma 5.1. Letg: R" " R" be an H-quasionformal mapping. Then
there existsa continuous function p: R", R" " [0,( ) suchthat p is
continuously di'er entiable outside the diagonal{ (u, v) : © = v} with
Co

%up(u, v)
p(u, v)

(5.1)

Y

lu’ ol

and that )
5|9(U)' g # p(u,v) # Clg(u) " g(v)]

for every u,v $ R". Here Cy and C' are positive constantsthat depend
only on n and H, and we can chaseCy = £(12% 2 (=D)n,

Proof. Fix a function x $ C§°(R") such that 0 # x # 1, spt(x) +
B(0,1/2), x|B(0,1/4) = 1, and |%y| # 5. Let u,v $ R". Debne

w' u 1/n
o) = ( [ ey ) o)
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if wE v, and p(u,v) = 0if uw = v. It is clearthat p is continuously
dilerentiable nea each point (u,v) $ R", R" with « £ v. Moreover,
for u £ v, we have that

1/n
p(u,v) # (/ Jg(w)dw>
B (u,|v—ul/2)

lg(Bu, v ul/2)" . 1g(v)" g(u)l,

and that

1/n
p(u,v) ! (/ Jg(w) dw)
B (u,lv—u|/4))

lg(B(u, [o* ul /A" . 1g(v) " g(u)l.
The multiplicat ive constarts implicit in these inequdities only depend
onn and H by the quasisymmetry of g. These inequalities also show
the continuity of p on the diagonal u = wv.

To achieve estimate (5.1), we brst compute

. . T :
%y v u = %y wl u Dy u :
v wl [v" wl v wl
and
Do (Y= (o wPL+ W) (0 W),
lv" ul v ul?

Sincela - b| # |a| &]b| for a,b $ R", we concludethat for all points

w$ B(u,|v" ul/2),
w' u 8
(o)

Hence
%y p(u, v) 8 /B(u,|v—u|/ 2) Jg(w) dw
p(u, v) nlu' vl J d
/B(u,|v—u|/4) g(w) v
g 8 LloBu v’ ul/2))
nlu' vl g(B(u,|v" ul/4))|
8 (max{|g(w) g |w" ul = v’ U|/2}>n
nlu' v\ min{lg(w) " g(u)| :|w" ul=|v" ul/4}
# nlu? U|(12H 62H (n—l))n7

where (2.7) was usedin the last inequality. The lemma follows. "
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The purpose of the next lemma is to construct a kernel function
w(x,y) for a given normalized quasiconfomal map ¢g. By integrating
against w we will be able to bPnd a vector bdd v that generdes a
quasiconformal Row and has a divergencethat agees with a given
quasi-logarithmic potential up to a bounded term (seeProposition 5.3).

If g is smooth and bi-Lipschitz, one candebne

(5.2) w(z,y) =" loglg(z)" yl(z' g7'(y)).
Then for bxedy $ R", the vectar Peld w(4y) generaks a quasicon-
formal Bow and up to a bounded term, %divx w(z,y) is equal to the
quasi-logarithmic potential
" log(g(z) " y) = (Ldy)) g

of the Dirac measuredy. In the generalcase,onehasto bnd a suitable
smooth version of the logarithmic factor in (5.2). This can be done
by using the auxiliary function p of the previous lemma (cf. (5.6) and
(5.7) below).

Recallfrom Sectin 2 that Qq(n, H) dendes the classof normalized
guasiconformal mappings.

Lemma 5.2. Let g $ Qq(n, H). Then there existsa continuous vector-
valud function w: R", R"" R" suchthat the distributional deriva-
tives + 0" Dyw(x,y) exist and are locally integrable for each y $
R", and that the function (x,y) 0" Dyw(x,y) is locally integrablein
R", R"; moreover, the following estimateshold:

(5.3) |w(z,y)| # C(n, H, R)(1 + |z|log" |z]),
wheneverr $ R", R >0, andy $ B(0, R),

(5.4) | divaw(z,)" nloglg(x)' yl| # C(n, H)
for all z,y $ R" with g(z) £ y, and

(5.5) &Sw(ay)&. # 2Cy

for all y $ R", whee Cy = Cy(n, H) is asin Lemmab.1.

Proof. Let p be the function from Lemma5.1, and debne

(5.6) n(z,y) =" logp(z, g~ ' (y))

for z,y $ R", g(x) £ y. Then

(5.7) [n(x,y) + loglg(x) " yl| # C(n, H),
and

%y p(, g (v))| 4 Co

(5.8) |%xn(z, y)| = g ) lz" g (y)|
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Next, for z,y $ R" let

w(z,y) = n(z,y)(z" g7 '(y))
if g(x) £ y, and w(x,y) = 0if g(x) = y. Then w is cortinuous, as
follows from (5.7) and from the fact that both ¢ and ¢g=! are locally
Helder cortinuous. Moreover, for z £ ¢g~'(y), we have

(5.9)  Dew(x,y) = n(z,y)ln + (' g7'(y) - Yoxn(z, y).
For bxedy $ R" the function z 0" log|z ' ] liesin LY (R™) for all

loc
p ! 1. By the remak following Lemma 2.2, this implies that the
map = 0" log|g(z) ' vl is locally integrable. Hence by (5.7)E(5.9),
the function = 0" Dyw(z,y) is locally integrable. Finally, because
(5.9) holds for = £ ¢g~'(y), it is also clear that = 0" Dyw(z,y) is the
distributio nal derivative of the function w(ay) for every y $ R".
By equations (5.7)B(5.9), for every ball B + R" there exists a con-

stant C > 0 sud that
/ |Dew (e, )| dy # C
B

forall x $ B. It followsthat the function (z,y) 0" Dyw(z,y) is locally
integrable.

It remainsto verify estimates (5.3)B(5.5. Fix R > 0. Becauseof the
imposednormalization on g, there exists R' = R/'(n, H, R) suc that
lg~ ()| # R forall y$ B(0, R). Togetherwith (2.13) (also applied to
g1), (2.14), (5.7), and (5.8), the growth egimate (5.3) follows. Finally,
by (5.8) and (5.9), we have that

|divi w(z,y) " (e, )| # |z* g7 ()| &%(z, y)| # C(n, H),
which gives(5.4) by way of (5.7), and that
IScw(z, y)| # 2" g7 (y)] &%xn(z, y)| # 2C,,
which is (5.5). In the preceding, we usedthe fact that if a,b $ R" and
= 1'(a- b+ b- a)' Etr(a- b)I,,
2 n
then [A| # 2|a| &b]. "

Proposition 5.3. Let ¢ $ C°(R") and g $ Qo(n, H). Then there is
a decomposition

(5.10) (Lp)) g= EdiVV+ b+ ¢,
n

whee v = v(p,9): R" " R" is a continuous vector beldwith locally
integrable distributional derivative, normalized so that

(5.11) v(0) = v(e1) = G,
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b= b(p,9): R"" R" is an essentialy bounda&l measurable function,
and ¢ = ¢(p, g) $ R is a constant. Moreover, we have

(5.12) [v(2)| # C(n, H, p)(1 + |z|log” |xz])
for x $ R",

(5.13) &&. # C(n, H)&p&,
(5.14) lc| # C(n, H, ),

(5.15) &Sv&, # 2C, &p&

whee Cy is asin Lemma 5.1.

The crucial point in these estimatesis that the mapping g only erters
through n and H. Thereforewe get uniform estimates for given ¢ for
all ¢ $ Qo(n, H). Moreover, we can get uniform estimateson &4&., and
&Své&,, (although not necesarily on |c|) that only dependon n and H,
provided we imposea bound &p& # C(n, H).

Proof. Let w be the function from Lemma 5.2 coregponding to the
guasiconformal mapping g. DebPnea vedor Peldu: R"" R" by

(5.16) u() = / w(z. ) o(y) dy

Then u is a cortinuousvector beldwith locally integrable distributio nal
derivative. This follows from the regulaity properties of w and from
the fact that (z,y) 0" Dyw(z,y) is locdly integrable.

In order to treat the normalization (5.11), we subtract from u an
appropriate generator for confamal maps. Thus, let a = u(e;) " u(0)
and

A=a- e;" e - a+ (aae)l,.
Then Ae; = a = u(e;)' u(0) and

1'(A+ ATy E'[r(A)]n =0.
2 n
Now debne
(5.17) v(z) = u(z)' u(0)' Az, r$R".

Then v hasthe desiredregulaity properties and is normalized as in
(5.11). Sincey is compectly supported, inequdity (5.12) follows from
the debnitions and from (5.3).

Next, we have

div v(z) = /divx w(z,y) o(y)dy' tr(A), r$ R".
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By setting ¢ = tr( A)/n and using (5.4), we obtain the desireddemm-
position (5.10), aswell asthe estimaesin (5.13 and in (5.14). Finally,

Sv(z) = / Sow(e,y) o(y)dy, =S R,

and so (5.15) follows from (5.5).
The proposition is proved.

Remark 5.4. A carefulexamnation of the proof shavsthat that the
vectar bdd v in Proposition 5.3 satisPeghe condition

(5.18) aw'%mpwg@ﬁq.

This is stronger than &Sv&, < ( . It would be interesting to in-
vestigate the quasiconformal 3ows generated by sud vector belds. It
seansthat they are related to the monotone quasiconformal mappings
recenly studied by Kovalev in [21].

6. Logar ithmic potential s and quasic onf or mal Jacobians

In this section, we will prove Theorems1.1and 1.2. We begn with
a simple observation about a di'erence inequdity. Debne
16
(6.1) on(H) = —(@2H 0=y = g1
n
Thus, on(H) = 2C,, where(Cj is asin Lemma5.1. For bxed H ! 1,
let
(6.2) L(s) = Lnn (s) = 20n(He®), s! 0.

Then L:[0,( ) " [0,( ) is continuous, increasing,and localy Lip-
sdhitz. Thereis a unigue Pnite sdution M, for the dilerential equation

(6.3) %Mo(t) = eL(My(t)), My(©0)=0, O#t# 1,
provided ¢ satisbes

;o [ ds
(6.4) O<e<e =¢i(n,H)= /0 )

Note that the function M, is increasing Wit h this set-up, we have the
following lemma.

Lemma 6.1. Let/$ Nand0 < ¢ < ¢, = €]/2, where ¢ is asin (6.4).
If M:[0,1]" [O,( ) is a function satisfying

(6.5) {M(U +1)/0 M/ # SLOMGI0), O# j# ¢ 1
M(0) = 0,
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then
(6.6) M(1) # My(2).

Note that with the given choiceof ¢;, My(1) only depends on n and
H.

Proof. We will shav by induction that M(j/¢) # My(j/¢) for all j =
0,...,¢. Theinequdity is trivially valid for j = 0. Supposingit is true
forsomej # ¢' 1, we usethe fact that M, is increasing and bnd that

M((G+ D/6) # M(j/0) + SLOM(/0)
(+1r
#G/0 e [ L) d
i
= Mo((j + )/0),

asrequired. "

Before goinginto the details, we Prst give an outline of the proof of
Theorem 1.2. Suppose that ¢ $ Qq(n, H) and that the measureu has
the form dp = (x)dx with ¢ $ C5°(R"). Then Proposition 5.3 pro-
ducesa vedor bPdd v = v(y, g) with the properties as asserted there.
The assignmen (¢, g) 0" v(y, g) will be used seeral timesin the ensu-
ing proof, with a bPxed test function, but with varying quasiconformal
mappings.

Our strategy is to considerthe Row

©7) SR = (@), @) =

wherev, hasthe property that %(div vi)) fi agreeswith the quasi-loga
rithmic potential (Ly)) g up to a boundedadditive term, and we hope
to keep Sv; boundedalong the way. By Proposition 3.1, the bounded-
nessof Svy implies that f, remains quasiconfomal for all 0 # ¢ # 1.
Moreover, by Proposition 3.6, the control on the divergence of the vec-
tor Peldwill allow usto concludethat f; hasJacobian comparable to
e"(L&)°9  Thereis one caveat, however. In orderto construct the vedor
Peldv;, we already have to know f;, and hence the choicefor vy must
be done concurrently. For this reasm, we set up an iterative scheme
that one expeds to convergeto a solution of (6.7). To ensurethat the
guasiconformal mappings obtained from this iterative procedure have
uniformly cortrolled dilatation, the L!-norm of ¢ hasto be small. Fi-
nally, the genera caseof a signed measureu with small mass follows
from approximation argumerts.
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Proof of Theorems 1.1 and 1.2. We now begn the proof of Theorem
1.2 in eamest. Theorem 1.1 will follow as the special case when g is
the identity map on R".

Thus, let g: R" " R" be an H-quasiconfemal mapping, and let
be a signed measureof Pnite masson R" satisfying (1.3). We may
assume&u& > 0.

We brst reducethe matters to the casewhereg $ Qq(n, H), that is,
g(0) = 0 and g(e;) = e;. Indeed,we canwrite g(z) = g(A(R) T)(x)),
whereg $ Qu(n, H), T is the translation given by T'(z) = z' ¢~ %(0),
R:R""™ R"is arotation with

g Her)' ¢7'(0) \ _
R(m—l(el)' g—l(o>|> -

and
1

g e gt O
Thenlet u= (Ly)) g, &= (Lp)) g w= e", and @ = "%, If there
exists a quasiconformal map 7: R" " R" and a constant sud that

A

%w(x) # J-(zx) # Co(a)
for almost all + $ R", thenthemap f: R"" R" debnedby
f@) = TRMR) @), e SR
is quasiconforma with H(f) = H(f), and
%w(m) # Ji (2) # Cw(z)

for almost all z $ R".

The precedingargumen shaws that we may assume,initially, that
g $ Qo(n, H). We now break up the proof into three stepsdepending
on the form of the measurey.

|. Step: The measurey is of the form du = p(x)dz with ¢ $ C5°(R™).

Assumethat 0 < ¢ = && < e1, Wheree; = ¢1(n, H) is debnedas
in Lemma6.1. Fix a positive integer ¢. In our iterative scheme, 1//¢
will correspond to the stepsize Obseaving the notation of Proposition
5.3, we brst set

(6.8) vi = v(p,g), O# t# 1/¢.
By Proposition 5.3 we have
&Svi&, # on(H)e,
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where o, is debne@ asin (6.1). Proposition 3.1 then ensuresthat the
corresponding Row equdion has a unique quasiconfomal solution f;
with the dilatation estimate

H(f) # exp{20 'on(H)e},  O# t# 1/¢.
At the next time interval 1/¢ # t # 2/¢, we set
(6.9) vi=vip,g) fi'),  LU# L# 2L

and let f; be the solution to (6.7) for 1/¢ # t # 2/¢. To be more
precise we solve (6.7) for the time independen vector beldin (6.9)
to obtain the solution h; for O # t # 1/¢, ho(x) = x, and then set
fo = he_y ) fir for /¢ # t # 2/¢. Again, sdutions exist and are
quasiconformal by Proposition 5.3. Indeed,by (2.3) and (2.4),

(6.10) &Svi& # on(H aH(f1r ))e,
and
H(f) # H(fy )exp{20 on(H &H(f1r ))e} , 1/e# t# 2/L.

We cortinue theiteration inductively until the time ¢t = 1 is readed.
The outcome of this processis a continuous [3ow

(I’,t) 0" ft(x) = f(l‘7t)7
that saisbes (6.7) for all t $ [0, 1], where
6.11) vi=v(p.g) f;1),  J/#Ht# G+ D/ 0# j# L

Note that v is ambiguously debPnedfor ¢t = 1/¢,...,(¢"' 1)/¢, but
we can ignore this in the following. Also note that both v; and f;
depend on the choseninteger ¢, but for the time being this dependence
is suppressedrom the notation.

The Bow maps f; satisfy f;(0) = 0and fi(e;) = e; foreveryO# t# 1
by the normalization (5.11). Moreover, Proposition 3.6 implies that

-1
(612)  logJ,(x)= Y logJ; i (fir (@)
=0

LGy
=3 [ dvwleg) @) d
j=0")

for almost every = $ R".
We will next estimate the dilatation of the Row maps. It follows
from the construction of the Row that

H(f) # H(firr) exp{207'&Svj, &}
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whenever j $ {0,....¢" 1}, andt $ [j/¢,(j + 1)/¢]. On the other
hand, Proposition 5.3 yields the estimate

&SVJ'/-&)O # O’n(H é_H(fJ/)) E.
Soif we debneL asin (6.2), and the function M : [0,1]" [0,( ) by
M(t) := sup logH(fs), O# t# 1,

0<s<t
then M satispesthe conditions in (6.5). Henee by Lemma 6.1 we
have M(1) # My(1), where M, is debnedasin (6.3). Since M(1) only
dependsonn and H and not on /, it followsthat there exists a uniform
upper bound

sup H(f) # H

0<t<1

for the maximal dilatation of the mappings f; in the Bow that only
dependson n and H, andis in particular independert of the integer /.

At this juncture, we concludethat asscciated with ead positive in-
teger ¢ there are vedor beldsv;: and normalized quasiconformal map-
pings fi: $ Qo(n, H), t $ [0, 1], where H dependsonly on n and H.

From the sequence f;, ) <y We can extract a subsequencéhat con-
vergeslocally uniformly to an H’-quasiconfomal mapping f with H’
depending only on n and H (seeSection2). We keep dencting this
subsejuenceby (fi).

Let wu = Ly) g. By the decomposition in (5.10),

(6.13) div vi(e, g) fjjl )= néu) fjjl + b, + g
forj/t# t# (j+ 1) /¢, foreah/$ Nandj=0,...,¢' 1,whereb: is

an essertially bounded measurdle function and ¢+ is a constant such
that

(614) 81)],'860# Cl = Cl(n7H)7 |Cj,'|# 02: CZ(”JH7¢)‘
In particular, C; and C> do not depend on on ¢ and 5. By putting
¢ = (cor + &&at+ ¢ _4)/0,

we have || # C, for all £ $ N, and we may passto a further subse-
guenceand assumethat ¢ " ¢y $ R.

Now let x $ C§°(R") be arbitrary. Pick R > 0 sud that spt(y) +
B(0, R). Sincef,: $ Qu(n, H), there exists R’ > 0 suc that

fi (B(O,R)) + B(0, i)

forall t $ [0,1] and ¢ $ N. Moreover, by (5.12) there exists a constant
C > 0 sud that

[vi, (2)| # C
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forall x $ B(O,R), ¢$ N, and ¢t $ [0, 1]. This implies that for some
constant C' > 0, we have

|fo (@) fir: (@) # O
forall 2 $ BO,R), f$ N, j=0,....0" 1,andt $ [j/¢,(j + 1)/4].
Because the maps ¢) fjjl fort$ Nandj=0,...,¢" 1areuniformly

Helder cortinuous on B(0, R’), and becausethe potential L is Lip-
sdhitz cortinuous by Lemma 4.1, there exists a nonnegdiv e function
0:[0,( )" [0,( ) with limg_6(s) = 0 sudc that

lu) 1) (@) u()] =

(L)) (9) f;2)) fu (@) (L)) (9) f72)) fir (2)]

# %0(1/6)
forall z $ BO,R), ($ N, j=0,....¢0" 1,andt $ [j/{, (5 + 1)/4].
Using this togetherwith (6.12)8(6.14), we conclude that

llog.Ji, (x)" néu(z)' c|# Cy+ 6(L/0),

and hencethat
(6.15) e OO g g () e G AN

for almost every z $ B(0, R).

Now a localy uniform corvergenceof a sequencef uniformly quasi-
confomal mappingsimplies a weak convergenae of the Jacobians (see
[26, Lemma 8.8, p. 159), which in the presert cortext givesthat

[x@n @iz [x@nEd as e (.
Combining this with the previousestimate (6.15, we bnd that

(6.16) e ¢t /X(:z:)e”'“(x) dv # e_c"/x(x)ﬁ(x) dx

# & /X(x)en'“(x) dzx .
Sincethis is true for all x $ C§°(R"), we conclude that

1
c MU # ¢ i (2) # C MU

for amost all + $ R", where ¢ = e¢=% > 0 and where C' = ¢! is a
constant only depending on n and H. Upon resaling f by a suitable
multi plicativ e constant, we infer that the assertion of Theaem 1.2 is
true for the quasi-logarithmic potential v = (Ly) ) g. This completes
Step | of the proof.
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II. Step: The measure i is compactly supported.

Assume&u& < 1, wheree; = ¢1(n, H) isagain debPnedasin (6.4). As
in Sed¢ion 4, we considerfunctions ¢y = Xoy 21 obtainedby regularizing
. Here () is a sequencewith 0 < 6 < landdéc " Oask " ( .
Then o $ CO(R™) and & & # &u& < ¢; for all £ $ N. By the brst
part of the proof, for each £ $ N there exists an H’-quasiconfomal
mapping fx: R" " R" sud that f,(0) = 0 and that

1
(6.17) ok (L&) 4 J (z) # C "(L&R)900

for almost every = $ R", where H' and C' only dependon n and H.
Debne

1
(6.18) e2 = exn, H) = —do(n, H),

wherejo(n, H) is asin Lemma4.5. If we make the additional assump-
tion that &u& < e,, then by this lemmathe function e"(-)°9 s locally
integrable, and for every ball B + R", we have

(6.19) / |entEmogt)rntes™) | gy 0 as k" (.
B
Combined with (6.17), this shows in particular that
(6.20) 1/C # / Ji (x)de # C
B (0,1)

for all £ $ N, where C'! 1is independent of £ $ N. As explainedin
Section2, we may passto a subsguenceand assumethat the mappings
f« corvergelocally uniformly to a quasiconformal mappingf: R" " R"
with H(f) # H”, where H"” only dependson n and H. Usinginequd-
ities (6.17), (6.19), and the weak corvergenceproperty of quasiconfa-
mal Jacddians mentioned earlier, we concludethat

(6.21) %e (L)eg() Tt (2) # C e"(HH)°9)

for almost all z $ R", where(C' is a constant only depending on n and
H. This completesthe secondstep.

lll. Step: The measure p is arbitrary.
Let
(6.22) g0 = eo(n, H) := min{ey, e} > 0,

wheree; and ¢, are debPnedasin Lemma 6.1 and (6.18, respectively.
Assume that &u& < 3. Then the measures ux = p|B(0, k) are com-
pactly supported with &ui& < ¢, for each £ $ N. By what we have
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showvn in Step |1, there an H”-quasiconfemal mappings fx R" " R"
sud that f«(0) = 0 and that

(629 2 I g (1) # O N0

for almostall x $ R", where H” and C' are constants only depending
onn and H. By the debnition of 5, and by Lemma 4.6, for every ball
B + R" we have

(6.24) / [Na0) NS gp 0 as kT (.
B

Soagain we get an inequdity asin (6.20), and by passng to a subse-
guencewe may assumethat the mappings fx convergelocally uniformly
to a quasiconformal mapping f: R" " R" whosedilatation hasan up-
per bound only depending on n» and H. Arguing as before basedon
(6.23) and (6.24), we obtain the desiredinequality (6.21).

The proof for Theorems 1.1 and 1.2 is how complete except for an
explicit estimate for the constant ¢, in Theorem 1.1 This coregponds
to the casewhere g is equal to the identity map on R" in the previous
proof, so that H = H(g) = 1. Recdling the dePnition from (6.2), we
have

32 s S
L(s) = Ln1(s) = 20q(e%) = ==(12° o2 (n71))n
n

and
1/~ 1 gs= > ds
€1 = E/O m §= a]_ 0 126°n p2e° (n—1)n
n 1

58 a12Qn€4(n71)n = Cn-

By the remak following Lemma 4.6, we can take §o = n and e, =
do/n = 1if g is theidentity mapping. Thus, o = min{ey, e} ! ¢, .
The proof is complete. "

Remark 6.2. Thereis away to prove our main result sby usng smooth
vectar bdds and 3ows only. Namely, after the splitting in (5.10) has
been established,we could regqularize both the vedor beldv(y, g) and
the function b appearing in (5.10, and proceedwith the proof asin the
next sed¢ion. This would result in smooth quasiconfemal 3onvw maps
ft,» with data uniformly boundedindependert of the regularization, for
which the Jacobian equation (3.15) obvioudly holds. Then we pass
to the limit quasiconforma mapping and obtain Theorems 1.1 and
1.2 (Here the weak corvergenceof Jacobians needsto be usedasin
the next section.) Note that the limit mapping need not be smooth.
We preferred the presen alternative of proof hoping that the genera
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methods and reaults here, such as Proposition 3.6, could be usetll in
other cortexts aswell.

7. Conf ormal defor mations of R"

In this section, we prove Theaem 1.3 To this end, we require a
variant of Theorem1.1. Let i be a signedmeasureof Pnite total mass
on R". Fix a point g $ R" sudch that Mu(zy) < ( for the maximal
function of i at xy. Then

1
(7.1) / |og+(m) dlul) < (.
and the potential
(7.2) ) = Eute) = [ Iog('”“””.' yl)du(y)
lz* gl

is bnite whenewer Mu(z) < ( , and hencefor aimost every z $ R".
Consequetly, for this modibcation of the logarithmic kernel function
we get corvergenceof the integral in (7.2) for almost every = without
assumption (1.3).

Keeping with the precedingnotation and convertions, we need the
following corvergencelemma which correspondsto Lemma4.6.

Lemma 7.1. Assume&u& < 1. Debnepx = p|B(0,k) for £ $ N.
Then " is locally integrable, and for everyball B + R" we have

(7.3) /\e“<f“k><X>' MM gz 0 as k" (.
B

Proof. As in the proof of Lemma 4.6, we seethat Lu(z) " Lu(x) as
k" ( for almost every z $ R". Debning

= [log" M) +(Ixo' yI)
Gy = [1og* () [og (1ot i

we have

S0 g H )

foral  $ R" and £ $ N. The lemma will then follow from the
dominated convergena theorem provided we can show that

(7.4) / "™ ) dy < (
B
for every ball B+ R". If B = B(0, R), then for all z $ B, we have

|og+('9”,_y')#1+|og+(R+|x0|)+|og+( L )
yl lzo "yl
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and soby (7.1) we get the uniform estimae

/ Iog*(“”'.—y') du(n) ! 1
lzo "y
for z $ B.

If u, = 0,then (7.4) follows. Otherwise, asin the proof of Lemma4.2
we candebnea probability measurer = fy. Letting A = n&u &<
n, we have

/Be”H ) g 1 /Bexp(n/log*QI,l yl) du+(y)) dx
= /Bexp()\/logJr (ﬁ) du(y)) dx

x' 81 dy T .
#/B/max{l,l/l yI°} di(y) dr < (

The lemma follows.

1
[+l

In the next proposition, we still adhereto the assumptions madein
the begnning of this section.

Proposition 7.2. Assume&u:& < c¢,, whee ¢, is the constantin The-
orem 1.1. Then the weight

w(z) = ™™, x$ R",

whee u is debné asin (7.2), is comparableto a quasionformal Jaco-
bian. More precisely, there exist constants H' and C, only degending
on n, and an H’-quasionformal mapping f: R" " R" suchthat (1.1)
holds.

Proof. First supposethat y is compactly supported. Then (1.3) is sat-
isbped,and the potentials Li and Ex = « diler by a constant. Hence
there existsa constant ¢ > 0 sud that w = e™ = ce"-*. Applying The-
orem 1.1 and multiplying the quasiconfomal mapping obtained in this
way by a constant producesan H-quasiconfemal mappingf: R"" R"
sud that

%w(m) # Ji (x) # Cw(x)

for almost every z $ R". Here H and C' only depend on n.

Now for an arbitrary y satisfying the hypothesesof the theorem, we
run an appraximation argumert similar to the one in Step 111 of the
proof of Theorem 1.2 Thus,for k£ $ N let ux = ©|B(0, k). Theneach p
is compectly supported with &u& < ¢, and M uy(xo) # Mpu(xo) < ( .
Debnewy = e"**+. By the brst part of the proof, there exist constants
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H=HMn)! 1and C = C(n) ! 1 and H-quasiconfomal mappings
fk iR R", k$ N, that we can normalize by f(0) = 0, such that

1
(7.5) Ewk(x) # Ji, () # Cu(z)
for almost every = $ R.
By Lemma 7.1,
(7.6) / |lwg(z) ' w(x)|dez™ 0 as k" O
B

for every ball B + R". This, the local integrability of w = "™, and
(7.5) imply that there existsa constant C'! 1 sud that

1
— # / Ji (x)dx # C
B(0,1)

C

for all £ $ N. As discusedin Secion 2, by passingto a subsequene
if necesary, we can assime that the H-quasiconfemal mappings fi
convergeto an H’-quasiconfomal mapping f: R" " R", where H' =
H'(n). Now the weak corvergenceproperty of Jacobians [26, Lemma
8.8 p. 159] (asin the proof of Theoremsl.1 and 1.2) togetherwith (7.5)
and (7.6) givesthe desred compaabilty w . J; with multiplicat ive
constants only dependingon n. "

Before the proof of Theorem 1.3, we require a standard discussion
about the relationship betweenweights, quasiconfomal Jacdians, and
bi-Lipschitz mappings, cf. [30, B. 19], [6].

Let u: R" " R be a continuous function on R", and put p = ¢".
Then we can debPnea distancefunction d on R" by

A, y) = inf /) o(2) |d2]

for z,y $ R", where the inPmum is taken over all rectibable paths in
R" connectingx and y.
With this set-up we have the following lemma.

Lemma 7.3. If w = e™ is comparable to the Jacobian of an H-
quasionformal mapping f: R" " R" asin (1.1), then

dz,y) . [f(2)" ()l

for all z,y $ R", whee the constant of comparability only dependson
n, H, and the constant C' in (1.1).
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Proof. The proof is a straightforward application of the debnitions, and
of the fact that for an H-quasiconfomal mapping f : R" " R" we have

1/n
( [ (z)dz) 1@ f)
B (X, [x—yI)

for all z,y $ R", with constant of compaability only depending on n
and H (seeSectim 2). We leave the details to the reader. "

Proof of Theorem 1.3. Let n $ N be even, and ¢, be the constant in
Theorem1.1. If g = g, is @a smooth normal metric on R", dePnea
signedmeasure i, on R" by

1
du(z) = ——Q(z)e™ ) de,
n

whered, is given by (1.7) and

Q: e*l’]U(l ll) n/2u
is the Q-curvature of the metric. Under the assumptionin (1.8) we
have &u& < ¢,, and so Mu(z) < ( for al + $ R" (becauseu hasa
smooth density). In particular, we can take x, = 0in (7.2). With this
choiceof x, we get

u=Eu+a

for someconstant a, since the metric ¢ is normal. Therefore, Propo-
sition 7.2 implies that there exist constants H and C' only depending
on n, and an H-quasiconfomal mapping f: R" " R" sud that (1.1)
holds for w = e™.

Let d denotethe Riemannian distancein (R", ¢). Then Lemma7.3
givesthat
d(z,y) . |f(x)" f()l
for al =,y $ R" with a constant of compaability only depending on
n. In particular, f asa mapping from (R",g) to standad R" is an
Ln-bi-Lipschitz mapping with L, only depending on n. The proof is
complete. "
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