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Abstra ct. By using quasiconformal flows, we establish that ex-
ponentials of logarithmic potentials of measures of small mass are
comparable to Jacobians of quasiconformal homeomorphisms of
Rn , n ! 2. As an application, we obtain that certain complete
conformal deformations of an even-dimensional Euclidean space
Rn with small total Paneitz or Q-curvature are bi-Lipschitz equiv-
alent to standard Rn .

1. Intr oduc tio n

A nonnegative locally integrable function in Rn, n ! 2, is called a
weight. A weight w is said to be comparableto a quasiconformal Jaco-
bian if there exist a quasiconformal homeomorphism f : Rn " Rn and
a constant C ! 1 such that

(1.1)
1
C

w(x) # Jf (x) # Cw(x)

for almost every x $ Rn. Here Jf (x) = det
(
Df (x)

)
is the Jacobian

determinant of the (almost everywheredeÞned) total di!erential Df
of f . The quasiconformal Jacobian problem asks for a characteriza-
tion of the weights in Rn that are comparable to a quasiconformal
Jacobian. Counterexamples to some natural conjectures about quasi-
conformal Jacobians have been obtained by various authors, notably
by Semmes[29], Laakso [23], and Bishop [5]. For positive result s and
more background see[6], [22].

The problem has an interest ing connection to the problem of bi-
Lipschitz parametrization of metric spacesby Rn. For example,con-
sider a conformal deformation g of the standard Riemannian metric g0

of Rn; that is,

g = e2ug0
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for somesmooth function u : Rn " R. Then the Riemannian manifold
(Rn , g) is bi-Lipschitz equivalent to (Rn , g0) if and only if the weight
w = enu is comparable to a quasiconformal Jacobian. This fact fol-
lows direct ly from the deÞnitions and basic properties of quasiconfor-
mal mappings (seeLemma 7.3 below). There is also a framework for
weights that dispenseswit h the smoothnessassumption in the preced-
ing example. We will not discuss this framework here, but refer to [12],
[28], [30], [6]. (Seehowever Remark 1.4.)

In our earlier paper [6], we used the preceding fact and a result of
Fu [16] to obtain that weights of the form e2u, for functionsu with dis-
tribut ional gradient %u in L2(R2), are comparable to quasiconformal
Jacobians in R2. In fact , Fu showed that a completeconformal defor-
mation of R2 is bi-Lipschit z equivalent to standard R2 if the Gauss-
ian curvature of the deformed surfacehas total variation lessthan an
absolute constant ε0 > 0. We showed in [6] that functions u with
%u $ L2(R2) admit a decomposition u = s + b, where&" s&L 1(R2) < ε0

and b $ L∞(R2). A sharp versionof FuÕsresult was given in [7], where
it was alsoshown that one can take ε0 = 2π.

In this paper, we proceedthe opposite way. We will show directly
that certain weightsare comparable to quasiconformal Jacobians. Then
applications to the bi-Lipschitz parametrization problem follow. Our
Þrst main result, Theorem 1.1, gives that exponentials of logarit hmic
potent ials of signed measureswith small enough total massare com-
parable to quasiconformal Jacobians in Rn for every n ! 2. As an
application, in Theorem 1.3, we obtain a counterpart of FuÕsresult in
even dimensions,whereGaussiancurvature is replacedby the Paneitz
or Q-curvature recently studied in [14], [10], [11], [9], [8], [18], and
elsewhere.

Our principal method in this paper is to usequasiconformal ßows. It
appears that this method hasnot been appliedpreviouslyin connection
with the quasiconformal Jacobian problem, or the related problem of
Þnding bi-Lipschitz parametrizations of spaces. Note that there are
many applications of quasiconformal ßows in dimensionn = 2 (seee.g.
[4]), but lessso in higher dimensions.

We now describe our main results in more preciseterms.
A funct ion u : Rn " ['( , ( ], n ! 2, is said to be a logarithmic

potential if u is Þnite almost everywhere and if there is a signed Radon
measureµ of Þnite total variation on Rn such that

(1.2) u(x) = Lµ(x) := '
∫

Rn

log|x ' y| dµ(y)
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for almost every x $ Rn. We writ e Lϕ := Lµ, if dµ(x) = ϕ(x) dx for
a function ϕ $ L1(Rn). Here and hereafter, dx indicates integration
with respect to Lebesgue measure.

It is easy to seethat a potential Lµ is Þnite almost everywhere if
and only if

(1.3)
∫

Rn

log+ |y| d|µ|(y) < ( .

It is also well-known and easy to see that Lµ is a BMO-function. In
particular, Lµ is locally exponentially integrable and lies in Lp

loc(R
n)

for all p ! 1. We gather some further basic results about logarithmic
potent ials in Section4.

We denote by &µ&= |µ|(Rn) the total variation of a measureµ.
Here is our Þrst main result.

Theorem 1.1. For each n ! 2 there existsa positive constant cn with
the following property. If µ is a signed measure on Rn satisfying (1.3)
and &µ&< cn , then the weight

w(x) = enu (x), x $ Rn ,

for the logarithmic potential u = Lµ is comparableto a quasiconformal
Jacobian.

More precisely, there existsan H ′-quasiconformal mappingf : Rn "
Rn suchthat (1.1) holds,where H ′ and C dependonly on n. Moreover,
we can take cn = n

128 á12−2ne−4(n−1)n .

A di! erent versionof this theorem is formulated in Proposit ion 7.2.
If we denotethesupremum of all constants cn for which Theorem 1.1

is true by γn , then

(1.4)
n

128
á12−2ne−4(n−1)n # γn # 1.

The upper bound follows because the logarithmic potential

u(x) = Lδ0(x) = ' log|x|

corresponding to the Dirac measureδ0 producesthe weight

w(x) = enu (x) =
1

|x|n
,

which is not locally integrable near the origin and so cannot be com-
parable to a quasiconformal Jacobian.

By the results in [7], we know that γ2 = 1. It is tempting to guess
that onewould have γn = 1 for all n ! 2, but a proof of this is beyond
the methods of this paper. Moreover, in [7], there is no constraint on
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the negative part of the measureµ beyond its Þniteness. It would be
interesting to know if somethingsimilar holds in higher dimensions.

Our proof of Theorem 1.1 requiresa more general result , where we
considera classof functionsthat areobtainedby composinglogarit hmic
potent ials with quasiconformal mappings. We say that a function u is
a quasi-logarithmic potential if u = (Lµ) ) g, whereLµ is a logarithmic
potent ial and g : Rn " Rn is a quasiconformal homeomorphism. By a
theorem of Reimann [24], quasiconformal mappings preserve the space
BMO(Rn), and so every quasi-logarithmic potential is a BMO-function.

Theorem 1.2. For each n ! 2 and H ! 1 there there exist constants
ε0 > 0, H ′ ! 1, and C ! 1 with the following property. If g : Rn " Rn

is an H-quasiconformal mapping and if µ a signed measure on Rn

satisfying (1.3) and &µ& < ε0, then there exists an H ′-quasiconformal
mappingf : Rn " Rn suchthat (1.1) holds,where

w(x) = enu (x), x $ Rn ,

for the quasi-logarithmic potential u = (Lµ) ) g.

Note that Theorem 1.1 follows from Theorem 1.2 by choosing g to
be the identit y mapping (then we can take H = 1 in Theorem 1.2).

Next we describe the mentioned application in even dimensions. Let
g = e2ug0 designate a smooth conformal changeof the standard metric
g0 in Rn, where n $ N is even. We assume that Xn = (Rn , g) is a
complete Riemannian manifold. The Paneitz or Q-curvature of X is
given by

(1.5) Q := e−nu (' ") n/ 2u.

Thus, the Paneitz curvature is an nth-order di!e rential invariant of
the metric. Various normalizations for Q-curvature appear in the liter-
ature. Our choicecorrespondsto the oneusedin [15] and givesequalit y
of Q-curvature and Gaussian curvature for n = 2.

Following [11] for n = 4, we call a complete smooth conformal metric
in Rn normal if the Paneit z curvature is in L1(X) and the conformal
factor has a representation

(1.6) u(x) =
1
dn

∫

Rn

log
|y|

|x ' y|
Q(y)enu (y) dy + const.,

where

(1.7) dn = 2n−1
(

n−2
2

)
! πn/ 2.

Note that

(' ") n/ 2 log
1

| á' x0|
= dnδx0 .
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This accounts for the normalizing constants in (1.6); indeed, (1.6) is
valid (in the distributio nal sense)for u(x) = log|x ' x0|, x0 $ Rn \ { 0} .

For n = 2 every completemetric in L1(X) is normal [20]. If thescalar
curvature of the metric is nonnegative near inÞnity, then the analogous
statement is t rue for n = 4 [11, Theorem 1.4] and for arbitra ry even n
provided that u is also radially symmetric [13, Theorem 3.8].

The following result is essent ially a corollary to Theorem 1.2.

Theorem 1.3. For each evenn $ N there exist constants cn > 0 and
Ln ! 1 such that every Riemannian manifold Xn = (Rn , g) is Ln-bi-
Lipschitz equivalent to (Rn , g0) wheneverg = e2ug0 is a smooth normal
metric in Rn whosePaneitz curvature satisÞes

(1.8)
1
dn

∫

X
|Q| dVg < cn .

We can choosecn = n
128 á12−2ne−4(n−1)n .

Here dVg meansintegration with respect to Riemannianvolume; so
in our situation

dVg(x) = enu (x) dx.

We do not know whether the bi-Lipschitz mapping provided by Theo-
rem 1.3 can be chosen to be a di!eomorphism.

In an earlier version of this paper the previous theorem was only
formulated for n = 4. The authors would like to thank A. Chang,
P. Yang, and oneof the refereesfor pointing out that our proof actually
givesa similar result in all even dimensions.

We have madean e! ort to make this paper accessibleto readers of
varied background. In particular , several standard resultsabout quasi-
conformal mappings are collectedin Sect ion 2. Similarly, in Section 3
we discussquasiconformal ßows in considerable detail. There we also
prove a slightly strengthened version of a result of Reimann that is
suitable to our purposes (Proposit ion 3.6). But seealsoRemark 6.2.

In Sect ion 4, wegather somefactsabout logarit hmic potentials; these
resultsshouldbe well known, but rather than searching for a reference,
we provide theeasyproofsfor the convenienceof the reader. In Section
5, we prove the main auxiliary result (Proposition 5.3). This result
assertsthat every quasi-logarithmic potential agrees,up to a bounded
function, with a divergenceof a vector Þeldv for which Sv is bounded,
whereS is the Ahlfors operator measuring the deviation of a vector Þeld
from a conformal generator.

Theorems1.1 and 1.2 will be proved in Section6, and Theorem 1.3
will be proved in Section7.
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Remark 1.4. Theorems1.1 and 1.2 give an appropriate result about
bi-Lipschitz equivalenceof spacesakin to Theorem1.3in all dimensions
n ! 2. Namely, assumethat u = Lµ is a logarithmic potential with
µ satisfying (1.3) and ||µ|| < cn , where cn is the constant appearing
in Theorem 1.1. Then it follows from Theorem 1.1 that w = enu is a
strongA∞-weightin the senseof David and Semmes[12], [28], such that
the associated quasimetric space (Rn , dw) is bi-Lipschitz equivalent to
Rn. Here

(1.9) dw(x, y) =
(∫

B xy

enu dz

)1/n

with Bxy = B(x, |x ' y|) * B(y, |y ' x|).
There is also a local statement as follows. If u = Lµ is a loga-

rithm ic potential wit h µ satisfying (1.3) and not having atoms with
massexceeding cn , then every point in Rn has a neighborhood such
that the neighborhood equipped with the quasimetric dw as in (1.9) is
bi-Lipschitz equivalent to an open set in Rn.

Analogousstatements are true about quasi-logarithmic potentials by
Theorem1.2.

Remark 1.5. It wasprovedin the aforement ionedpaper [6] that every
distributi on u in R2 with %u $ L2(R2) can be written as the sum of
a logarit hmic potential of a measure (with arbitrar ily small prescribed
mass)and a boundedfunction. It follows from this that the set

{ logJf : f : Rn " Rn quasiconformal} + L∞(Rn) + BMO(Rn)

contains the homogeneous(quasi-)conformally invariant Sobolev space

L1,n (Rn) := { u $ L1
loc(R

n) : %u $ Ln(Rn)} ,

if n = 2. It remains an open problem whether this fact holds also
for n ! 3. One cannot derive such an assertion from the result s of
this paper, for it is not possible to writ e every funct ion in L1,n (Rn) as
the sum of a logarithmic potential and a bounded function, if n ! 3.
This follows from the fact that the setswherefunct ions in L1,n (Rn) can
be inÞnite (in an appropriate sense) are in generalbigger in sizethan
similar setsfor logarit hmic potentials. See,for example,[19, Theorem
2.27 and Lemma 10.7]. For further open problems along these lines,
see[6, Section4].

Notation. Our notation is most ly standard. We denoteby B(a, r) the
openball and by B(a, r) the closedball in Rn of radiusr > 0 centeredat
a. Vectors in Rn are considered ascolumn vectors. The standard basis
in Rn is denotedby e1, . . . , en . If u, v $ Rn, then |u| is the Euclidean



Logarithmic potentials and quasiconformal flows 7

norm of u, and (u áv) the standard scalar product of u and v. We
let Mn(R) denote the set of real-valued (n , n)-matr ices,wit h In the
(n , n)-identit y matrix . If A $ Mn(R), then A$ is the transpose, tr( A)
the trace, and |A| the operator norm of A. If u = u1e1 + ááá+ unen

and v = v1e1 + ááá+ vnen are vectors in Rn, then u - v is the matrix
A = (aij ) $ Mn(R) with entries aij = ui vj .

The Lebesgue measureof a measurableset M in Rn is denoted by
|M |, and the Lp-norm of a measurablefunction u on Rn by &u&p. Unless
otherwise indicated, all integrals are taken over Rn. The vector space
of compactly supportedsmooth functions in Rn is denoted by C∞

0 (Rn).
The support of a function ϕ is denoted by spt(ϕ).

If A and B are two quant ities, we write A . B and A ! B if
there exists a constant C > 0 depending on some obvious or explicitly
speciÞed parameters such that (1/C)B # A # CB and A # CB,
respectively. We write C(a, b, . . . ) for a positive constant that can be
chosenonly to depend on the parametersa, b, . . . . The value of such a
genericconstant may vary from line to line.

2. Quasiconf ormal mappings

In this section,we recall some basic facts about quasiconformal map-
pings; for the proofs we refer to V¬ais¬al¬aÕsmonograph [32].

An orientation preservinghomeomorphism f : Rn " Rn, n ! 2, is
quasiconformal if

sup
x∈Rn

H(x, f ) < ( ,

where

(2.1) H(x, f ) := lim sup
r→0

sup
|u−x |=|v−x |=r

|f (u) ' f (x)|
|f (v) ' f (x)|

.

In this paper, by the (maximal) dilatation of a quasiconformal mapping
f : Rn " Rn we mean the linear dilatation of f , deÞned by

(2.2) H(f ) := esssupx∈RnH(x, f ) = &H(á, f )&∞ .

The inverseof a quasiconformal mapping is quasiconformal, and

(2.3) H(f ) = H(f−1) .

We alsohave that

(2.4) H(f1 ) f2) # H(f1)H(f2) .

A quasiconformal mapping f is called H-quasiconformal, H ! 1, if
H(f ) # H, and a family of quasiconformal mappingsis called uniformly
quasiconformal if there exists H ! 1 such that every mapping in the
family is H-quasiconformal.
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We also require the following analyt ic deÞnition for quasiconformal
mappings. A sensepreservinghomeomorphism f : Rn " Rn, n !
2, is quasiconformal if and only if f is in the local Sobolev space
W 1,n

loc (Rn; Rn) and there exists K ! 1 such that

(2.5) |Df (x)|n # K Jf (x)

for almost every x $ Rn, where Df (x) denotes the formal (distribu-
tional) di!erential matrix of f . The constant H in (2.2) and the inÞmal
K such that (2.5) holds depend only on each other and n.

A homeomorphism f : Rn " Rn is called η-quasisymmetricif there
exists a homeomorphism η : [0, ( ) " [0, ( ) such that

(2.6)
|f (y) ' f (x)|
|f (z) ' f (x)|

# η

(
|y ' x|
|z ' x|

)
,

whenever x, y, z $ Rn are distinct points. Every H-quasiconformal
mapping is η-quasisymmetricwith a function η = ηn,H that depends
only on n and H [33].

In order to have an explicit estimate for the constant cn in Theo-
rem 1.1, and consequently for the constant c in Theorem1.3, werequire
an explicit estimate for the function ηn,H . It is given in the next lemma
which is a consequence of standard distortion theorems for quasicon-
formal mappings. Except for estimating the constant cn , Lemma2.1 is
not usedelsewherein the paper. Est imate (2.7) is certainly not sharp,
and probably better estimatesexist in the literature. However, even a
sharp estimate for ηn,H would not yield a considerable improvement in
the constant cn . Our objective here is to show that with our method
someexplicit estimate can be given.

Lemma 2.1. Let f : Rn " Rn be an H-quasiconformal mapping. Then
(2.6) holdswheneverx, y, z $ Rn are distinct points and

(2.7) η(s) = ηn,H (s) = 4H e2H (n−1)(1 + s)H , s > 0 .

Note that η(s) /" 0 as s " 0 in (2.7), but the given expressionfor η
is su#cient for our purposes.

Proof. We may assume that x = f (x) = 0. Put y′ := f (y) and z′ :=
f (z). If s′ := |y′|/|z′| # 1, the desired inequality holds, so suppose
s′ > 1.

Let $ be the family of all paths in Rn connectingE := f−1(B(0, |z′|))
and F := Rn \ f−1(B(0, |y′|)). Then 0, z $ E while F is an un-
bounded connected set containing y. A standard symmetrization ar-
gument shows that the n-modulus of $ (see[32]) satisÞes

(2.8) τn(s) # modn($) ,
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where s := |y|/|z| and τn : (0, ( ) " (0, ( ) is the funct ion that gives
the n-modulus of the Teichm¬uller ring

Rs := Rn \ ([' e1, 0] * { λe1 : λ ! s} ).

It is known that

(2.9)
ωn−1(

log(4e2n−2(s + 1))
)n−1 # τn(s)

for all s > 0, where ωn−1 is the surface measureof the unit (n ' 1)-
sphere[34, pp. 88Ð89]. (Note that there is a typo in [34, Lemma 7.22
(2)]. One should writ e: t > 0.) The quasi-invariance of modulus gives
that

(2.10) modn($) # Hn−1 modn(f ($) ) .

On the other hand, we have that

(2.11) modn(f ($) ) =
ωn−1

(logs′)n−1
.

Inequalities(2.8)Ð(2.11) imply that s′ # η(s), whereη is as in (2.7). "

Quasiconformal mappings preserve sets of Lebesguemeasurezero.
Moreover, the following change of variables formula holds: if f : Rn "
Rn is quasiconformal, then

(2.12)
∫

u ) f (x)Jf (x) dx =
∫

u(y) dy

for every integrable funct ion u : Rn " R.
The next lemma is a consequenceof (2.12) and the fact that quasi-

conformal Jacobiansare A∞-weights (quant itativ ely) [17], [31, Chap-
ter V].

Lemma 2.2. Let f : Rn " Rn be an H-quasiconformal mapping. Then
there exist constantsα = α(n, H) > 0 and C = C(n,H) > 0 suchthat
for every ball B + Rn,

1
|B|

∫

B
Jf (x)−! dx # C

(
|B|

|f (B)|

)!

.

An immediate application of this lemma is the following useful fact :
if u $ Lp

loc(R
n) for all p ! 1 and f : Rn " Rn is quasiconformal, then

u ) f is locally integrable (cf. the proof of Lemma 3.3 below).
Every sequence(fk), k $ N, of uniformly quasiconformal mappings

subconvergesto a quasiconformal mapping (i.e., it has a locally uni-
formly convergent subsequence)if suitablenormalization conditions are
imposed. For example, it is enough to assumethat both |fk(0)| and
|fk(e1)| are boundedfrom above, and that |fk(e1) ' fk(0)| is bounded
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from below, by posit ive constants that are independent of k . Alt er-
natively, it is enough to require that |fk(0)| is uniformly boundedand
that there exists a constant C ! 1 and a ball B such that

1
C

#
∫

B
Jf k

(x) dx # C

for all k $ N. A quasiconformal limit mapping of a sequence of H-
quasiconformal mappingsis H ′-quasiconformal with H ′ depending only
on n and H.

We denoteby Q0(n, H) the family of H-quasiconformal homeomor-
phismsf : Rn " Rn normalized so that f (0) = 0 and f (e1) = e1. By
the preceding discussion, every sequencein Q0(n,H) subconverges to
an H ′-quasiconformal map, where H ′ = H ′(n, H).

Mappings in Q0(n, H) are locally uniformly H¬older continuous in the
following sense:for each R > 0 there exist constants α = α(n,H) > 0
and C = C(n, H, R) > 0 such that

(2.13) |f (x) ' f (y)| # C|x ' y|! ,

whenever f $ Q0(n, H) and x, y $ B(0, R). Moreover, there are con-
stants β = β(n, H) > 0 and C = C(n,H) > 0 such that

(2.14) |f (x)| # C(1 + |x|" ),

whenever f $ Q0(n, H) and x $ Rn.

3. Quasiconf ormal flo ws

Let v : Rn " Rn be a continuous vector Þeld in Rn, and a member of
the local Sobolev space W 1,1

loc (Rn; Rn), n ! 2. The Ahlfors operator S
on such Þeldsis deÞnedby

(3.1) Sv :=
1
2

((Dv) + (Dv)$) '
1
n

tr( Dv)In ,

where the distributional derivativ e Dv of v is an almost everywhere
deÞnedlocally integrable matrix-v alued function on Rn.

The operator S was introduced by Ahlfors in [1], and studied later
by Ahlfors [2], [3], Reimann [25], Semenov [27], and others.

Note that S annihilates vector Þeldsv of the form

(3.2) v(x) = Ax with A = B + λIn ,

where B is a skew-symmetric matrix and λ $ R. These vector Þelds
generate conformal ßows.
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The map x 0" |Sv(x)| that assignsto a point x $ Rn the operator
norm of the matrix Sv(x) is an almost everywheredeÞned(locally inte-
grable) real-valued function. We denote the L∞-norm of this function
by &Sv&∞.

We require the following fundamental result about quasiconformal
ßows due to Reimann[25, Theorems1, 3, and 5]. (Notice the misprint
in [25, Theorem1], whereone should write n ! 2.)

Proposition 3.1. Let v : Rn, [0, a] " Rn be continuoustime-dependent
vector Þeld such that for each t $ [0, a] the function vt := v(á, t) has
locally integrabledistributional derivativessatisfying

(3.3) &Sv(á, t)&∞ # c ,

where c is a constant independent of t. Moreover, assumethat there
existsa constant C > 0 suchthat

(3.4) |v(x, t)| # C(1 + |x| log+ |x|)

for all (x, t) $ Rn , [0, a]. Then there existsa uniquesolution f : Rn ,
[0, a] " Rn of the ßow equation

(3.5)
d

dt
f (x, t) = vt (f (x, t)) , f (x, 0) = x .

Moreover, for everyt $ [0, a] the t-advance map ft := f (á, t) : Rn " Rn

is H-quasiconformal with H = e2ct .

We note that the bound in (3.3) is not enough to guarantee the
existenceof the ßow for all t imes t $ [0, a], but the additional growth
condition (3.4) is also required.

The rest of this section is devoted to proving Proposit ion 3.6 which
givesan expression, (3.15), for the Jacobian of a quasiconformal map-
ping generated by a ßow as in the previous proposition. While for-
mula (3.15) is well known for smooth vector Þelds, its proof under our
relaxed smoothnessassumptionsis moresubtle. We Þrst derive several
statements that complement ReimannÕsinvestigations in [25]. (See,
however, Remark 6.2 below.)

The following lemma is an easy consequenceof the quasisymmetry
(2.6), the changeof variables formula (2.12), and Proposition 3.1. We
leave the proof to the reader.

Lemma 3.2. Let v : Rn , [0, a] " Rn be a vector Þeldas Proposition
3.1, and let ft be the solution of the associated ßow equation as in
(3.5). Then the map (x, t) 0" ft (x) is continuous. Moreover, for each
ball B + Rn there existsa constant c > 0 suchthat

(3.6) |ft (B)| ! c
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for all t $ [0, a].

If v is vector Þeld as in Proposition 3.1, then for each t $ [0, a] the
function vt is almost everywhere di!erentiable and the total di! eren-
tial of the vector Þeld vt agreeswit h the distribut ional derivativ e Dvt

almost everywhere [25, Corollary of Proposition 15]. Set

(3.7) V (x, t) := Dvt (x) .

Then the entries of the matrix V (x, t) at almost every point (x, t) are
limits of di!erence quotients of the component functions of (x, t) 0"
vt (x). Since these components are jointly continuous in x and t,
it follows that the map (x, t) 0" V (x, t) is almost everywhere de-
Þned and measurable. A similar argument also shows that the map
(x, t) 0" Dft (x) is measurable,sincequasiconformal mappings are al-
most everywhere di!erentiable. Finally, because quasiconformal map-
pingspreserve setsof measurezero, the map (x, t) 0" V (ft (x), t) is also
measurable.

Lemma 3.3. Let v : Rn , [0, a] " Rn be a vector Þeld as in Propo-
sition 3.1. Then for all p ! 1 and for all balls B + Rn there exists
C ! 0 suchthat

(3.8)
∫

B
|Dvt (x)|p dx # C

for all t $ [0, a]. Moreover, the maps

(3.9) (x, t) 0" V (ft (x), t) and (x, t) 0" V (ft (x), t)Dft (x)

are locally integrable in Rn , [0, a].

Proof. Fix p ! 1 and a Þx ball B + Rn. We may clearly assume that
p > 1. Let χ $ C∞

0 (Rn) be such that χ|B = 1 and consider

÷vt (x) = ÷v(x, t) = χ(x)v(x, t)

for (x, t) $ Rn , [0, a]. Then D÷vt = Dvt on B for all t $ [0, a], and so
it is enough to prove a uniform bound as in (3.8) for ÷vt . Next, we have
that D÷vt = χDvt + vt - %χ , which together wit h (3.3) and the local
uniform boundednessof vt implies that there exists c′ ! 0 such that

&S÷vt&∞ # c′

for all t $ [0, a]. Thence,the vector Þelds÷vt being supported in some
Þxedball B′ independent of t, there existsC1 ! 0 such that

(3.10)
∫

|S÷vt (x)|p dx # C1
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for all t $ [0, a]. Moreover, there exists a singular integral operator
of Calder«on-Zygmund type mapping S÷vt to D÷vt (see[25, Corollary to
Proposit ions 10 and 11]). Sincesuch operators are boundedon Lp(Rn)
(we need the assumption that p > 1 here), the uniform bound (3.10)
implies a uniform bound as in (3.8) for ÷vt as required.

To prove the secondassertion, note that the family (ft ), t $ [0, a],
is uniformly quasiconformal by Proposition 3.1. Lemma 2.2 together
with inequality (3.6) then implies that

(3.11)
∫

B
Jf t(x)−! dx # C2

for all t $ [0, a], for some constants α > 0 and C2 > 0 that are inde-
pendent of t. Next, let p = 1 + 1/α and Þx a ball B′ with ft (B) + B′

for all t $ [0, a] (cf. Lemma 3.2). By the change of variables formula
(2.12), and by H¬olderÕsinequalit y, we have that

∫

B
|V (ft (x), t)| dx

#
(∫

B
|V (ft (x), t)|pJf t(x) dx

)1/p (∫

B
Jf t(x)−! dx

)1/ (1+! )

# C3

(∫

B !
|Dvt (y)|p dy

)1/p

# C4 ,

whereby (3.11) and (3.8) the constants C3 and C4 are independent of
t. Similarly, we have that

(∫

B
|V (ft (x), t)Dft (x)| dx

)n

# C5

∫

B
|V (ft (x), t)Dft (x)|n dx

# C6

∫

B
|V (ft (x), t)|nJf t(x) dx

# C6

∫

B !
|Dvt (y)|n dy # C7 ,

wherethe constants C5, C6, and C7 are independent of t. Note that the
uniform quasiconformalit y of the maps ft and the analyt ic deÞnition
(2.5) was used here.

This concludesthe proof of the lemma. "

Reimann proved in [25, Theorem4] that the variational equation

(3.12) Dft (x) = In +
∫ t

0

V (f#(x), τ )Df#(x) dτ

is valid for almost every (x, t) $ Rn , [0, a]. This statement is not strong
enough for our purposes,sincewe would like to derive a statement for
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the Jacobian determinant Jf t = det(Dft ) of ft for every t $ [0, a]. We
will use a slightly di!e rent method and show that , for all t $ [0, a],
equation (3.12) holds for almost every x $ Rn. To this end, set

(3.13) M (x, t) = In +
∫ t

0

V (f#(x), τ )Df#(x) dτ .

Note that by Lemma 3.3 for almost every x $ Rn the matrix M (x, t)
is deÞnedfor all t $ [0, a].

Lemma 3.4. For each t $ [0, a] the almost everywhere deÞned matrix
function M (á, t) is the weak derivative of ft .

In particular, for all t $ [0, a] we have Dft (x) = M (x, t) for almost
every x $ Rn. This implies the improved version of the variational
equation (3.12) discussedabove.

Proof. We have to show that if χ $ C∞
0 (Rn; Rn) is a vector-valued test

function, then
∫

χ(x)$M (x, t) dx = '
∫

ft (x)$Dχ(x) dx.

This followsfrom a straightforward computation involving FubiniÕsthe-
orem and the ßow equation:

∫
χ(x)$M (x, t) dx '

∫
χ(x)$dx

=
∫ (∫ t

0

χ(x)$V (f#(x), τ )Df#(x) dτ

)
dx

=
∫ t

0

(∫
χ(x)$V (f#(x), τ )Df#(x) dx

)
dτ

= '
∫ t

0

(∫
v(f#(x), τ )$Dχ(x) dx

)
dτ

= '
∫ (∫ t

0

d

dτ
f#(x)$Dχ(x) dτ

)
dx

= '
∫

(ft (x) ' x)$Dχ(x) dx

= '
∫

ft (x)$Dχ(x) dx '
∫

χ(x)$dx.

Here we also used the fact that the map (x, t) 0" V (ft (x), t)Dft (x) is
locally integrable (Lemma 3.3), and the fact that for each t $ [0, a]
the map x 0" V (ft (x), t)Dft (x) is the weak derivativ e of vt ) ft [25,
Corollary to Proposition 17]. "
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Lemma 3.5. Let M, N : [0, a] " Mn(R) be matrix-valued functions.
Supposethat M is continuous, that N is integrable,and that

M (t) = In +
∫ t

0

N (τ )M (τ ) dτ

for all t $ [0, a]. Then

(3.14) det(M (t)) = exp
(∫ t

0

tr( N (τ )) dτ

)

for all t $ [0, a].

Proof. DeÞne

a′ := sup{ t $ [0, a] : M (τ ) is invertible for all 0 # τ # t} .

SinceM (0) = In , we have 0 < a′ # a. Moreover, M (t) is invertible for
all t $ [0, a′). Considerthe function g deÞnedby

g(t) = det(M (t)) exp
(

'
∫ t

0

tr( N (τ )) dτ

)

for t $ [0, a]. Then g is absolutelycontinuous, and hencedi!erentiable
almost everywhereon [0, a].

If t 0" A(t) $ Mn(R) is a matrix -valuedfunction that is di! erent iable
at a point t0 and if A(t0) is invertible, then

d

dt
det(A(t))

∣∣∣∣
t=t0

= det(A(t0)) tr( A′(t0)A(t0)−1).

Using this fact , a straightforward computation shows that g′(t) = 0 for
almost every t $ [0, a′). Sinceg(0) = 1 and g is absolutely continuous,
it follows that g(t) 1 1 on [0, a′), and so(3.14) is true for all t $ [0, a′).
By continuity this equalit y extends to t = a′, showing that M (a′) is
invertible. If a′ < a, thenagain by continuity, M (t) would be invertible
for all t in an interval larger than [0, a′] contradict ing the deÞnition for
a′. Hence a′ = a and the lemma follows. "

We now come to the main result of this section. It sharpens Rei-
mannÕsresult along the lines explainedjust before Lemma 3.4. In the
following, we denote by div vt = tr( Dvt ) the formal divergence of the
vector Þeldvt .

Proposition 3.6. Let v : Rn , [0, a] " Rn be a vector Þeld as in
Proposition 3.1. Then for all t $ [0, a] we have

(3.15) logJf t(x) =
∫ t

0

div v#(f#(x)) dτ

for almost every x $ Rn.
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Proof. DeÞneM (x, t) as in (3.13). Sincethe map

τ 0" V (f#(x), τ )Df#(x)

is integrable for almost every x $ Rn by Lemma 3.3, the map t 0"
M (x, t) is continuous for almost every x $ Rn. By Lemma3.4 we have
that M (x, t) = Dft (x) for almost every (x, t) $ Rn , [0, a]. Thus,
for almost every x $ Rn we can replace the function τ 0" Df#(x) by
τ 0" M (x, τ ) in (3.13). This implies that for almost every x $ Rn we
have

M (x, t) = In +
∫ t

0

V (f#(x), τ )M (x, τ ) dτ

for every t $ [0, a]. Moreover, by Lemma 3.3 for almost every x $ Rn

the map τ 0" V (f#(x), τ ) is integrable.
Theseconsiderations show that there existsa setN + Rn with |N | =

0 such that for x $ Rn \ N the functions t 0" M (t) = M (x, t) and t 0"
N (t) = V (ft (x), t) satisfy the hypothesesof Lemma 3.5. In particular,

log(det(M (x, t))) =
∫ t

0

tr( V (f#(x), τ )) dτ =
∫ t

0

div v#(f#(x)) dτ

whenever x $ Rn \ N and t $ [0, a]. Since for all t $ [0, a] we have
Jf t(x) = det(M (x, t)) for almost every x $ Rn by Lemma 3.4, the
statement follows. "

4. Logar ithmic pot ential s

In this section, we collect some standard facts about logarithmic po-
tentials, and provide the proofs for convenience.The est imates

log+(ab) # log+ a + log+ b ,

and
log+(a + b) # 1 + log+ a + log+ b

for a, b $ (0, ( ) will be used repeatedly in the following.
Let µ be a signed measureon Rn of Þnite tot al variation. It is well

known that the maximal function Mµ of µ,

Mµ(x) := sup
r > 0

1
|B(x, r)|

∫

B (x,r )

d|µ|, x $ Rn ,

is Þnite for almost every x $ Rn. It is easyto seethat if Mµ(x) < ( ,
then ∫

log+

(
1

|x ' y|

)
d|µ|(y) < ( .
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If, in addition, ∫
log+ |y| d|µ|(y) < ( ,

then
∫

log+ |x ' y| d|µ|(y) #
∫

(log+ |x| + log+ |y| + 1) d|µ|(y) < ( ,

and hence

|L(µ)(x)| #
∫ ∣∣ log|x ' y|

∣∣ d|µ|(y)

=
∫ (

log+ |x ' y| + log+

(
1

|x ' y|

))
d|µ|(y) < ( .

In particular, the logarithmic potent ial Lµ of a measure with Þnite
logarit hmic moment as in (1.3) is Þnite almost everywhere.

Lemma 4.1. If ϕ is an essentially bounded measurable function with
compact support on Rn, then Lϕ is Lipschitz continuous.

Proof. The measure µ deÞnedby dµ(y) = ϕ(y) dy satisÞes(1.3) and
has a Þnite maximal funct ion at every point; hence the logarit hmic
potent ial Lϕ(x) is Þnite for every x $ Rn. The Lipschitz condition
follows from a simple integral estimate. "

In the following string of lemmas, 4.2Ð4.6, we assumethat µ is a
signed measure of Þnite total variation ||µ|| on Rn, n ! 2, satisfying

M :=
∫

log+ |y| d|µ|(y) < ( .

Lemma 4.2. For everyball B = B(0, R) + Rn and for every0 < β <
n/&µ&, we have

∫

B
e" (Lµ )(x) dx # C(n,R,M, β, &µ&).

Proof. Fix B and β as in the statement of the lemma. Consider the
Jordan decompositi on µ = µ+ ' µ− of µ. Then for an arbit rary x $ Rn,
e" (Lµ )(x) is bounded from above by

exp
(

β

∫
log+ |x ' y| dµ−(y) + β

∫
log+

(
1

|x ' y|

)
dµ+(y)

)
.
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For x $ B,
∫

log+ |x ' y| dµ−(y) #
∫

(log+ |x| + log+ |y| + 1) d|µ|(y)

# C(M, R, &µ&) .

If µ+ = 0, the statement follows. Otherwise, &µ+& > 0 and we deÞne
ν := 1

‖µ+‖µ+. Let λ = β&µ+&# β&µ&< n. Then
∫

B
e" (Lµ )(x) dx !

∫

B
exp

(
β

∫
log+

(
1

|x ' y|

)
dµ+(y)

)
dx

=
∫

B
exp

(
λ

∫
log+

(
1

|x ' y|

)
dν(y)

)
dx

#
∫

B

∫
max{ 1, 1/|x ' y|$} dν(y) dx

#
∫ ∫

B (0,R+1)

(
1 +

1
|x|$

)
dx dν(y) # C(n, R,M, β, &µ&) ,

as required. "

Fix a nonnegativ e funct ion χ $ C∞
0 (Rn) with spt(χ) + B(0, 1) and∫

χ(x) dx = 1. For 0 < δ < 1 let χ%(x) = δ−nχ(x/δ), and let ϕ%= χ%2µ
be the regularization of µ. Then ϕ% is a smooth function and we have
that

(4.1) &ϕ%&1 # &µ&,

and that∫
(log+ |y|)|ϕ%(y)| dy #

∫ ∫
(log+ |y|)χ%(y ' x) dyd|µ|(x)

#
∫

(1 + log+ |x|) d|µ|(x) = &µ&+ M.(4.2)

In other words, the tot al variation (integral) of the regularizations ϕ%,
as well as their logarithmic moments, are uniformly bounded from
above.

Lemma 4.3. For every ball B + Rn and for every p ! 1, we have
∫

B
|Lϕ%(x) ' Lµ(x)|p dx " 0 as δ " 0 .

Proof. Let B be an arbitra ry ball, and let p ! 1. We usethe inequality

| loga ' logb| # p |a ' b|1/p

(
1

a1/p
+

1
b1/p

)
,
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valid for a, b > 0. We estimate
∫

B
|Lϕ%(x) ' Lµ(x)|p dx

=
∫

B

∣∣∣∣
∫ ∫

(log |x ' y| ' log|x ' z|)χ%(y ' z) dy dµ(z)

∣∣∣∣
p

dx

!
∫

B

(∫ ∫
|y ' z|1/p

(
1

|x ' y|1/p
+

1
|x ' z|1/p

)
χ%(y ' z) dy d|µ|(z)

)p

dx

!
∫

B

∫ ∫
|y ' z|

(
1

|x ' y|
+

1
|x ' z|

)
χ%(y ' z) dy d|µ|(z) dx

!
∫

|y ' z| χ%(y ' z) dy d|µ|(z) ! δ ,

wherethe constants depend only on p, ||µ||, and B. The claim follows.
"

Lemma 4.4. For every ball B + Rn and and for everyp ! 1, we have
∫

B

∣∣e" (L& δ)(x) ' e" (Lµ )(x)
∣∣p

dx " 0 as δ " 0 ,

whenever0 < βp < n/&µ&.

Proof. Let B be an arbitrar y ball, let p ! 1, and let β be such that
0 < βp < n/&µ&. It follows from Lemma 4.2 and from estimates (4.1)
and (4.2) that

(4.3)
∫

B
e$L &δ(x) dx # C(n,B,M, λ, ||µ||) ,

whenever 0 < λ < n/&µ&. Choose λ such that 0 < βp < λ < n/&µ&,
and write r = λ/(βp) > 1 and s = r/(r ' 1). Using (4.3), we obtain
∫

B

∣∣e" L &δ(x) ' e" L µ(x)
∣∣p

dx

!
(∫

B

∣∣e" pL& δ(x) + e" pLµ (x)
∣∣r

)1/r (∫

B
|Lϕ%(x) ' Lµ(x)|ps dx

)1/s

!
(∫

B
|Lϕ%(x) ' Lµ(x)|ps dx

)1/s

" 0 as δ " 0 ,

whereLemma 4.3 was invoked in the last line. "

Lemma 4.5. Assumethat g : Rn " Rn is an H-quasiconformal map-
ping. Then there existsa constant δ0 = δ0(n, H) > 0 with the following
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property: for every 0 < β < δ0/&µ& the function e" (Lµ )◦g is locally
integrableand for every ball B + Rn we have

∫

B

∣∣e" (L& δ)◦g(x) ' e" (Lµ )◦g(x)
∣∣ dx " 0 as δ " 0.

Proof. Let α = α(n,H) > 0 be the number appearing in Lemma 2.2,
and put δ0 = nα/(1 + α). Fix a ball B + Rn and 0 < β < δ0/&µ&. Set
p = 1 + 1/α, so that βp < n/||µ||. By Lemma 4.4, and by (2.12), we
obtain
∫

B

∣∣e" L &δ◦g(x) ' e" L µ◦g(x)
∣∣ dx

#
(∫

B

∣∣e" L &δ◦g(x) ' e" L µ◦g(x)
∣∣p

Jg(x) dx

)1/p (∫

B
Jg(x)−! dx

)1/ (1+! )

!
(∫

g(B )

∣∣e" L &δ(y) ' e" L µ(y)
∣∣p

dy

)1/p

" 0 as δ " 0.

A similar estimate combined with Lemma 4.2 shows that e" (Lµ )◦g is
locally integrable. The lemma follows. "

Lemma 4.6. Assumethat g : Rn " Rn is an H-quasiconformal map-
ping. DeÞneµk = µ|B(0, k) for k $ N. Then there exists a constant
δ0 = δ0(n, H) > 0 such that for every ball B + Rn and for every
0 < β < δ0/&µ& we have

(4.4)
∫

B

∣∣e" (Lµ k)◦g(x) ' e" (Lµ )◦g(x)
∣∣ dx " 0 as k " ( .

The proof will show that we can deÞneδ0 as in the proof of the
previous lemma, and that we can take δ0 = n if g is the identit y map.

Proof. For almost every z $ Rn we have |Lµ(z)| < ( . For every such
z, and for every large k, we moreover have that

|Lµk(z) ' Lµ(z)| #
∫

Rn\B (0,k)

∣∣ log|z ' y|
∣∣ d|µ|(y)

#
∫

Rn\B (0,k)

(log+ |z| + log+ |y| + 1)d|µ|(y),

whence Lµk(z) " Lµ(z) as k " ( . Sincequasiconformal mappings
preserve sets of measurezero, it follows that

(4.5) Lµk ) g(x) " Lµ ) g(x) as k " (

for almost every x $ Rn.
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Next, let µ = µ+ ' µ− be the Jordan decomposit ion of µ, and deÞne

H(z) :=
∫

log+ |z ' y| dµ−(y) +
∫

log+

(
1

|z ' y|

)
dµ+(y)

for z $ Rn. We proceed as in the proof of Lemma 4.5, with the same
choicesfor α, δ0, β, and p, to obtain

∫

B
e" H ◦g(x) dx #

(∫

B
e" pH ◦g(x)Jg(x) dx

)1/p (∫

B
Jg(x)−! dx

)1/ (1+! )

!
∫

g(B )

e" pH (y) dy .

Sinceβp < n/&µ&, the proof of Lemma4.2 shows that the last integral
is Þnite. Finally, since

(4.6) eLµ k◦g(x) # eH ◦g(x)

for almost all x $ Rn and for all k $ N, the statement in (4.4) follows
from (4.5), (4.6), and from the dominated convergencetheorem. "

5. Split tings of quasi-logari thmic potent ials

In this sect ion, we prove our main auxiliary result Proposition 5.3. It
provides a convenient splitt ing of a quasi-logarit hmic potent ial of a
smooth test function.

Throughout this sect ion, weusesubscripts to indicate which variable
of a function of several variablesa di!erential operator hasbeenapplied
to. For example, %uh(u, v) denotesthe gradient of the function u 0"
h(u, v) with v Þxed.

Lemma 5.1. Let g : Rn " Rn be an H-quasiconformal mapping. Then
there existsa continuous function ρ : Rn , Rn " [0, ( ) such that ρ is
continuously di!er entiableoutside the diagonal { (u, v) : u = v} with

(5.1)

∣∣∣∣
%uρ(u, v)
ρ(u, v)

∣∣∣∣ #
C0

|u ' v|
,

and that
1
C

|g(u) ' g(v)| # ρ(u, v) # C|g(u) ' g(v)|

for every u, v $ Rn. Here C0 and C are positive constants that depend
only on n and H, and we can chooseC0 = 8

n (12H e2H (n−1))n .

Proof. Fix a funct ion χ $ C∞
0 (Rn) such that 0 # χ # 1, spt(χ) +

B(0, 1/2), χ|B(0, 1/4) = 1, and |%χ| # 5. Let u, v $ Rn. DeÞne

ρ(u, v) =
(∫

Jg(w)χ
(

w ' u

|v ' u|

)
dw

)1/n
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if u /= v, and ρ(u, v) = 0 if u = v. It is clear that ρ is continuously
di!erentiable near each point (u, v) $ Rn , Rn with u /= v. Moreover,
for u /= v, we have that

ρ(u, v) #
(∫

B (u,|v−u|/ 2)

Jg(w) dw

)1/n

= |g(B(u, |v ' u|/2))|1/n . |g(v) ' g(u)| ,

and that

ρ(u, v) !
(∫

B (u,|v−u|/ 4))

Jg(w) dw

)1/n

= |g(B(u, |v ' u|/4))|1/n . |g(v) ' g(u)|.

The multiplicat ive constants implicit in these inequalities only depend
on n and H by the quasisymmetry of g. These inequalities also show
the continuity of ρ on the diagonal u = v.

To achieve estimate (5.1), we Þrst compute

%u

(
χ

(
w ' u

|v ' u|

))
= %χ

(
w ' u

|v ' u|

)$

Du

(
w ' u

|v ' u|

)
,

and

Du

(
w ' u

|v ' u|

)
= '

1
|v ' u|3

(
|v ' u|2In + (w ' u) - (v ' u)

)
.

Since |a - b| # |a| á|b| for a, b $ Rn, we concludethat for all points
w $ B(u, |v ' u|/2),

∣∣∣∣%u

(
χ

(
w ' u

|v ' u|

))∣∣∣∣ #
8

|u ' v|
.

Hence

∣∣∣∣
%uρ(u, v)
ρ(u, v)

∣∣∣∣ #
8

n|u ' v|

∫

B (u,|v−u|/ 2)

Jg(w) dw

∫

B (u,|v−u|/ 4)

Jg(w) dw

#
8

n|u ' v|
á

|g(B(u, |v ' u|/2))|
|g(B(u, |v ' u|/4))|

#
8

n|u ' v|

(
max{| g(w) ' g(u)| : |w ' u| = |v ' u|/2}
min{| g(w) ' g(u)| : |w ' u| = |v ' u|/4}

)n

#
8

n|u ' v|
(12H e2H (n−1))n ,

where(2.7) was usedin the last inequality. The lemma follows. "
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The purpose of the next lemma is to construct a kernel function
w(x, y) for a given normalized quasiconformal map g. By integrating
against w we will be able to Þnd a vector Þeld v that generates a
quasiconformal ßow and has a divergencethat agrees with a given
quasi-logarit hmic potential up to a bounded term (seeProposit ion 5.3).

If g is smooth and bi-Lipschit z, onecan deÞne

(5.2) w(x, y) = ' log|g(x) ' y|(x ' g−1(y)) .

Then for Þxed y $ Rn, the vector Þeld w(á, y) generates a quasicon-
formal ßow and up to a bounded term, 1

n divx w(x, y) is equal to the
quasi-logarit hmic potential

' log(g(x) ' y) = (Lδy) ) g

of the Dirac measureδy. In the generalcase,onehas to Þnd a suitable
smooth version of the logarithmic factor in (5.2). This can be done
by using the auxiliary function ρ of the previous lemma (cf. (5.6) and
(5.7) below).

Recall from Section 2 that Q0(n, H) denotes the classof normalized
quasiconformal mappings.

Lemma 5.2. Let g $ Q0(n, H). Then there existsa continuousvector-
valued function w : Rn , Rn " Rn such that the distributional deriva-
tives x 0" Dxw(x, y) exist and are locally integrable for each y $
Rn, and that the function (x, y) 0" Dxw(x, y) is locally integrable in
Rn , Rn; moreover, the following estimateshold:

(5.3) |w(x, y)| # C(n, H, R)(1 + |x| log+ |x|) ,

wheneverx $ Rn, R > 0, and y $ B(0, R),

(5.4)
∣∣ divx w(x, y) ' n log|g(x) ' y|

∣∣ # C(n, H)

for all x, y $ Rn with g(x) /= y, and

(5.5) &Sw(á, y)&∞ # 2C0

for all y $ Rn, where C0 = C0(n, H) is as in Lemma5.1.

Proof. Let ρ be the function from Lemma 5.1, and deÞne

(5.6) η(x, y) = ' logρ(x, g−1(y))

for x, y $ Rn, g(x) /= y. Then

(5.7)
∣∣η(x, y) + log|g(x) ' y|

∣∣ # C(n,H),

and

(5.8) |%xη(x, y)| =
|%xρ(x, g−1(y)) |

ρ(x, g−1(y))
#

C0

|x ' g−1(y)|
.
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Next, for x, y $ Rn let

w(x, y) = η(x, y)(x ' g−1(y))

if g(x) /= y, and w(x, y) = 0 if g(x) = y. Then w is cont inuous, as
follows from (5.7) and from the fact that both g and g−1 are locally
H¬older cont inuous. Moreover, for x /= g−1(y), we have

(5.9) Dxw(x, y) = η(x, y)In + (x ' g−1(y)) - %xη(x, y).

For Þxed y $ Rn the function x 0" log|x ' y| lies in Lp
loc(R

n) for all
p ! 1. By the remark following Lemma 2.2, this implies that the
map x 0" log|g(x) ' y| is locally integrable. Hence by (5.7)Ð(5.9),
the function x 0" Dxw(x, y) is locally integrable. Finally, because
(5.9) holds for x /= g−1(y), it is also clear that x 0" Dxw(x, y) is the
distributio nal derivative of the function w(á, y) for every y $ Rn.

By equations (5.7)Ð(5.9), for every ball B + Rn there exists a con-
stant C > 0 such that ∫

B
|Dxw(x, y)| dy # C

for all x $ B. It follows that the function (x, y) 0" Dxw(x, y) is locally
integrable.

It remainsto verify estimates (5.3)Ð(5.5). Fix R > 0. Becauseof the
imposednormalization on g, there exists R′ = R′(n, H, R) such that
|g−1(y)| # R′ for all y $ B(0, R). Togetherwit h (2.13) (also applied to
g−1), (2.14), (5.7), and (5.8), the growth est imate (5.3) follows. Finally,
by (5.8) and (5.9), we have that

| divx w(x, y) ' nη(x, y)| # |x ' g−1(y)| á|%xη(x, y)| # C(n, H) ,

which gives(5.4) by way of (5.7), and that

|Sxw(x, y)| # 2|x ' g−1(y)| á|%xη(x, y)| # 2C0 ,

which is (5.5). In the preceding, we usedthe fact that if a, b $ Rn and

A =
1
2

(a - b + b - a) '
1
n

tr( a - b)In ,

then |A| # 2|a| á|b|. "

Proposition 5.3. Let ϕ $ C∞
0 (Rn) and g $ Q0(n,H). Then there is

a decomposition

(5.10) (Lϕ) ) g =
1
n

div v + b + c ,

where v = v(ϕ, g) : Rn " Rn is a continuous vector Þeld with locally
integrabledistributional derivative, normalized so that

(5.11) v(0) = v(e1) = 0,
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b = b(ϕ, g) : Rn " Rn is an essentially bounded measurable function,
and c = c(ϕ, g) $ R is a constant. Moreover, we have

(5.12) |v(x)| # C(n, H, ϕ)(1 + |x| log+ |x|)

for x $ Rn,

(5.13) &b&∞ # C(n,H)&ϕ&1,

(5.14) |c| # C(n, H, ϕ),

(5.15) &Sv&∞ # 2C0 &ϕ&1 ,

where C0 is as in Lemma 5.1.

The crucial point in theseestimates is that the mapping g only enters
through n and H. Thereforewe get uniform estimates for given ϕ for
all g $ Q0(n, H). Moreover, we can get uniform estimateson &b&∞ and
&Sv&∞ (although not necessarily on |c|) that only depend on n and H,
provided we imposea bound &ϕ&1 # C(n,H).

Proof. Let w be the function from Lemma 5.2 corresponding to the
quasiconformal mapping g. DeÞnea vector Þeldu : Rn " Rn by

(5.16) u(x) =
∫

w(x, y) ϕ(y) dy .

Then u is a continuousvector Þeldwith locally integrable distributio nal
derivative. This follows from the regularit y properties of w and from
the fact that (x, y) 0" Dxw(x, y) is locally integrable.

In order to treat the normalization (5.11), we subtract from u an
appropriate generator for conformal maps. Thus, let a = u(e1) ' u(0)
and

A = a - e1 ' e1 - a + (a áe1)In .

Then Ae1 = a = u(e1) ' u(0) and

1
2

(A + A$) '
1
n

tr( A)In = 0 .

Now deÞne

(5.17) v(x) = u(x) ' u(0) ' Ax , x $ Rn .

Then v has the desiredregularit y properties and is normalized as in
(5.11). Sinceϕ is compactly supported, inequalit y (5.12) follows from
the deÞnitions and from (5.3).

Next, we have

div v(x) =
∫

divx w(x, y) ϕ(y) dy ' tr( A) , x $ Rn .
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By setting c = tr( A)/n and using (5.4), we obtain the desireddecom-
position (5.10), aswell asthe estimates in (5.13) and in (5.14). Finally,

Sv(x) =
∫

Sxw(x, y) ϕ(y) dy, x $ Rn ,

and so (5.15) follows from (5.5).
The proposition is proved. "

Remark 5.4. A careful examination of the proof shows that that the
vector Þeld v in Proposition 5.3 satisÞesthe condition

(5.18) &Dv '
1
n

tr( Dv)In&∞ < ( .

This is stronger than &Sv&∞ < ( . It would be interesting to in-
vestigate the quasiconformal ßows generated by such vector Þelds. It
seems that they are related to the monotonequasiconformal mappings
recently studied by Kovalev in [21].

6. Logar ithmic pot ential s and quasic onf or mal Jacobia ns

In this section, we will prove Theorems1.1 and 1.2. We begin wit h
a simple observation about a di!erence inequalit y. DeÞne

(6.1) σn(H) =
16
n

(12H e2H (n−1))n , H ! 1.

Thus, σn(H) = 2C0, whereC0 is as in Lemma 5.1. For ÞxedH ! 1,
let

(6.2) L(s) = Ln,H (s) = 2σn(Hes), s ! 0.

Then L : [0, ( ) " [0, ( ) is continuous, increasing, and locally Lip-
schitz. There is a uniqueÞnite solution M0 for the di!erential equation

(6.3)
d

dt
M0(t) = εL(M0(t)) , M0(0) = 0 , 0 # t # 1 ,

provided ε satisÞes

(6.4) 0 < ε < ε′1 = ε′1(n, H) =
∫ ∞

0

ds

L(s)
.

Note that the function M0 is increasing. Wit h this set-up,we have the
following lemma.

Lemma 6.1. Let 0 $ N and 0 < ε < ε1 = ε′1/2, where ε′1 is as in (6.4).
If M : [0, 1] " [0, ( ) is a function satisfying

(6.5)

{
M ((j + 1)/0) ' M (j/0) #

ε

0
L(M (j/0)) , 0 # j # 0 ' 1,

M (0) = 0,
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then

(6.6) M (1) # M0(1).

Note that with the given choiceof ε1, M0(1) only depends on n and
H.

Proof. We will show by induction that M (j/0) # M0(j/0) for all j =
0, . . . , 0. The inequalit y is triv ially valid for j = 0. Supposingit is true
for some j # 0 ' 1, we usethe fact that M0 is increasing, and Þnd that

M ((j + 1)/0) # M (j/0) +
ε

0
L(M (j/0))

# M0(j/0) + ε

∫ (j +1)/'

j / '
L(M0(t)) dt

= M0((j + 1)/0),

as required. "

Before going into the details, we Þrst give an outline of the proof of
Theorem 1.2. Suppose that g $ Q0(n, H) and that the measureµ has
the form dµ = ϕ(x)dx with ϕ $ C∞

0 (Rn). Then Proposition 5.3 pro-
ducesa vector Þeld v = v(ϕ, g) wit h the properties as asserted there.
The assignment (ϕ, g) 0" v(ϕ, g) will be usedseveral t imes in the ensu-
ing proof, with a Þxed test function, but with varying quasiconformal
mappings.

Our strategy is to considerthe ßow

(6.7)
d

dt
ft (x) = vt (ft (x)) , f0(x) = x,

wherevt hasthe property that 1
n (div vt ) ) ft agreeswith thequasi-loga-

rithmic potent ial (Lϕ) ) g up to a boundedadditive term, and we hope
to keep Svt boundedalong the way. By Proposition 3.1, the bounded-
nessof Svt implies that ft remains quasiconformal for all 0 # t # 1.
Moreover, by Proposition 3.6, the control on the divergenceof the vec-
tor Þeldwill allow us to concludethat f1 has Jacobian comparable to
en(L& )◦g. There is one caveat, however. In order to construct the vector
Þeldvt , we already have to know ft , and hence the choice for vt must
be done concurrently. For this reason, we set up an iterativ e scheme
that one expects to convergeto a solution of (6.7). To ensurethat the
quasiconformal mappings obtained from this iterativ e procedure have
uniformly controlled dilatation, the L1-norm of ϕ has to be small. Fi-
nally, the general caseof a signed measureµ with small mass follows
from approximation arguments.
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Proof of Theorems1.1 and 1.2. We now begin the proof of Theorem
1.2 in earnest. Theorem 1.1 will follow as the special case when g is
the identit y map on Rn.

Thus, let g : Rn " Rn be an H-quasiconformal mapping, and let µ
be a signed measureof Þnite masson Rn satisfying (1.3). We may
assume&µ&> 0.

We Þrst reducethe matters to the casewhereg $ Q0(n,H), that is,
g(0) = 0 and g(e1) = e1. Indeed,we can write g(x) = ÷g(λ(R ) T )(x)),
where ÷g $ Q0(n, H), T is the translation given by T (x) = x ' g−1(0),
R : Rn " Rn is a rotation with

R

(
g−1(e1) ' g−1(0)
|g−1(e1) ' g−1(0)|

)
= e1,

and

λ =
1

|g−1(e1) ' g−1(0)|
.

Then let u = (Lµ) ) g, ÷u = (Lµ) ) ÷g, w = enu , and ÷w = enũ. If there
exists a quasiconformal map ÷f : Rn " Rn and a constant such that

1
C

÷w(x) # Jf̃ (x) # C ÷w(x)

for almost all x $ Rn, then the map f : Rn " Rn deÞnedby

f (x) =
1
λ

÷f (λ(R ) T )(x)) , x $ Rn ,

is quasiconformal wit h H(f ) = H( ÷f ), and

1
C

w(x) # Jf (x) # Cw(x)

for almost all x $ Rn.
The precedingargument shows that we may assume,init ially, that

g $ Q0(n, H). We now break up the proof into three stepsdepending
on the form of the measureµ.

I. Step: The measureµ is of the form dµ = ϕ(x)dx with ϕ $ C∞
0 (Rn).

Assumethat 0 < ε = &ϕ&1 < ε1, where ε1 = ε1(n, H) is deÞnedas
in Lemma 6.1. Fix a positive integer 0. In our it erative scheme,1/0
will correspond to the step size. Observing the notat ion of Proposition
5.3, we Þrst set

(6.8) vt := v(ϕ, g), 0 # t # 1/0 .

By Proposition 5.3 we have

&Svt&∞ # σn(H)ε ,
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whereσn is deÞned as in (6.1). Proposition 3.1 then ensuresthat the
corresponding ßow equation has a unique quasiconformal solution ft

with the dilatat ion estimate

H(ft ) # exp{ 20−1σn(H)ε} , 0 # t # 1/0.

At the next time interval 1/0 # t # 2/0, we set

(6.9) vt = v(ϕ, g ) f−1
1/' ) , 1/0 # t # 2/0,

and let ft be the solution to (6.7) for 1/0 # t # 2/0. To be more
precise, we solve (6.7) for the time independent vector Þeld in (6.9)
to obtain the solution ht for 0 # t # 1/0, h0(x) = x, and then set
ft := ht−1/' ) f1/' for 1/0 # t # 2/0. Again, solutions exist and are
quasiconformal by Proposition 5.3. Indeed,by (2.3) and (2.4),

(6.10) &Svt&∞ # σn(H áH(f1/' ))ε ,

and

H(ft ) # H(f1/' ) exp{ 20−1 σn(H áH(f1/' ))ε} , 1/0 # t # 2/0.

We cont inue the iteration inductively unt il the time t = 1 is reached.
The outcome of this processis a continuousßow

(x, t) 0" ft (x) = f (x, t) ,

that satisÞes (6.7) for all t $ [0, 1], where

(6.11) vt = v(ϕ, g ) f−1
j / ' ), j/0 # t # (j + 1)/0, 0 # j # 0 ' 1.

Note that vt is ambiguously deÞnedfor t = 1/0, . . . , (0 ' 1)/0, but
we can ignore this in the following. Also note that both vt and ft

depend on the choseninteger 0, but for the t ime being this dependence
is suppressedfrom the notation.

The ßow mapsft satisfyft (0) = 0 and ft (e1) = e1 for every 0 # t # 1
by the normalization (5.11). Moreover, Proposition 3.6 implies that

logJf 1(x) =
'−1∑

j =0

logJf (j+1)/"◦f " 1
j/"

(fj / ' (x))(6.12)

=
'−1∑

j =0

∫ (j +1)/'

j / '
div vt (ϕ, g ) f−1

j / ' )(ft (x)) dt

for almost every x $ Rn.
We will next estimate the dilatation of the ßow maps. It follows

from the construction of the ßow that

H(ft ) # H(fj / ' ) exp{ 20−1&Svj / ' &∞} ,
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whenever j $ { 0, . . . , 0 ' 1} , and t $ [j/0, (j + 1)/0]. On the other
hand, Proposit ion 5.3 yields the estimate

&Svj / ' &∞ # σn(H áH(fj / ' )) ε.

So if we deÞneL as in (6.2), and the function M : [0, 1] " [0, ( ) by

M (t) := sup
0≤s≤t

logH(fs), 0 # t # 1,

then M satisÞesthe conditions in (6.5). Hence by Lemma 6.1 we
have M (1) # M0(1), whereM0 is deÞnedas in (6.3). SinceM0(1) only
depends on n and H and not on 0, it follows that there exists a uniform
upper bound

sup
0≤t≤1

H(ft ) # ÷H

for the maximal dilatation of the mappings ft in the ßow that only
depends on n and H, and is in particular independent of the integer 0.

At this juncture, we concludethat associated with each posit ive in-
teger 0 there are vector Þeldsvt,' and normalized quasiconformal map-
pings ft,' $ Q0(n, ÷H), t $ [0, 1], where ÷H depends only on n and H.

From the sequence(f1,' )' ∈N we can extract a subsequencethat con-
verges locally uniformly to an H ′-quasiconformal mapping f with H ′

depending only on n and H (seeSection 2). We keep denoting this
subsequenceby (f1,' ).

Let u = Lϕ ) g. By the decomposition in (5.10),

(6.13) div vt (ϕ, g ) f−1
j / ',' ) = n áu ) f−1

j / ',' + bj ,' + cj ,'

for j/0 # t # (j + 1)/0, for each 0 $ N and j = 0, . . . , 0 ' 1, wherebj ,' is
an essentially bounded measurable function and cj ,' is a constant such
that

(6.14) &bj ,' &∞ # C1 = C1(n,H) , |cj ,' | # C2 = C2(n,H, ϕ) .

In particular, C1 and C2 do not depend on on 0 and j. By putt ing

c' = (c0,' + ááá+ c'−1,' )/0 ,

we have |c' | # C2 for all 0 $ N, and we may pass to a furt her subse-
quenceand assume that c' " c0 $ R.

Now let χ $ C∞
0 (Rn) be arbitr ary. Pick R > 0 such that spt(χ) +

B(0, R). Sinceft,' $ Q0(n, ÷H), there exists R′ > 0 such that

ft,' (B(0, R)) + B(0, R′)

for all t $ [0, 1] and 0 $ N. Moreover, by (5.12) there existsa constant
C > 0 such that

|vt,' (x)| # C
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for all x $ B(0, R′), 0 $ N, and t $ [0, 1]. This implies that for some
constant C > 0, we have

|ft,' (x) ' fj / ',' (x)| # C0−1

for all x $ B(0, R), 0 $ N, j = 0, . . . , 0 ' 1, and t $ [j/0, (j + 1)/0].
Because the maps g ) f−1

j / ',' for 0 $ N and j = 0, . . . , 0 ' 1 are uniformly
H¬older continuous on B(0, R′), and becausethe potential Lϕ is Lip-
schitz continuous by Lemma 4.1, there exists a nonnegativ e function
θ : [0, ( ) " [0, ( ) with lims→0 θ(s) = 0 such that

|u ) f−1
j / ',' ) ft,' (x) ' u(x)| =

|(Lϕ) ) (g ) f−1
j / ',' ) ) ft,' (x) ' (Lϕ) ) (g ) f−1

j / ',' ) ) fj / ',' (x)|

#
1
n

θ(1/0)

for all x $ B(0, R), 0 $ N, j = 0, . . . , 0 ' 1, and t $ [j/0, (j + 1)/0].
Using this togetherwith (6.12)Ð(6.14), we conclude that

| logJf 1,"
(x) ' n áu(x) ' c' | # C1 + θ(1/0),

and hencethat

(6.15) e−C1−( (1/' ) # Jf 1,"
(x) áe−n ·u(x) áe−c" # eC1+( (1/' )

for almost every x $ B(0, R).
Now a locally uniform convergenceof a sequenceof uniformly quasi-

conformal mappingsimplies a weak convergence of the Jacobians (see
[26, Lemma 8.8, p. 159]), which in the present context givesthat

∫
χ(x)Jf 1,"

(x) dx "
∫

χ(x)Jf (x) dx as 0 " ( .

Combining this with the previousestimate (6.15), we Þnd that

e−C1

∫
χ(x)en ·u(x) dx # e−c0

∫
χ(x)Jf (x) dx(6.16)

# eC1

∫
χ(x)en ·u(x) dx .

Sincethis is tr ue for all χ $ C∞
0 (Rn), we conclude that

1
C

en ·u(x) # c Jf (x) # C en ·u(x)

for almost all x $ Rn, where c = e−c0 > 0 and where C = eC1 is a
constant only depending on n and H. Upon rescaling f by a suitable
multi plicativ e constant, we infer that the assertion of Theorem 1.2 is
true for the quasi-logarit hmic potential u = (Lϕ) ) g. This completes
Step I of the proof.
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II. Step: The measure µ is compactly supported.
Assume&µ&< ε1, whereε1 = ε1(n, H) is again deÞnedasin (6.4). As

in Sect ion 4, weconsiderfunct ionsϕk = χ%k
2µ obtainedby regularizing

µ. Here (δk) is a sequencewith 0 < δk < 1 and δk " 0 as k " ( .
Then ϕk $ C∞

0 (Rn) and &ϕk&1 # &µ&< ε1 for all k $ N. By the Þrst
part of the proof, for each k $ N there exists an H ′-quasiconformal
mapping fk : Rn " Rn such that fk(0) = 0 and that

(6.17)
1
C

en(L& k)◦g(x) # Jf k
(x) # C en(L& k)◦g(x)

for almost every x $ Rn, whereH ′ and C only depend on n and H.
DeÞne

(6.18) ε2 = ε2(n, H) =
1
n

δ0(n, H),

whereδ0(n,H) is as in Lemma 4.5. If we make the additional assump-
tion that &µ&< ε2, then by this lemma the function en(Lµ )◦g is locally
integrable, and for every ball B + Rn, we have

(6.19)
∫

B

∣∣en(L& k)◦g(x) ' en(Lµ )◦g(x)
∣∣ dx " 0 as k " ( .

Combined with (6.17), this shows in particular that

(6.20) 1/C #
∫

B (0,1)
Jf k

(x) dx # C

for all k $ N, where C ! 1 is independent of k $ N. As explained in
Section2, wemay pass to a subsequenceand assumethat the mappings
fk convergelocally uniformly to a quasiconformal mappingf : Rn " Rn

with H(f ) # H ′′, whereH ′′ only dependson n and H. Using inequal-
ities (6.17), (6.19), and the weak convergenceproperty of quasiconfor-
mal Jacobians mentioned earlier, we concludethat

(6.21)
1
C

en(Lµ )◦g(x) # Jf (x) # C en(Lµ )◦g(x)

for almost all x $ Rn, whereC is a constant only depending on n and
H. This completesthe secondstep.

III. Step: The measure µ is arbitra ry.
Let

(6.22) ε0 = ε0(n, H) := min{ ε1, ε2} > 0,

whereε1 and ε2 are deÞnedas in Lemma 6.1 and (6.18), respectively.
Assume that &µ& < ε0. Then the measures µk = µ|B(0, k) are com-
pactly supported with &µk& < ε0 for each k $ N. By what we have
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shown in Step I I, there an H ′′-quasiconformal mappingsfk Rn " Rn

such that fk(0) = 0 and that

(6.23)
1
C

en(Lµ k)◦g(x) # Jf k
(x) # C en(Lµ k)◦g(x)

for almost all x $ Rn, whereH ′′ and C are constants only depending
on n and H. By the deÞnition of ε0, and by Lemma 4.6, for every ball
B + Rn we have

(6.24)
∫

B

∣∣en(Lµ k)◦g(x) ' en(Lµ )◦g(x)
∣∣ dx " 0 as k " ( .

So again we get an inequalit y as in (6.20), and by passing to a subse-
quencewemay assumethat the mappingsfk convergelocally uniformly
to a quasiconformal mapping f : Rn " Rn whosedilatat ion hasan up-
per bound only depending on n and H. Arguing as before basedon
(6.23) and (6.24), we obtain the desiredinequality (6.21).

The proof for Theorems 1.1 and 1.2 is now complete except for an
explicit estimate for the constant cn in Theorem 1.1. This corresponds
to the casewhere g is equal to the identit y map on Rn in the previous
proof, so that H = H(g) = 1. Recalling the deÞnition from (6.2), we
have

L(s) = Ln,1(s) = 2σn(es) =
32
n

(12es
e2es(n−1))n

and

ε1 =
1
2

∫ ∞

0

1
L(s)

ds =
n

64

∫ ∞

0

ds

12esne2es(n−1)n

!
n

128
á

1
122ne4(n−1)n

= cn .

By the remark following Lemma 4.6, we can take δ0 = n and ε2 =
δ0/n = 1 if g is the identit y mapping. Thus, ε0 = min{ ε1, ε2} ! cn .

The proof is complete. "

Remark 6.2. There is a way to proveour main result sby using smooth
vector Þelds and ßows only. Namely, after the split ting in (5.10) has
been established,we could regularize both the vector Þeldv(ϕ, g) and
the function b appearing in (5.10), and proceedwith the proof asin the
next sect ion. This would result in smooth quasiconformal ßow maps
ft , with data uniformly boundedindependent of the regularization, for
which the Jacobian equation (3.15) obviously holds. Then we pass
to the limit quasiconformal mapping and obtain Theorems 1.1 and
1.2. (Here the weak convergenceof Jacobians needsto be usedas in
the next section.) Note that the limit mapping need not be smooth.
We preferred the present alternative of proof hoping that the general
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methods and result s here, such as Proposition 3.6, could be useful in
other contexts as well.

7. Conf ormal def or mations of Rn

In this section, we prove Theorem 1.3. To this end, we require a
variant of Theorem1.1. Let µ be a signedmeasureof Þnite total mass
on Rn. Fix a point x0 $ Rn such that Mµ(x0) < ( for the maximal
function of µ at x0. Then

(7.1)
∫

log+

(
1

|x0 ' y|

)
d|µ|(y) < ( ,

and the potential

(7.2) u(x) = ÷Lµ(x) :=
∫

log
(

|x0 ' y|
|x ' y|

)
dµ(y)

is Þnite whenever Mµ(x) < ( , and hencefor almost every x $ Rn.
Consequently, for this modiÞcation of the logarithmic kernel function
we get convergenceof the integral in (7.2) for almost every x without
assumption (1.3).

Keeping with the precedingnotation and conventions, we need the
following convergencelemma which corresponds to Lemma 4.6.

Lemma 7.1. Assume &µ& < 1. DeÞneµk = µ|B(0, k) for k $ N.
Then enL̃µ is locally integrable,and for every ball B + Rn we have

(7.3)
∫

B

∣∣en(L̃µ k)(x) ' en(L̃µ )(x)
∣∣ dx " 0 as k " ( .

Proof. As in the proof of Lemma 4.6, we seethat Lµk(x) " Lµ(x) as
k " ( for almost every x $ Rn. DeÞning

H(x) =
∫

log+

(
|x ' y|
|x0 ' y|

)
dµ−(y) +

∫
log+

(
|x0 ' y|
|x ' y|

)
dµ+(y)

we have
eLµ k(x) # eH (x)

for all x $ Rn and k $ N. The lemma will then follow from the
dominated convergence theorem provided we can show that

(7.4)
∫

B
enH (x) dx < (

for every ball B + Rn. If B = B(0, R), then for all x $ B, we have

log+

(
|x ' y|
|x0 ' y|

)
# 1 + log+(R + |x0|) + log+

(
1

|x0 ' y|

)
,
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and so by (7.1) we get the uniform estimate
∫

log+

(
|x ' y|
|x0 ' y|

)
dµ−(y) ! 1

for x $ B.
If µ+ = 0, then (7.4) follows. Otherwise,asin the proof of Lemma4.2

we candeÞnea probabilit y measureν = 1
‖µ+‖µ+. Let ting λ = n&µ+&<

n, we have
∫

B
enH (x) dx !

∫

B
exp

(
n

∫
log+

(
1

|x ' y|

)
dµ+(y)

)
dx

=
∫

B
exp

(
λ

∫
log+

(
1

|x ' y|

)
dν(y)

)
dx

#
∫

B

∫
max{ 1, 1/|x ' y|$} dν(y) dx < ( .

The lemma follows. "

In the next proposition, we still adhereto the assumptions madein
the beginning of this section.

Proposition 7.2. Assume&µ&< cn , where cn is the constant in The-
orem 1.1. Then the weight

w(x) = enu (x), x $ Rn ,

where u is deÞned as in (7.2), is comparableto a quasiconformal Jaco-
bian. More precisely, there exist constants H ′ and C, only depending
on n, and an H ′-quasiconformal mappingf : Rn " Rn suchthat (1.1)
holds.

Proof. First supposethat µ is compactly supported. Then (1.3) is sat-
isÞed,and the potentials Lµ and ÷Lµ = u di!er by a constant . Hence
thereexistsa constant c > 0 such that w = enu = cenL µ. Applying The-
orem 1.1 and mult iplying the quasiconformal mapping obtained in this
way by a constant producesanH-quasiconformal mappingf : Rn " Rn

such that
1
C

w(x) # Jf (x) # Cw(x)

for almost every x $ Rn. HereH and C only depend on n.
Now for an arbit rary µ satisfying the hypothesesof the theorem, we

run an approximation argument similar to the one in Step I I I of the
proof of Theorem1.2. Thus, for k $ N let µk = µ|B(0, k). Theneach µk

is compactly supported with &µk&< cn and Mµk(x0) # Mµ(x0) < ( .
DeÞnewk = enL̃µ k . By the Þrst part of the proof, there exist constants
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H = H(n) ! 1 and C = C(n) ! 1 and H-quasiconformal mappings
fk : Rn " Rn, k $ N, that we can normalize by fk(0) = 0, such that

(7.5)
1
C

wk(x) # Jf k
(x) # C wk(x)

for almost every x $ R.
By Lemma 7.1,

(7.6)
∫

B
|wk(x) ' w(x)| dx " 0 as k " 0

for every ball B + Rn. This, the local integrabilit y of w = enu , and
(7.5) imply that there exists a constant C ! 1 such that

1
C

#
∫

B (0,1)
Jf k

(x) dx # C

for all k $ N. As discussedin Sect ion 2, by passingto a subsequence
if necessary, we can assume that the H-quasiconformal mappings fk

convergeto an H ′-quasiconformal mapping f : Rn " Rn, whereH ′ =
H ′(n). Now the weak convergenceproperty of Jacobians [26, Lemma
8.8, p. 159] (as in the proof of Theorems1.1 and 1.2) togetherwith (7.5)
and (7.6) gives the desired comparabilt y w . Jf with multiplicat ive
constants only depending on n. "

Before the proof of Theorem 1.3, we require a standard discussion
about the relationship betweenweights, quasiconformal Jacobians,and
bi-Lipschitz mappings, cf. [30, B. 19], [6].

Let u : Rn " R be a cont inuous function on Rn, and put ρ = eu.
Then we can deÞnea distancefunction d on Rn by

d(x, y) = inf
)

∫

)
ρ(z) |dz|

for x, y $ Rn, where the inÞmum is taken over all rectiÞable paths in
Rn connectingx and y.

With this set-up we have the following lemma.

Lemma 7.3. If w = enu is comparable to the Jacobian of an H-
quasiconformal mappingf : Rn " Rn as in (1.1), then

d(x, y) . |f (x) ' f (y)|

for all x, y $ Rn, where the constant of comparability only dependson
n, H, and the constant C in (1.1).
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Proof. The proof is a straightforward application of the deÞnitions,and
of the fact that for an H-quasiconformal mappingf : Rn " Rn wehave

(∫

B (x, |x−y|)
Jf (z) dz

)1/n

. |f (x) ' f (y)|

for all x, y $ Rn, with constant of comparabilit y only depending on n
and H (seeSection 2). We leave the details to the reader. "

Proof of Theorem 1.3. Let n $ N be even, and cn be the constant in
Theorem 1.1 . If g = e2ug0 is a smooth normal metric on Rn, deÞnea
signedmeasureµ on Rn by

dµ(x) =
1
dn

Q(x)enu (x) dx,

wheredn is given by (1.7) and

Q = e−nu (' ") n/ 2u

is the Q-curvature of the metric. Under the assumption in (1.8) we
have &µ& < cn , and so Mµ(x) < ( for all x $ Rn (becauseµ has a
smooth density). In particular, we can take x0 = 0 in (7.2). With this
choiceof x0, we get

u = ÷Lµ + a

for someconstant a, since the metric g is normal. Therefore, Propo-
sition 7.2 implies that there exist constants H and C only depending
on n, and an H-quasiconformal mapping f : Rn " Rn such that (1.1)
holds for w = enu .

Let d denote the Riemannian distance in (Rn , g). Then Lemma 7.3
givesthat

d(x, y) . |f (x) ' f (y)|

for all x, y $ Rn with a constant of comparabili ty only depending on
n. In particular, f as a mapping from (Rn , g) to standard Rn is an
Ln-bi-Lipschitz mapping with Ln only depending on n. The proof is
complete. "
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Mathématique de France, Paris, 1985, pp. 95–116.

[15] Feff erman , C., and Grah am, C. R. Q-curvature and Poincaré metrics.
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