
Math 575, HW 12
(Due Dec 12, but you may turn it in any time during the week of Dec 10-14.)

The aim of this HW is to show how to deduce some of the classical reciprocity laws
(such as quadratic and cubic reciprocity) from the main theorems of global class
field theory, without any local computations. We start by recalling the main results
of global class field theory over number fields.

Theorem: Let L/K be an abelian extension of number fields, RL and RK the
respective rings of integers and dL/K ⊂ RK the discriminant ideal of L/K. Let

ϕ : I(dL/K)→ Gal(L/K)

denote the Artin map. Then

(1) ϕ is surjective. In fact, for each element σ ∈ G := Gal(L/K), there are
infinitely many prime ideals p in RK , such that ϕ(p) = σ.

(2) There is an ideal f in RK divisible exactly by the primes dividing dL/K
with the following property: if α ∈ RK satisfies α ≡ 1 mod f and α > 0
at every real place of K that extends to a complex place of L, then the
principal ideal (α) is in the kernel of ϕ. Further, there is a largest such
ideal f, denoted by fL/K and called the conductor of L/K.

(3) (Conductor-discriminant formula)

dL/K =
∏
χ∈Ĝ

fLχ/K

where Lχ is the intermediate field K ⊆ Lχ ⊆ L corresponding to the
subgroup ker(χ) ⊆ G.

You may assume the theorem above for the following exercises.

Exercise A. (Quadratic reciprocity) Let p be an odd prime, L = Q(
√
p∗), where

p∗ = (−1)
p−1
2 p.

(1) Show that dL/Q = (p).
(2) Show that fL/Q = dL/Q.
(3) Let ϕ be the Artin map

ϕ : I(dL/Q)→ Gal(L/Q) = {±1}.

Verify (using the definition of Frobenius) that if q is a prime not equal to

2 or p, then ϕ(q) =
(
p∗

q

)
.

(4) Show that the Artin map induces a surjective map

ϕ : (Z/dL/Q)× → {±1}.

Use surjectivity to conclude that ϕ(·) =
(
·
p

)
.

(5) The above proves that
(
q
p

)
=
(
p∗

q

)
for odd primes p,q. How would you

compute the symbol
(

2
·
)

by this method ?

Exercise B. (Cubic reciprocity) Let K = Q(ω), where ω is a primitive cube
root of unity. Denote by RK the ring of integers of K.

(1) Let a ∈ RK be a (non-empty) square-free product of prime elements and
suppose that a ≡ −1 mod 3. Let α be a root of the equation X3 − a = 0
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and let L = K(α). Show that L/K is a cyclic Galois extension of order 3
with Galois group canonically isomorphic to µ3 := {1, ω, ω2}.

(2) Compute the discriminant ∆L/K(1, α, α2).
(3) Recall that λRK with λ := 1 − ω is the unique prime ideal of RK above

3Z. Show that λRK must be ramified in L, and in fact that λRL = Λ3 for
some prime ideal Λ in RL, such that RL/Λ = RK/(λ) = Z/3Z.

(4) Show that Λ2 | (α + 1) in RL. (Hint: Factor the polynomial X3 + a in L
and substitute X = 1. Then use the fact that 1 + a is divisible by 3.)

(5) Let RL be the ring of integers of L. Show that RL properly contains
RK + RKα + RKα

2. (Hint: Suppose RL = RK + RKα + RKα
2. Then

use the result of the previous subpart to show that every element in RL is
congruent to either 0 or ±1 mod Λ2. However, what is the cardinality of
RL/Λ

2 ? )
(6) Let π be any prime dividing a. Show that π must be ramified in L.
(7) Conclude using the previous subparts that dL/K = 3a2RK .
(8) Use the conductor-discriminant formula to show that fL/K = λaRK . Thus

the Artin map induces a map

θ̃a : (RK/λaRK)× = (RK/λRK)× × (RK/aRK)× → Gal(L/K) = µ3.

(9) Show that θ̃a must be trivial on (RK/λRK)×, hence is determined by its
second component

θa : (RK/aRK)× → µ3.

Note that θa(λ) makes sense even though θ̃a is not defined on λ.
(10) Let π be any prime in RK , that is prime to 3a. Show using the definition

of the Frobenius element that

θa(π) = χπ(a),

where χπ is the cubic residue symbol as defined in the text. In particular,
this implies that if π1 is a primary prime and π2 is any prime such that
(π2, 3π1) = 1, then

θπ1
(π2) = χπ2

(π1).

(11) Let π1 be a primary prime, so that π1 ≡ −1 mod 3. Use the surjectivity
of the map

θπ1
: (RK/π1RK)× → µ3

to show that either θπ1 = χπ1 or θπ1 = χ2
π1

.
(12) Prove that if π1 and π2 are primary primes such that either θπ2(π1) 6= 1 or

θπ1
(π2) 6= 1 and such that θπ1

= χπ1
, then θπ2

= χπ2
as well.

(13) Show that there exists at least one primary prime π0 such that θπ0
= χπ0

.
We will fix such a π0.

(14) Let π1 be any primary prime not equal to π0. Show that there exists a
prime π2 (which may be chosen to be primary) such that

θπ0
(π2) 6= 1 and θπ1

(π2) 6= 1.

(Hint: Apply the theorem above to the abelian extension K(π
1/3
0 , π

1/3
1 )/K.)

(15) Conclude from the previous three subparts that θπ1
= χπ1

for any primary
prime π1, and hence from subpart (10) that χπ1(π2) = χπ2(π1).
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(16) The last subpart proves the statement of cubic reciprocity in the textbook,
except that here we did not require that Nπ1 6= Nπ2, just that (π1, π2) = 1.
In particular, this implies that if p is a rational prime, p ≡ 1 mod 3 and
p = ππ̄, where π (and hence also π̄) is primary, then χπ(π̄) = χπ̄(π). Use

this and the identity χπ(x) = χπ̄(x̄) to show that, in fact,

χπ(π̄) = 1.

Can you prove this directly by elementary means ?
(17) If π is a prime with (π, 3) = 1, how would you use the method above to

compute χπ(λ) ? (Hint: Analyze the extension K(λ1/3)/K. )


