
Math 676, HW 1, due Sep 20, 2016

1. Show that if a rational number is an algebraic integer, it must lie in Z.

2. Show that if d is a square-free integer, then the ring of integers in K =
Q(
√
d) is given by:

OK =

{
Z + Z

√
d, if d ≡ 2, 3 mod 4;

Z + Z
(

1+
√
d

2

)
, if d ≡ 1 mod 4.

3. Let K = Q(α) where α3 = 2.

(a) Compute the irreducible polynomial over Q satisfied by β = a+ bα+
cα2, where a, b, c ∈ Q.

(b) Find a Z-basis for OK .

4. (Trace and Norm) Recall that for any finite extension L/K, the trace and
the norm are defined by

trL/K(α) = trace(ϕα),

NL/K(α) = det(ϕα),

where ϕα is the map

ϕα : L→ L, ϕα(x) = αx,

viewed as a map of K-vector spaces.

(a) Show that if L/K is an extension of finite fields, then the trace and
the norm are surjective.

(b) Show that if L/K is not separable, the trace is identically zero.

5. Let A ⊆ B ⊆ C be rings. Suppose that B is integral over A and C is
integral over B. Show that C is integral over A.

6. Prove that a Dedekind domain with only finitely many prime ideals is a
PID.

7. Let K = Q(
√
−5). In OK factor the following ideals into prime ideals.

(2), (3), (5), (7), (11), (13), (17), (19), (23), (29).

8. (Group home-work) The field K = Q(
√
−17) has class number equal

to 4. Find a set of representatives for its ideal class group. What is the
structure of the ideal class group?
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9. (Group home-work, you may use a computer algebra system
such as MAGMA) Let K be the field Q(α) where α is a root of the
polynomial

f(X) = X3 −X − 1.

(a) Find a Z-basis for the ring of integers of K.

(b) Find the class number of K.

(c) Determine the factorization of the following ideals into prime ideals
in OK :

(2), (3), (5), (23), (1 + α).
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