
Math 676, HW 2, due Oct 4, 2016

1. Let A be a Dedekind domain with fraction field K and L/K a finite
separable extension with [L : K] = n. Let B be the integral closure of A
in L.

(a) Suppose that A is a PID. Show that B is a free A-module of rank n.

(b) Show that in any case, for every prime ideal p of A, the ring Bp is a
free Ap-module of rank n.

2. Let K be a number field and OK its ring of integers. Show that there
exists an element f ∈ OK such that the local ring OK,(f) is a PID. (You
may assume finiteness of the class group.)

3. Let K be the splitting field over Q of X3− 2. For the primes p = 2, 3, 5, 7
in Q, and for each prime q above p, identify explicitly the decomposition
group D(q|(p)) as a subgroup of Gal(K/Q) and describe explicitly the
map

D(q|(p))→ Gal(k(q)/Fp).

In which cases is this map an isomorphism?

4. (Group work) Let L/K be an extension of number fields that is Galois
with Gal(L/K) ' S3. Recall that each prime p in OK factors in OL as:

pOL = (q1q2 · · · qr)e

where erf = n, with n = [k(qi)/k(p)]. What are the possible values of the
tuple (r, e, f)? Give examples to show that the tuples on your list indeed
can occur and give a proof that the tuples not on your list do not occur.
How does your answer change if S3 is replaced by Z/6Z?

5. (Group work) Find an example of a Dedekind domain A with fraction field
K, a finite separable extension L/K with B the integral closure of A in L
and prime ideals p, q of A, B respectively such that q lies over p and the
residual extension k(q)/k(p) is not separable.

6. (Group work) Find a cubic extension K/Q and rational primes p,q, such
that the prime factorizations of (p) and (q) in OK are of the form:

(p) = p21p2, where p1 and p2 are coprime,

and
(q) = q3.

7. (Group work, use computer algebra software.) Let K = Q(α), where α is
a root of the polynomial

f(X) = X3 +X2 − 2X − 1.

Write a program to compute for the first 100 rational primes p, the split-
ting of the prime ideal (p) in the ring of integers of K. Do you notice a
pattern?
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