
Math 676, HW 3, due Nov 3, 2016

All problems are group work.

1. Let K ⊆ L be number fields and suppose that L1, L2 are two intermediate
extensions. Let p be a prime ideal in OK . Show that

(a) If p is unramified in L1 and L2 then it is unramified in the composi-
tum L1L2.

(b) If p is split completely in L1 and L2 then it is split completely in
L1L2.

(c) Do the previous parts continue to hold if “unramified” or “split com-
pletely” are replaced by “totally ramified” or “inert” ?

2. Let K = Q(α) where α3 = p with p 6= 3 an odd prime.

(a) Show that either OK = Z[α] or Z[α] is of index 3 in OK . Give
examples to show that both these cases can occur.

(b) Describe the structure of the different ideal DK/Q in these two cases.

(c) Now discuss what happens when p = 3.

3. We have seen in class that Q does not admit any finite extensions that are
unramified at all prime ideals. Show however that K = Q(

√
−23) does

admit a Galois extension L of degree 3 that is unramified everywhere.
(Hint: consider the polynomial X3 −X − 1.)

4. Prove that the class number of Q(
√
−23) is 3.

5. (May use computer algebra software) Let K, L be as in Problem 3. Show
that any ideal I in OK becomes principal when extended to OL. (This
problem and the previous two are all related; they illustrate some of the
key results in class field theory.)

6. Determine with proof the structure of the class group of the following
number fields:

(a) Q(
√
−17).

(b) Q(α) where α5 − α+ 1 = 0.

(c) Q(α) where α3 = 2.
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