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The Spectral Theorem : An n×n matrix can be orthogonally diagonalized (over the
real number) if and only if it is symmetric. There are two ways to define orthogonally

diagonalizable.

i. A matrix A is orthogonally diagonalizable if it has an orthonormal eigenbasis.

ii. A matrix A is orthogonally diagonalizable if there exists an orthogonal matrix S and a
diagonal matrix D such that S−1AS = D.

1. Discuss with your tablemates until everyone can explain why these two definitions are equiv-
alent. Discuss what is the relationship between S and the orthonormal eigenbasis? What is the
relationship between D and the eigenvalues? Just understand it in R2 first if needed.

2. Consider the linear transformation of R2 given by left mutliplication by A =

[
0 1
1 0

]
.

1. How do I know it has an orthonormal eigenbasis?

2. Describe the map geometrically. Now find an eigenbasis geometrically, using pure geometric
thinking.

3. Write down an orthogonal S and diagonal D such that D = S−1AS. This is called ”diago-
nalizing A”.

4. Check your work by multiplying out the matrices.

Solution note: The matrix is symmetric, so the spectral theorem says it has an or-
thonormal eigenbasis. The map is reflection over the line y = x, which obviously
fixes everything on that line. So [1 1]T is an eigenvector, with eigenvalue 1. The
vector [−1 1]T is taken to [1 − 1]T , so it is an eigenvector with eigenvalue -1. So
{[1 1]T , [−1 1]T } is an eigenbasis, and {[1/

√
2 1/

√
2]T , [−1/

√
2 1/

√
2]T } is an or-

thonormal eigenbasis. Let S be the matrix with columns the orthonormal eigenbasis.
Then, S is orthogonal and by Theorem 7.1.3, we have

S−1AS =

[
1 0
0 −1

]
.

This is also true if we use the matrix S whose columns are any (not necessarily
orthonormal) eigenbasis, but in that case, S won’t be orthogonal.

3. Consider the linear transformation TA of R2 given by left mutliplication by A =

[
1 3
3 1

]
.

1. Without computing anything, how do I know A is diagonalizable? What can you say about
its eigenvectors?

Solution note: It is symmetric, so diagonalizable (orthogonally!) by the Spectral
Theorem. There are perperpendicular eigenvectors.



2. Find the eigenvalues of A.

Solution note: They are 4 and −2.

3. Find one eigenvector of A.

Solution note: [1 1]T .

4. Use the spectral theorem to find another eigenvector of A.

Solution note: [−1 1]T .

5. Find S such that STAS is diagonal.

Solution note: The matrix S from above works as before.

6. I claim that there is a unit square in R2 such that TA takes that square to a rectangle whose
sides are length 2 and 4. Explain.

Solution note: The unit square formed by the orthonormal eigenbasis will stretch to
a rectangle of sides the (absolute values of the) eigenvalues.

7. Let f(x) = x4 + 3x2 + x + 1. Prove that f(A) = P

[
f(4) 0

0 f(−2)

]
P T for some orthogonal

matrix P . Give a formula for efficiently computing g(A) for any polynomial g(t).

4. Prove or Disprove: Let ρ be the transformation given by counterclockwise rotation though
π/3. Then there is a basis B for R2 in which the matrix of ρ is symmetric.

Solution note: FALSE! Rotation has no eigenvectors, so it can’t be diagonalized!
Thus it certainly can’t be orthogonally diagonalized. So there is no basis in which
the matrix is symmetric, because if there would be, it would be orthogonally diago-
nalizable.

5. Suppose TA : R3 → R3 is the transformation given by multiplication by a matrix A. Suppose
{~e1, ~e2 + ~e3, ~e3} is an eigenbasis for TA, with eigenvalues 1,−1, 2, respectively. Find a formula for
f(A) of the form SDS−1 for some invertible matrix S and some diagonal matrix D, where f(x) is
any polynomial at all. Compute f(A) when f(x) = x4 − 3x2 + x+ 4.



Solution note: We are given that {~e1, ~e2 + ~e3, ~e3} is an eigenbasis for TA, with
eigenvalues 1,−1, 2, respectively. Let S be the matrix formed from the eigenbasis:

S =

1 0 0
0 1 0
0 1 1

. So Theorem 7.1.3 says

D =

1 0 0
0 −1 0
0 0 2

 = S−1AS.

Reanrranging, we have A = SDS−1. Plugging into f , we have f(A) = f(SDS−1) =
Sf(D)S−1. Since D is diagonal, it is easy to compute f(D), namely f(D) =f(1) 0 0

0 f(−1) 0
0 0 f(2)

 =

3 0 0
0 1 0
0 0 14

. So

f(A) =

1 0 0
0 1 0
0 1 1

3 0 0
0 1 0
0 0 14

1 0 0
0 1 0
0 −1 1

 =

3 0 0
0 1 0
0 −13 14

 .

6. Prove that if T : R2 → R2 is given by left multiplication by a symmetric matrix, then there
is a unit square in R2 which is taken under T to a rectangle of side lengths equal to the eigenvalues
of T .

Solution note: By the spectral theorem, T has an orthonormal eigenbasis, B =
{~u1, ~u2}. Since ~u1 ⊥ ~u2 and both have length one, they form a unit square with
vertices ~0, ~u1, ~u2, and~u1 + ~u2. Applying T to this square stretches ~u1 by its value and
~u2 by its eigenvalue. This is a rectangle whose sides are the two eigenvalues, which
means its area is their product.

7. Prove that if A is a 2 × 2 symmetric matrix, then f(A) = 0 where f is the characteristic
polynomial of A.

Solution note: A is symmetric, hence diagonalizable. So we can write A = SDS−1

where S is the 2 × 2 matrix of eigenvectors (if we want, we can take this to be

orthonormal, but we won’t need that here) and D =

[
λ1 0
0 λ2

]
is diagonal with the

eigenvalues of A on it. So

f(A) = Sf(D)S−1 = S

[
f(λ1) 0

0 f(λ2)

]
S−1.

So if f is the characteristic polynomial, then this is the zero matrix because the
eigenvalues are roots of the characteristic polynomial, so the expression becomes
S0S−1 = 0.

8. The proof of the spectral theorem.

1. Show that if A can be orthogonally diagonalized, then A is symmetric. [Hint: write A as
product of matrices you can easily transpose.]



2. Suppose A is symmetric. Let ~v1 and ~v2 be eigenvectors with distinct eigenvalues. Compute
the matrix products

~vT1 A~v2 and ~vT1 A
T~v2,

so that each is expressed in terms of ~v1 · ~v2.

3. Deduce that if λ and µ are distinct eigenvalues of a symmetric matrix, then the corresponding
eigenspaces are orthogonal.

4. Prove that a symmetric matrix is diagonalizable, then it is orthogonally diagonalizable. (Hint:
use Gram-Schmidt on each eigenspace).

(This is not a complete proof—we still need to see why a symmetric matrix is diagonalizable).


