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A. Practice finding eigenvalues.

1. Find the characteristic polynomial for the map given by

[
0 1
1 0

]
. Does this map have an

eigenbasis? Can this matrix be diagonalized? Give an algebraic and geometric explanation.

2. Find the characteristic polynomial for

[
1 2
4 −1

]
. Can this matrix be diagonalized?

3. Find the eigenvalues of

1 2 3
0 4 −1
0 0 5

 . Find the algebraic and geometric multiplicities of each.

4. TRUE OR FALSE: A 2× 2 matrix has at most 2 eigenvalues.

5. TRUE OR FALSE: A 2× 2 matrix has at most 2 eigenvectors.

Solution note: (1) Char poly is x2 − 1. Eigenvalues are ±1. Both eigenvalues have
algebraic and geometric multiplicity 1. The matrix is diagonalizable because algebraic
and geometric multiplicity is the same for all eigenvalues. Or, we can see by inspection

that an eigenbasis is {[1 1]T , [−1 1]T }. So S−1AS = B where S =

[
1 −1
1 1

]
and

B =

[
1 0
0 −1

]
.

(2) Char poly is x2−9. Eigenvalues are ±3. So both have algebraic and geometric
multiplicity 1. So the matrix is diagonalizable.

(3) True. Because a degree 2 polynomial has at most 2 roots.
(4). False: There are either NO eigenvectors or infinitely many, since any multiple

of an eigenvector is another eigenvector (with the same eigenvalue).

B. Geometric and Algebraic Multiplicity. Let T : V → V be a linear transformation. Suppose
that λ is an eigenvalue of T .

Definition: The λ-eigenspace is the subspace

Vλ = {~v ∈ V |~v is an eigenvector with eigenvalue λ} ∪ 0.

Definition: The geometric multiplicity of λ is the dimension of the λ-eigenspace.

1. Be sure you can prove that Vλ really is a subspace of V .

2. TRUE or FALSE: The geometric multiplicity of λ is the maximal number of linearly indepen-
dent eigenvectors whose eigenvalue is λ. Explain.

3. Compute the eigenvalues of

[
0 1
0 0

]
, as well as their geometric and algebraic multiplicities. Is

this matrix diagonalizable?



4. Compute the eigenvalues of A =


2 1 0 0
0 2 1 0
0 0 2 0
0 0 0 1

, as well as their geometric and algebraic

multiplicities. Is there a basis B such that [A]B is diagonal.

5. Compute the eigenvalues for the differentiation transformation on P5. What are the eigen-
values of d/dx on P5? What are the eigenvectors? Does it have an eigenbasis?

6. Find the characteristic polynomial for the identity transformation of R6. Does this map have
an eigenbasis? What is the algebraic multiplicity for each eigenvalue?

7. Give examples of 3 × 3 matrices, all of which have eigenvalue π of algebraic multiplicity 3,
but where the geometric multiplicity 1 in one example, 2 in another and 3 in the third.

Solution note: (1). We just need to check that if ~v and ~w are eigenvectors with
eigenvalue λ, then so is ~v + ~w and k~v for any scalar k. Do it!

(2). TRUE: This just rephrases the definition using the characterization of di-
mension as the maximal number of linearly independent vectors.

(3) Char poly is x2. The only eigenvalue is 0 and its algebraic multiplicity is 2. To
find the geometric multiplicity, we compute dim of kernel of A−0I2, or the dimension
of kerA, which is 1 by the rank-nullity theorem. So the geometric multiplicity of 0
is 1, which means there is only ONE linearly independent vector of eigenvalue 0. So
there is no eigenbasis, and this matrix is not diagonalizable.

(4) Eigenvalues are 2, 2, 2, 1 (meaning that 2 has algebraic multiplicity 3). The
geometric multiplicity of 2 is the dimension of the 2-eigenspace, which is the kernel
of A− 2I4. Since this is a rank 3 matrix, the rank-nullity theorem tells us the kernel
is dimension 1. So there is only one linearly independent eigenvector of eigenvalue 2,
so the geometric multiplicity is 1, and there is not an eigenbasis. The matrix is not
diagonalizable.

(5) If we write the matrix of d/dx in the basis {1, x, . . . , x5}, we see that it is
upper triangluar with zeros on the diagonal. Call it A. So the char poly is x6. Hence
there is only one eigenvalue, namely 0. The eigenspace of 0 is the kernel of A− 0I6.
Since this matrix has rank 5, we conclude the kernel is dimension 1 (rank nullity
theorem). So the eigenspace of 0 is one-dimensional, which means there is only ONE
linearly independent eigenvector. So the matrix can not be diagonalized.

(6) Every vector is taken to itself by the identity matrix. So every vector is an
eigenvector and 1 is the only eigenvalue. The char poly is (x− 1)6. So the eigenspace
is the whole space R6, and the geometric and algebraic multiplicity of 1 are both 6.
So the identity map is diagonalizable. We know this (“duh!”) because the matrix of
the identity map in any basis is the identity matrix (hence diagonal!).

(7) Geometric multiplicity 3 is

π 0 0
0 π 0
0 0 π

, geometric multiplicity 2 is

π 1 0
0 π 0
0 0 π

,

and geometric multiplicity 1

π 1 0
0 π 1
0 0 π

. These are just examples, many work. You

just need to keep track of the ranks of A− πI3. C.



1. TRUE OR FALSE: If the geometric multiplicities of all eigenvectors of T sum to the dimension
of V (which is assumed finite), then T is diagonalizable. Explain.

Solution note: TRUE: This is Theorem 7.3.3. You can understand it as saying that
for each eigenvector λ, you have found a total of gmu(λ) linearly independent eigen-
vectors. So all together you have n linearly independent eigenvectors—an eigenbasis!

2. TRUE OR FALSE: The geometric multiplicity of an eigenvalue is always less than or equal
to its algebraic multiplicity.

Solution note: TRUE: Theorem 7.3.6

3. TRUE OR FALSE: A linear transformation T : Rn → Rn has at most n eigenvalues.

Solution note: True: the char poly has at most n roots.

4. TRUE OR FALSE: It the dimension of V is odd, then every linear transformation V
T→ V

has at least one real eigenvalue.

Solution note: True! The char poly has odd degree, so it must have a root (think of
its graph—it must cross the x-axis!)

D. Understanding the Characteristic Polynomial. Prove the following facts directly from
the definitions without quoting theorems from Chapter 7 (theorems from earlier chapters are fine).

1. The scalar λ is an eigenvalue if and only if the matrix A− λI3 has a non-zero kernel.

2. The scalar λ is an eigenvalue if and only if the matrix A− λI3 is not invertible.

3. The scalar λ is an eigenvalue if and only if the matrix A− λI3 has determinant zero.

4. The determinant of A − xI3 is a polynomial of degree three in x. What is the name of this
polynomial? Explain the significance of it roots.

5. Prove that the roots of the characteristic polynomial of an n× n matrix A are precisely the
eigenvalues of A.

Solution note: (1) ~v satisfies the matrix equation (A−λI3)~v = 0 if and only A~v = λ~v
by simple matrix arithmetic (distributive property) and rearranging. So ~v is in the
kernel of the matrix A − λI3 precisely when ~v is an eigenvector with eigenvalue λ.
Thus, λ is an eigenvector precisely when A− λI3 has a non-zero kernel.

(2) and (3) Continuing, A − λI3 has a non-zero kernel precisely when it is non-
invertible. This is the same as its determinant being zero.

(4) and (5) This is the char poly, and we just proved its roots are the eigenvalues.

E. Definition: Let T : V → V be a linear transformation of some finite dimensional vector
space. The characteristic polynomial of T is the characteristic polynomial of the matrix [T ]B
representing T with respect to any basis B.



There is a potential problem with this definition. It requires us to make a choice of a
basis B. How do we know that the characteristic polynomial does not depend on this
choice? In this problem, we settle this issue.

1. Let B and A be two different bases for V . How are the matrices [T ]B and [T ]A related? State
precisely what this means algebraically.

2. Show that matrices B and A are similar, then detA = detB.

3. Show that if matrices B and A are similar, then they have the same characteristic polynomial.

4. Explain why the definition of the characteristic polynomial above is well-defined.


