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1. The purpose of these notes.

This is a list of the main definitions, examples, propositions, and Theorems of elementary
abstract linear algebra covered in Michigan’s gateway-to-the-math-major course Math 217.
It is a companion to the textbook, not a replacement. In particular, the textbook covers
material on solving linear systems that is assumed here, and many other useful computational
tools as well as applications that are not touched here. Chapters 1 and 5 of the text are
particularly important for the student to read and understand as little of that material is
discussed here in sufficient depth.

This list is a reference for students to use in doing proofs, as well as a coherent discussion of
the main concepts. Students should read through section by section, absorbing the definition,
then making sure they can prove any stated examples, propositions and corollaries (Theorems
may be harder, though A students should try to prove those too!).

2. Vector Spaces

A vector space is a set with extra structure whose elements will be called vectors.
The extra structure consists of a natural addition and scalar multiplication, which must
obey certain familiar axioms.

2.1. Vector Spaces. You know many examples already:

Example 2.1.1. Some Vector Spaces:
(1) In multivariable calculus and physics, you learned a vector is a "directed magnitude"

represented by an arrow. The set of all such vectors (say, in 3-space) forms a vector
space with the usual notion of vector addition (placing arrows "head-to-tail") and
scalar multiplication (scaling the magnitude) you studied in Calc III.

(2) Since high school, you have studied functions f(x) of the real line, adding them
(f(x) + g(x)) and multiplying by scalars cf(x). The set of all such functions is a
vector space with the usual notions of addition and scalar multiplication of functions.

(3) The set of all m× n matrices is a vector space with the usual notion of addition and
scalar multiplication of matrices ("entry-by-entry").

(4) The set of column vectors Rn with the usual addition and scalar multiplication is a
special case of (3) since a column vector is the same as a n × 1 matrix. Thus Rn is
exactly the same as Rn×1.

Definition 2.1.2. A vector space is a set V , equipped with a rule for addition of any two
vectors and for scalar multiplication of a vector by a scalar. The addition + must satisfy
the following axioms

(1) The set V is closed under addition: For any two vectors ~v and ~w of V , the sum ~v+ ~w
is also in V .

(2) Addition is commutative: For all ~v, ~w ∈ V , ~v + ~w = ~w + ~v.
(3) Addition is associative: For all ~v, ~w, ~y ∈ V , (~v + ~w) + ~y = ~v + (~w + ~y).

1With the excellent assistence of Jordan Zhu and John Corsetti.
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(4) There is an additive identity: that is, there exists ~0 ∈ V such that ~v +~0 = ~0 + ~v = ~v
for all ~v ∈ V .

(5) Every element has an additive inverse: for every ~v ∈ V , there exists a vector ~y ∈ V
such that ~v + ~y = ~y + ~v = 0.

The scalar multiplication must satisfy the following axioms
(1) The set V is closed under scalar multiplication: For any vector ~v in V and any scalar

λ ∈ R, the scalar multiple λ~v is also in V .
(2) For two scalars a, b ∈ R, we have a(b~v) = (ab)~v for all vectors ~v ∈ V .
(3) For 0 ∈ R, we have 0~v = ~0 for all ~v ∈ V .
(4) For 1 ∈ R, we have 1~v = ~v for all ~v ∈ V .

And finally, scalar multiplication distributes over addition:
(1) λ(~v + ~w) = λ(~v) + λ(~w) for all ~v, ~w ∈ V and all λ ∈ R.
(2) (a+ b)~v = a~v + b~v for all vectors ~v ∈ V and all scalars a, b,∈ R.

Example 2.1.3. The set R[x] of all polynomials is a vector space with the usual notions
of polynomial addition and scalar multiplication. Note that even though it is possible to
multiply polynomials, this multiplication is not part of the vector space structure of R[x].

2.2. Subspaces.

Definition 2.2.1. A subspace of V is a non-empty subset W which is a closed under
addition and scalar multiplication. That is, a subspace is a subset W such that

(1) If ~x, ~y ∈ W , then also ~x+ ~y ∈ W .
(2) If ~x ∈ W and k is any scalar, then also k~x ∈ W .

Note: A subspace W of a vector space V is itself a vector space.

Example 2.2.2. The plane W defined by the equation x + y + z = 0 is a subspace of R3.
More generally, a plane in R3 is a subspace if and only if contains the origin.

Example 2.2.3. The vector space of polynomials R[x] is a subspace of the space of con-
tinuous functions C0. The set of continuous functions f satisfying f(0) = 0 is a different
subspace of C0.

Example 2.2.4. There are fours kinds of subspaces of the vector space R3:
(1) The space R3 itself.
(2) A plane through the origin.
(3) A line through the origin.
(4) The zero vector space {0}.

3. Linear Transformations

3.1. Definition and Examples. A linear transformation is a mapping from one vector
space to another that “respects the vector space structure.” Precisely:

Definition 3.1.1. Let V and W be vector spaces. A linear transformation is a mapping
V

T−→ W that satisfies
(1) T (~x+ ~y) = T (~x) + T (~y) for all vectors ~x, ~y ∈ V .
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(2) T (k~x) = kT (~x) for all vectors ~x ∈ V and all scalars k.
The vector space V is called the source of T , whereas W is the target of T .

The following is a crucially important example in all that follows:

Example 3.1.2. Let A be an m× n matrix. The map given by left multiplication by A,

Rn TA−→ Rm

~v 7→ A~v,

is a linear transformation with source Rn and target Rm. Be sure you see why.

Example 3.1.3. The following are further examples of linear transformations. Identity the
source and target, and verify each is a linear transformation.

(1) The map of the Cartesian plane rotating every vector counter clockwise by π
2
;

(2) The map f(x) 7→ f(0) from the space of all functions to R;
(3) The differentiation mapping on the space C∞ of infinitely differentiable functions;
(4) The map sending each row vector

[
a1 a2 . . . an

]
to the corresponding column

vector


a1
a2
...
an

 .
You might wonder whether the space of row vectors is really any different from the space of
column vectors, since we can write any row as a column and vice-versa. Indeed, these two
vector spaces are essentially the same, or isomorphic. Precisely:

Definition 3.1.4. A linear transformation V T→ W is an isomorphism if there exists an
inverse linear transformation W S→ V . This means that both compositions S ◦ T : V → V
and T ◦ S : W → W are the identity maps. We say that V and W are isomorphic if there
exists an isomorphism between them.

Example 3.1.5. In Example 3.1.3, only (1) and (4) are isomorphisms. Can you describe
their inverses?

Example 3.1.6. Not every bijection between vector spaces is an isomorphism! For example,
consider the map R φ−→ R sending x to x3. This is bijective (what is the inverse?). But it is
not an isomorphism: it respects neither vector addition (φ(x+ y) 6= φ(x) + φ(y)) nor scalar
multiplication (φ(cx) 6= cφ(x)).
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3.2. Kernels and Images.

Definition 3.2.1. The kernel of a linear transformation V T−→ W is the set of all vectors
~v in the source such that T (~v) = ~0. That is,

kerT = {~v ∈ V |T (~v) = ~0}.

The image of a linear transformation V T−→ W is the set of all vectors ~w in the target such
that there exists ~v in the source such that T (~v) = ~w. That is,

imT = {~w ∈ W |T (~v) = ~w for some ~v ∈ V }.

Example 3.2.2. Let A be a m × n matrix. Let TA be the linear transformation given by
left multipliction by A:

Rn TA−→ Rm ~x 7→ A~x.

Then you should check that
(1) The kernel of TA is the set of solutions in Rn to the linear system A~x = 0.
(2) The image of TA is the set of vectors~b ∈ Rm such that the system A~x = ~b is consistent.

Proposition 3.2.3. Let V T−→ W be a linear transformation.
(1) The kernel of T is a subspace of V .
(2) The image of T is a subspace of W .

Proposition 3.2.4. A linear transformation V
T−→ W is injective if and only if its kernel

is trivial; that is, T is injective if and only if ker T = {~0}.

Proposition 3.2.5. A linear transformation V
T−→ W is an isomorphism if and only if it

is both injective and surjective.

Example 3.2.6. Consider the differentiation mapping R[x]
d−→ R[x] sending each polyno-

mial f to its derivative df/dx. This is a linear transformation whose kernel is the subspace
of constant functions, and whose image is the entire space R[x]. Therefore, d is surjective
but not injective. So d is not an isomorphism.

Example 3.2.7. Let R[x]
µx−→ R[x] be the map which multiplies each polynomial by x.

This is an injective linear transformation whose image is the subspace of polynomials whose
constant term is zero. Therefore, µx is injective but not surjective, and µx is not an isomor-
phism.
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3.3. Linear Transformations of Rn. A crucial idea is that, in the special case of Rn,
every linear transformation Rn → Rm is given by left multiplication by some matrix. More
precisely,

Key Proposition 3.3.1. Let Rn T−→ Rm be a linear transformation. Then there exists a
unique m× n matrix A such that

T (~v) = A~v

for every column vector ~v ∈ Rn. We say that A represents the transformation T , and often
write TA for T .

Useful Fact 3.3.2. The matrix A representing the transformation T is easy to find:

The j-th column of A is T (~ej).

This follows from the unreasonably useful fact 10.3.1. Be sure you see how.

Example 3.3.3. The map R2 ρ−→ R2 rotating each vector counterclockwise through the
angle θ is represented by the matrix [

cosθ −sinθ
sinθ cosθ

]
.

We found this matrix by observing ρ(~e1) =

[
cosθ
sinθ

]
and ρ(~e1) =

[
−sinθ
cosθ

]
.

Proposition 3.3.4. Consider a composition of linear transformations

Rn T−→ Rm S−→ Rp.

If B is the m × n matrix representing T and A is the p × m representing S, then the
composition S ◦ T is represented by the p× n matrix AB. That is,

TA ◦ TB = TAB.

Example 3.3.5. We can use this to compute the sum formula for sine and cosine. Recall that

rotation counterclockwise through α+β is represented by the matrix
[
cos(α + β) − sin(α + β)
sin(α + β) cos(α + β)

]
.

On the other hand, rotation through α+β is the composition of rotation through β followed
by rotation through α. So rotation through α+ β is also represented by the product matrix[

cos(α) − sin(α)
sin(α) cos(α)

] [
cos(β) − sin(β)
sin(β) cos(β)

]
.

Multiplying out these matrices and comparing the entries of the first column, we see that

cos(α + β) = cos(α) cos(β)− sin(α) sin(β)

sin(α + β) = sin(α) cos(β) + cos(α) sin(β)
5



Caution: Some authors blur the distinction between a linear transformation Rn → Rm and
the matrix representing it. This is common in elementary contexts where the only vector
spaces under consideration are Rn. For example, phrases like the "kernel" and "image" of the
matrix A are always interpreted to mean the kernel and image of the linear transformation
given by left multiplication by A.

4. Bases and Dimension.

4.1. Span. Let V be a vector space.

Definition 4.1.1. A linear combination of vectors ~v1, ~v2, . . . , ~vn in V is any vector of the
form

c1~v1 + c2~v2 · · ·+ cn~vn

where ci are scalars.

Definition 4.1.2. Let S be a (possibly infinite) subset of V . The span of S is the set all
linear combinations of the vectors in S. That is,

SpanS = {c1~v1 + c2~v2 + · · ·+ cn~vn | ci ∈ R, ~vi ∈ S}.

Proposition 4.1.3. The span of S is a subspace of V . In fact, it is the smallest subspace
of V containing each of the vectors ~vi in S.

Example 4.1.4. Consider the vector space R3.

(1) The span of the vector

1
0
0

 is the set of all vectors of the form

t0
0

 where t ∈ R.

This is the x-axis. In general, the span of one non-zero vector ~v is line though the
origin in the direction of ~v.

(2) The span of the vectors {

1
0
0

 ,
0

1
0

} is the set of all vectors of the form

c1c2
0

, where
c1 and c2 are scalars. This is the xy-plane in the 3-space. Typically, the span of two
non-zero vectors ~v1 and ~v2 will be a plane in R3 through the origin (although if ~v2 is
a multiple of ~v1, we will just get the line spanned by ~v1 (or ~v2—they span the same
line!).

4.2. Linear Independence.

Definition 4.2.1. Let S be a (possibly infinite) subset of V . A relation on S is any
expression of the form

c1~v1 + c2~v2 + · · ·+ cn~vn = 0,

where the ci are scalars and the ~vi ∈ S. That is, is a relation on S is a linear combination
of elements from S which is zero vector.
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Definition 4.2.2. The set of vectors S is linearly independent if the only relation on S
is the trivial relation— that is, whenever c1~v1 + c2~v2 + · · ·+ cn~vn = 0, for some scalars ci and
some vectors ~vi in V , then c1 = c2 = · · · = cn = 0.

Example 4.2.3. The vectors

 1
−1
0

 ,
−1

0
1

 ,
 0

1
−1

 are not linearly independent. The ex-

pression  1
−1
0

+

−1
0
1

+

 0
1
−1

 = ~0

is a non-trivial relation on them. However, any pair of them is linearly independent, as you
should check.

Example 4.2.4. Let C0 be the vector space of all continuous functions. The functions
f1(x) = sin2 x, f2(x) = cos2 x, and f3 = 1 are three elements (vectors) in C0. There is a
non-trivial relation on the set {f1, f2, f3}, namely

(1)f1 + (1)f2 + (−1)f3 = 0.

So these functions are not linearly independent.

Example 4.2.5. In any vector space, a one-element set {~v} is linearly independent if and
only if ~v 6= 0. Likewise, a two-element set {~v, ~w} is linearly independent if and only if ~v and
~w are not scalar multiples of eachother.

4.3. Bases and Dimension.

Definition 4.3.1. A basis is a set of linearly independent vectors that span V . Put differ-
ently, a basis is a spanning set for V which is linearly independent.

Proposition 4.3.2. If B is a basis for V , then every element of V can be uniquely expressed
as a linear combination of the elements in B.

Proposition 4.3.3. Let V be a vector space with basis {~v1, ~v2, . . . , ~vn}. Then every basis for
V consists of exactly n elements.

Definition 4.3.4. The dimension of a vector space is the number (possibly infinite) of
elements in a basis.

Example 4.3.5. The standard basis for Rn is the set of standard unit column vectors:

{~e1, ~e2, . . . , ~en} = {


1
0
0
...
0

 ,


0
1
0
...
0

 , . . .


0
0
...
0
1

}.
In particular, Rn has dimension n.
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Example 4.3.6. A natural basis for the vector space R[x] of polynomials is the infinite set
{1, x, x2, x3, . . . }. Another, equally natural basis is {1, (x − 1), (x − 1)2, (x − 1)3, . . . }. The
vector space of polynomials is not finite dimensional. On the other hand, the subspace of
polynomials of degree at most n has dimension n+ 1.

Example 4.3.7. The plane in R3 given by the equation x+ y − z = 0 is a two-dimensional
vector space, as your intuition ought to suggest. For example, the vectors1

0
1

 and

0
1
1


are are basis, as you should check.

Theorem 4.3.8. Every vector space has a basis.

Remark 4.3.9. Theorem 4.3.8 is not obvious, especially in the infinite dimensional case.

4.4. The Rank-Nullity Theorem.

Definition 4.4.1. The rank of a linear transformation T is the dimension of the image.
The nullity of T is the dimension of the kernel.2

Theorem 4.4.2. Let V T−→ W be a linear transformation with finite dimensional source V .
Then

dimV = dim imT + dim ker T,

or equivalently the rank and nullity of T sum to the dimension of the source of T .

Corollary 4.4.3. A linear transformation V
T−→ W between finite dimensional vector

spaces of the same dimension is an isomorphism if and only if it is either surjective or
injective.

Remark 4.4.4. The corollary is false for infinite dimensional spaces. See Examples 3.2.6
and 3.2.7.

Example 4.4.5. Consider the linear transformation R3 π−→ R3 given by orthogonal projec-
tion onto the the plane Λ defined by x+ y+ z = 0. The image of this projection is the plane

Λ, which is a subspace of dimension two; for example, one basis is {

 1
−1
0

 ,
 1

0
−1

}. The

kernel is the set of vectors normal to the plane, which is the one-dimensional space spanned

by

1
1
1

 . The rank-nullity theorem states that the dimension of the image plus the dimension

of the kernel is the dimension of the source—in this case, 2 + 1 = 3.
2The textbook defines the rank as the number of leading 1’s in the row reduced echelon form of a matrix.

If T is the linear transformation given by multiplication by some matrix A, then these definitions agree.
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Remark 4.4.6. By rank and nullity of a matrix A we mean the rank and nullity of the
corresponding linear transformation given by left multiplication by A.

Proposition 4.4.7. The image of the linear transformation Rn A−→ Rm is spanned by the
columns of A. In particular, the rank of a matrix A is the maximal number of linearly
independent columns of A.

We can revisit the rank-nullity theorem in matrix form:
Corollary 4.4.8. Let A be an m×n matrix. Then dimension of the solution space of A~x = 0
is n− rank A.

Proposition 4.4.9. The rank of the matrix A is equal to the number of pivots in the row-
reduced echelon form of A. Indeed, the columns of A indexed by the columns in which the
pivots of rref(A) appear for a basis for the image of A.

Example 4.4.10. Consider the linear transformation R5 TA−→ R4 given by left multiplication
by the matrix

A =


1 2 3 4 5
4 8 8 10 12
1 2 1 2 3
4 8 6 7 8

 .
Its row reduced echelon form 

1 2 0 0 0
0 0 1 0 −1
0 0 0 1 2
0 0 0 0 0

 .
There are three pivots, in columns 1, 3, and 4, so the corresponding rows of A form a basis
for the image of TA:

{


1
4
1
4

 ,


3
8
1
6

 ,


4
10
2
7

}.
The dimension of the source here is 5 and the dimension of the image is 3, so the rank nullity
theorem tells us the kernel must have dimension two. We find it by using the non-pivot
variables as free variable:

kerTA = {


−s/2
s
t
−t/2
t

 |s, t,∈ R}.

So a basis for the kernel is

{


−2
1
0
0
0

 ,


0
0
1
−2
1

 .
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5. Representing Vectors by Columns.

Let V be a finite dimensional vector space. A powerful computational technique is this:
By fixing a basis for V , we can think of the elements of V as column vectors, and so identify
V with Rn. This section explains how.

5.1. Coordinates. Let V be a finite dimensional vector space. Fix a basis B = {~v1, ~v2, . . . , ~vn}.
Recall that each vector ~v in V can be written in one and only one way as a linear combination
of the basis B.

Definition 5.1.1. The B-coordinates of ~v are the unique scalars ai such that

~v = a1~v1 + a2~v2 + · · ·+ an~vn.

The B-coordinates are arranged into a column vector, denoted [~v]B. That is,

[~v]B =


a1
a2
...
an

 .

Example 5.1.2. Let S be the standard basis {~e1, . . . , ~en} for Rn. Then for each vector

~v =


a1
a2
...
an

 , we have ~v = a1~e1 + · · ·+an~en, so the S-coordinates of each vector are none other

than the standard coordinates:

[~v]S =


a1
a2
...
an

 .
The following crucial proposition allows us to coordinatize any finite dimensional vector
space:

Proposition 5.1.3. Let V be a finite dimensional vector space. Then the choice of a basis
B = {~v1, ~v2, . . . , ~vn} defines an isomorphism

Rn → V


a1
a2
...
an

 7→ a1~v1 + a2~v2 + · · ·+ an~vn,

called the coordinate isomorphism defined by the basis B. The inverse map sends each ~v
to the column vector [~v]B.

10



Example 5.1.4. Consider the vector space E2 of "directed magnitudes" in the plane familiar
from Calc III and/or physics. Typically in physics we coordinatize by picking any convenient
pair of perpendicular unit vectors ~u1 and ~u2. These form a basis for E2. The coordinate
isomorphism

R2 −→ E2

[
x
y

]
7→ x~u1 + y~u2

is the standard way to identify the vector space E2 with the Cartesian plane R2. You
should think through what happens when we coordinatize by choosing a different basis—say
B = {~v1, ~v2} of different magnitudes and not perpendicular. A good exercise is to draw the
points in E2 whose B-coordinates are integers.

5.2. What if we choose a different basis? A typical vector space has many different
bases, so there may be many different and equally reasonable ways to identify V with Rn by
choosing coordinates. Fortunately, there is a systematic method to compare them:

Proposition 5.2.1. Let V be a finite dimensional vector space of dimension n. Let B and
A be two different bases. The map

[~v]B 7→ [~v]A
is a linear transformation Rn −→ Rn. In particular, it is given by left multiplication by a
unique n× n matrix S.

Definition 5.2.2. The matrix S of Proposition 5.2.1 called the change of coordinates
matrix from B to A. We denote this matrix SB→A when we want to emphasize we are
changing from B-coordinates to A-coordinates.

It is worth memorizing the following easy way to find SB→A:

Useful Fact 5.2.3. To find the j-th column of SB→A, write the j-th basis element ~vj of
B in terms of the basis A. The j-th column of SB→A is the column vector [~vj]A.

An important exercise is to be sure you understand why Fact 5.2.3 works. The point is
the unreasonably useful fact 10.3.1.

Proposition 5.2.4. The change of coordinates matrix SB→A is invertible. Its inverse is the
change of coordinates matrix from A to B. That is

SA→B = S−1B→A.

An important special case is Rn, which has many different bases:

Proposition 5.2.5. Let B = {~v1, . . . , ~vn} be a basis for Rn. Then the change of basis matrix
from B to the standard basis is the invertible matrix

S =
[
~v1 . . . ~vn

]
.

In particular, for any column vector ~v ∈ Rn, we have

S[~v]B = ~v or equvalently, [~v]B = S−1~v.
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6. Representing Linear Transformations by Matrices

6.1. The B-matrix. Let V be a finite dimensional vector space. We saw that choosing a
basis for V identifies V with Rn. We now see also that each linear transformation V → V
gets identified with matrix multiplication. Precisely:

Proposition 6.1.1. Let V T−→ V be linear transformation of a vector space V of finite
dimension n. Fix any basis B. Then there exists a unique n × n matrix [T ]B such that for
every vector ~v ∈ V , we have

[T (~v)]B = [T ]B[~v]B.

Definition 6.1.2. The matrix [T ]B of Proposition 6.1.1 is called the matrix of T with
respect to the basis B, or simply the B-matrix of T .

Example 6.1.3. Consider the special case where V = Rn. Suppose Rn T−→ Rn is a linear
transformation. The matrix of T with respect to the standard basis S = {~e1, ~e2, . . . , ~en} is
precisely the matrix representing T . Make sure you understand why!

We restate this crucial idea one more time. Consider the composition of linear maps

Rn −→ V
T−→ V −→ Rn

[~v]B 7→ ~v 7→ T (~v) 7→ [T (~v)]B

where the first and last arrows are given by the coordinate isomorphism and its inverse,
respectively. As a linear map from Rn to Rn, it is given by left multiplication by some n×n
matrix—this matrix is precisely [T ]B.

Useful Fact 6.1.4. The matrix [T ]B representing the transformation T in the basis B is
easy to find:

The j-th column of [T ]B is T (~vj) expressed as a column vector of B-coordinates.

Fact 6.1.4 follows from the unreasonably useful fact 10.3.1. Fact 3.3.2 is the special
case of the standard basis.

Proposition 6.1.5. Let V be a vector space with basis B. Suppose we have a composition
of linear maps

V
T−→ V

S−→ V

Then the B-matrix of the composition is the product of the corresponding B-matrices:

[S ◦ T ]B = [S]B[T ]B.

Remark 6.1.6. The special case of Proposition 6.1.5 when V = Rn recovers Proposition
3.3.4.
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Proposition 6.1.7. Let V be a finite dimensional vector space. A linear transformation
V

T−→ V is an isomorphism if and only if the matrix representing (in whatever basis) is
invertible.

6.2. What if we choose a different basis? The matrix of T depends on the basis B.
Precisely:

Proposition 6.2.1. If B and A are two basis for V , then

[T ]B = S−1[T ]AS

where S is the change of coordinates matrix from B to A.

Definition 6.2.2. Two n×n matrices A and B are similar if there exists an invertible n×n
matrix S such that B = S−1AS.

Proposition 6.2.1 says that the matrices [T ]B and [T ]A of the same linear transformation
V

T−→ V in two different bases are similar. The converse is also true.

Computational Tip: It can be hard to compute a change of coordinates matrix S. How-
ever, it is usually easier to find the matrix SB→A if the basis A is especially nice. For example,
in the special case where V = Rn and A = {~e1, ~e2, . . . , ~en} is the standard basis, then the
columns of S will simply be the column vectors making up B.

7. Determinants

7.1. Laplace Expansion. The Laplace expansion gives a convenient way to compute the
determinant of any square matrix:

Definition 7.1.1. Let A be an n× n matrix. The Laplace expansion along row i of A
is the expression

n∑
j=1

(−1)i+jaij det Aij,

where Aij is the submatrix of A obtained by deleting row i and column j.
Likewise the Laplace expansion along column j of A is the expression

n∑
i=1

(−1)i+jaij det Aij.

Theorem 7.1.2. Let A be an n×n matrix. The Laplace expansion along any row or column
gives the same scalar, namely the determinant of A.

In Math 217, we essentially define the determinant as the unique scalar obtained by any
Laplace expansion. This definition is the most useful for computations, but perhaps not
ideal (since, for example, it depends on Theorem 7.1.2, which is quite a beast to prove). In
Math 217, we focus on how to compute and use the determinant, rather than the definition.
See Remark 7.2.12.
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Example 7.1.3. Let A =

[
a b
c d

]
. The Laplace expansion along the first column of A is

a(d)− c(b). So the determinant of A is ad− bc.

7.2. Properties of the Determinant.

Corollary 7.2.1. Let A be an n× n matrix. The determinant of A and AT are equal.

Theorem 7.2.2. Let A and B be an n× n matrices. Then

det(AB) = detA detB.

Corollary 7.2.3. An n× n matrix is invertible if and only if its determinant is non-zero.

Corollary 7.2.4. Similar matrices have the same determinant.

Definition 7.2.5. Let V be a finite dimensional vector space. The determinant of a linear
transformation T : V → V is the determinant of any matrix TB representing T .

Proposition 7.2.6. Let V be a finite dimensional vector space. A linear transformation
T : V → V is an isomorphism if and only if det T is not zero.

Theorem 7.2.7. Let Rn → Rn be the linear transformation given by multiplication by the
n× n matrix A. Then the n-volume of the image of the unit n-cube is |detA|.

The determinant has an important property calledmultilinearity in the rows and columns.
This means that fixing all but one column, the determinant is a linear function in the re-
maining column. Precisely:

Proposition 7.2.8. Fix n− 1 column vectors ~v1, . . . , ~vn−1 in Rn. Then the function

Rn → R
~x 7→ det

[
~v1 ~v2 . . . ~vn−1 ~x

]
is a linear transformation. The same is true if ~x is inserted as the j-th column (instead of
the n-th) for any j. A similar statement holds for the rows.

Example 7.2.9. Because the determinant is linear in the first column, we have

det

1 2 3
4 5 6
7 8 9

+ det

 0 2 3
0 5 6

100 8 9

 = det

 1 2 3
4 5 6

107 8 9

 .
Note that here, the second two columns are the same, only the first column has elements
being added. Also

det

1 2 3
4 5 6
7 8 9

+ 2det

1 2 3
1 1 1
7 8 9

 = det

1 2 3
6 7 8
7 8 9


by linearity in the middle row.
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Another important property is the alternating property of the determinant:

Proposition 7.2.10. If two columns of a square matrix are the same, then its determinant
is zero. Similarly, if two columns are the same, then the determinant is zero.

Proposition 7.2.11. Let A be a square matrix. Let A′ be the matrix obtained by swapping
two columns. Then det A = - det A′. The same holds if we swap two rows.

Remark 7.2.12. It can be proved that the determinant is the unique alternating function
which is linear in each column (or each row) and takes the value 1 on the identity matrix.
This is the way the determinant is usually defined in advanced linear algebra books.

8. Eigen-Everything

8.1. Eigenvectors and Eigenvalues.

Definition 8.1.1. An eigenvector of a linear transformation V
T−→ V is any non-zero

vector ~v ∈ V such that T (~v) = λ~v for some scalar λ. The scalar λ is called the eigenvalue
of the eigenvector ~v.

Example 8.1.2. Consider the differentiation map of C∞. Since d
dx
eλx = λeλx for any real

number λ, we see that every real number is an eigenvalue of the differentiation map, with
corresponding eigenvectors fλ(x) = eλx.

Definition 8.1.3. Let V T−→ V be a linear transformation. An eigenbasis is a basis for V
consisting of eigenvectors for T .

Caution: Not every linear transformation has an eigenbasis!

Example 8.1.4. Consider the map R2 ρ−→ R2 given by rotation counterclockwise through
π/2. Since no vector is taken to a scalar multiple of itself, ρ has no eigenvectors, hence no
eigenbasis.

Proposition 8.1.5. Let V T−→ V be a linear transformation of a finite dimensional vector
space. Then B is an eigenbasis for T if and only if the matrix [T ]B is diagonal. In this case,
the elements on the diagonal are the eigenvalues (possibly repeated more than once).

Definition 8.1.6. A linear transformation V
T−→ V is diagonalizable if V admits an

eigenbasis for T . A matrix A is diagonalizable if the linear transformation defined by left
multiplication by A is diagonalizable.
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Proposition 8.1.7. Let A be an n × n matrix. Then A is similar to a diagonal matrix D
if and only if the linear transformation given by left multiplication by A has an eigenbasis.
Moreover, if {~v1, . . . , ~vn} is the eigenbasis, with corresponding eigenvalues λ1, . . . , λn, then

S−1AS =


λ1 0 . . . 0
0 λ2 . . . 0
... . . . . . .

...
0 0 . . . λn

 ,
where S is the matrix

[
~v1 . . . ~vn

]
whose columns are the vectors of the eigenbasis.

Example 8.1.8. Consider the map R2 T−→ R2 given by left multiplication by
[
2 3
0 −1

]
.

Note that T (~e1) = 2~e1. Also, for ~v =

[
1
−1

]
, we have since T (~v) = −~v. So

B = {
[
1
0

]
,

[
1
−1

]
}

is an eigenbasis and the matrix of T in this eigenbasis is

[T ]B =

[
2 0
0 −1

]
.

Note that the elements on the diagonal are exactly the eigenvalues {2,−1}.

Proposition/Definition 8.1.9. Let λ be an eigenvalue of a linear transformation T . The
subset of V

Vλ = {~v ∈ V |T (~v) = λ~v}
consisting of all λ-eigenvectors (together with ~0) is a subspace of V , called the λ-eigenspace.

Remark 8.1.10. We often abuse terminology, referring to "eigenvalues and eigenvectors of a
matrix"—this means the eigenvalues and eigenvectors of the corresponding map Rn −→ Rn

given by left multiplication by A. Accordingly, the eigenvalues of A are the scalars λ for
which there exists a non-zero column vector ~v such that

A~v = λ~v.

The set of all such column vectors ~v is the λ-eigenspace of A.

8.2. Finding Eigenvalues and Eigenvectors.

Definition 8.2.1. Consider an n × n matrix A. The characteristic polynomial of A is
the degree n polynomial

χA(x) = det(xIn − A).

Example 8.2.2. Let A =

[
0 −1
1 0

]
. Then the characteristic polynomial of A is the deter-

minant of the matrix
[
x 1
−1 x

]
. Thus χA(x) = x2 + 1.
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Lemma 8.2.3. Similar matrices have the same characteristic polynomial. That is, if A and
B are n× n matrices for which there exists an n× n matrix S with

B = S−1AS,

then χA(x) = χB(x).

Lemma 8.2.3 ensures that the following definition makes sense:

Definition 8.2.4. Let V T−→ V be a linear transformation on a vector space V of finite
dimension n. The characteristic polynomial of T is the degree n polynomial

χT (x) = det(xIn − A)

where A is the matrix of T in any basis for V .

Theorem 8.2.5. Let V T−→ V be a linear transformation on a finite dimensional vector
space. The eigenvalues of T are precisely the roots of the characteristic polynomial of T .

Corollary 8.2.6. A linear transformation of an n-dimensional space has at most n eigen-
values.

Example 8.2.7. Suppose that V T−→ V is diagonalizable. This means there exists a basis
B (an eigenbasis) such that

[T ]B =


a11 0 0 . . . 0
0 a22 0 . . . 0

0
... . . .

... 0
0 0 . . . 0 ann

 .
The diagonal elements aii are the eigenvalues of T . Computing the characteristic polynomial,
we see that

χT (x) = (x− a11)(x− a22) · · · (x− ann),

where the aii are the eigenvalues of T (possibly repeated multiple times).

Remark 8.2.8. The characteristic polynomial may or may not have any real roots at all!
Remember, however, that over the complex numbers, every polynomial factors completely
into linear factors

(x− λ1)a1(x− λ2)a2 · · · (x− λt)at
where the roots λi ∈ C. The roots of the characteristic polynomial will be called eigenvalues
even when they are complex.3

Definition 8.2.9. Let V T−→ V be a linear transformation of a finite dimensional vector
space V . The algebraic multiplicity of an eigenvalue λ is the largest power r such that
(x− λ)r divides the characteristic polynomial.

3If λ is an eigenvalue of a matrix A, then it turns out that there is a column vector with complex entries
~v such that A~v = λ~v.
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Definition 8.2.10. The geometric multiplicity of λ is the dimension of the λ-eigenspace,
or equivalently, the maximal number of linearly independent eigenvectors with eigenvalue λ.

Theorem 8.2.11. Let V T−→ V be a linear transformation of a finite dimensional vector
space. Then for each eigenvalue λ,

geometric multiplicity of λ ≤ algebraic multiplicity of λ.

Useful Fact 8.2.12. Let V T−→ V be a linear transformation, where V has dimension n.
Suppose λ is an eigenvalue. A useful trick for finding the λ-eigenspace is to compute the
kernel of the matrix

[T ]B − λIn,
where B is any basis. Do you see how this helps? The elements of kernel will the B-
coordinates of the λ-eigenvectors.

Example 8.2.13. Consider the three different linear transformations of R3 → R3 given by
the matrices

A1 =

π 0 0
0 π 0
0 0 π

 , A2 =

π 1 0
0 π 0
0 0 π

 , A3 =

π 1 0
0 π 1
0 0 π

 .
In all three cases, the characteristic polynomial is (x − π)3. So π is the only eigenvalue,
and its algebraic multiplicity is 3. The geometric multiplicities of π can be computed by
examining the kernels of the matrices (Ai − πI3). These are, respectively,

A1 =

0 0 0
0 0 0
0 0 0

 , A2 =

0 1 0
0 0 0
0 0 0

 , A3 =

0 1 0
0 0 1
0 0 0

 .
We conclude that the geometric multiplicity of π is three for A1, two for A2 and one for
A3 (remember rank-nullity!). These multiplicities represent the maximal number of linearly
independent eigenvectors (of the eigenvalue π, but again, π is the only eigenvalue). Thus
only A1 is diagonalizable because it is the only matrix for which there exists an eigenbasis.

Proposition 8.2.14. Let V be a vector space of dimension n. Let V T−→ V be a linear
transformation. The following are equivalent:

(1) T is diagonalizable;
(2) T has an eigenbasis;
(3) The sum of the geometric multiplicities of the (real) eigenvalues of T is n.
(4) All eigenvalues are real and the geometric multiplicity of each equals its algebraic

multiplicity.

Corollary 8.2.15. Let V T−→ V be a linear transformation of an n-dimensional vector
space. If T has n distinct eigenvalues, then T is is diagonalizable.
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Example 8.2.16. The converse to Corollary 8.2.15 is false: consider the map of R2 that
scales every vector by 5.

9. Inner Product Spaces

The addition and scalar multiplication make Rn into a vector space, which we argued is
a model for any finite dimensional vector space (by picking a basis). But Rn has further
structure—namely the dot product— which allows us to define "lengths" of vectors and
the angle between vectors. A vector space together with this kind of extra structure is called
an inner product space. Precisely:

Definition 9.0.1. An inner product on a vector space V is a function

V × V −→ R
which assigns to each pair of vectors f, g some scalar 〈f, g〉, called their inner product.
The inner product must satisfies the following axioms:

(1) Symmetry: 〈f, g〉 = 〈g, f〉 for all vectors f, g ∈ V ;
(2) Linearity in each factor: 〈(f + g), h〉 = 〈f, h〉 + 〈g, h〉 for all vectors f, g, h ∈ V and
〈λf, g〉 = λ〈f, g〉 for all scalars λ and all f, g ∈ V .

(3) Positive Definiteness: 〈f, f〉 ≥ 0 for all f ∈ ~V with 〈f, f〉 = 0 only if f = 0.
A vector space V together with a choice of an inner product is called an inner product
space.

Example 9.0.2. The standard dot product on Rn is an inner product, making Rn into an
inner product space.

If C0 is the space of continuous functions, then the pairing

〈f, g〉 =

∫ 1

−1
fgdx

is an inner product on C0.

Definition 9.0.3. Let ~v be a vector in an inner product space. The magnitude of ~v, denoted
||~v||, is the scalar 〈~v,~v〉1/2. We say that ~w is perpendicular or orthogonal to ~v if 〈~v, ~w〉 = 0.

9.1. Orthonormality.

Definition 9.1.1. A basis ~u1, ~u2, . . . , ~un is orthonormal if 〈ui, uj〉 = 0 for i 6= j, and
〈ui, ui〉 = 1 for all i.

Orthonormal bases are especially nice to work with:

Proposition 9.1.2. If B = {~u1, ~u2, . . . , ~un} is an orthonormal basis for an inner product
space V , then the B-coordinates of ~v are

[~v]B =


~v · ~u1
~v · ~u2
...

~v · ~un

 .
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Remark 9.1.3. Given any finite set of linearly independent vectors {~v1, ~v2, . . . , ~vn} in an
inner product space, there is a procedure, called the Gram-Schmidt orthogonalization
process to construct an orthonormal set {~u1, ~u2, . . . , ~un} spanning the same subspace.

Definition 9.1.4. An orthogonal transformation of an inner product space V T→ V is a
linear transformation satisfying 〈T~x, T~y〉 = 〈x, ~y〉.

Proposition 9.1.5. An linear transformation of inner product space V T→ V is orthogonal
if and only if ||T (~v)|| = ||~v|| for all ~v ∈ V .

10. Matrix Algebra

10.1. Matrix Addition.

10.2. Scalar Multiplication of Matrices.

10.3. Matrix Multiplication. We first multiply a row times a column. The product is
a scalar:

[
a1 a2 . . . an

] 
b1
b2
. . .
bn

 = a1b1 + a2b2 + · · ·+ anbn.

We can think of an m× n matrix as a column of m rows


R1

R2

. . .
Rn

 , where each row

Ri =
[
ai1 ai2 . . . ain

]
.

The matrix product A~b is 
R1

R2

. . .
Rn

~b =


R1
~b

R2
~b

. . .

Rn
~b

 ,
which is a m × 1 column vector whose entries are the scalars obtained by mutliplying row
Ri times the column vector ~bj. To multiply AB where A is m× n and B is n× p, we think
of A a column of rows and B as a row of columns:

AB =


R1

R2

. . .
Rn

 [C1 C2 . . . Cn
]
,

where Ri =
[
ai1 ai2 . . . ain

]
is the i-th row of A and Cj =

[
b1j a2j . . . anj

]
is the j-

row of B. Then the entry in the i-th row and j-th column of AB is the row-column product
RiCj.
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Unreasonably Useful Fact. 10.3.1. Let A be an m × n matrix. The j-th column
of A is the matrix product

A~ej
where ~ej is the standard unit column vector which consists of all 0’s except for a 1 in the
j-th row.

Remark 10.3.2. The i-th column of A can be similarly extracted: it is
~eTi A.

Because our matrices act primarily by left multiplication on columns (rather than right
multiplication on rows), we have fewer occasions to use this.
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11. Essential Computational Skill Checklist.

(1) Row-reducing a matrix into row reduced echelon form rref .
(2) Using rref to solve a system of linear equations in several variables.
(3) Finding a bases for the kernel and image of the map given by left multiplication by

some matrix.
(4) Finding the rank of a matrix, recognizing it from rref .
(5) Being able to use the rank-nullity theorem in a variety of contexts.
(6) Matrix algebra: multiplication, addition, forming polynomials in a matrix.
(7) Computing the transpose of a matrix. Computing the inverse of an orthogonal matrix.
(8) Finding the inverse of a matrix (for sizes bigger than 2× 2 using row reduction, for

example).
(9) Finding the matrix representing a linear transformation Rn → Rm. Recognizing

well-known maps like rotations, reflections, projections.
(10) Finding the B-matrix of a linear transformation.
(11) Using the B-matrix of a linear transformation to compute kernels and images.
(12) Finding the change of coordinates matrix SB→A in a variety of situations; also recog-

nizing when it is easier/harder to find SB→A (for best results, take A to be an east-
to-work-with basis like the standard basis for Rn or Pn, or at least an orthonornomal
basis).

(13) Being able to correctly express the similarity of two matrices of the same transfor-
mation: [T ]B = SA→B[T ]ASB→A.

(14) Using Gram-Schmidt in Rn to find orthonormal bases.
(15) Finding QR-decomposition of a matrix.
(16) Using Gram-Schmidt in any inner product space to find orthonormal bases.
(17) Finding lengths and orthogonal projections in any inner product space.
(18) Computing the determinant of a matrix by Laplace expansion.
(19) Computing the characteristic polynomial of a transformation AND matrix.
(20) Finding eigenvalues of transformations, including complex ones.
(21) Finding eigenvectors of transformations.
(22) Computing the eigenspace (as the kernel of the matrix A− λI).
(23) Computing algebraic and geometric multiplicities.
(24) Finding eigenbases for a transformation AND matrix. Diagonalizing transformations

and matrices.
(25) Finding an orthogonal change of coordinates for diagonalizing a symmetric matrix.
(26) Being able to provide examples of matrices with prescribed eigenvalues of prescribed

algebraic and geometric multiplicities.
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12. Essential Example Checklist.

(1) Pair of matrices that don’t commute
(2) Pair of non-zero matrices whose product is zero
(3) Non-zero nilpotent matrix.
(4) An n× n matrix A such that An = 0 but An−1 is not.
(5) Non-zero, non-invertible matrix.
(6) Matrix of rank r and nullity n
(7) A matrix A such that the map by left multiplication it defines is NOT SURJECTIVE.
(8) A matrix A and a vector ~b such that A~x = ~b is inconsistent. also one which is

consistent.
(9) A surjective linear transformation V → V that is not an isomorphism
(10) An injective linear transformation V → V that is not an isomorphism
(11) A non-standard orthonormal basis in Rn

(12) An inner product space which is not Rn.
(13) Some orthonormal vectors in an inner product space which is not Rn.
(14) A matrix with no real eigenvectors
(15) A matrix with all real eigenvectors but is not diagonalizable
(16) A matrix with real eigenvalues but no eigenbasis
(17) A matrix whose char poly is xn.
(18) A linear transformation whose char poly is (x − a)m(x − b)n(x − c)p for some real

number a, b, c. One which is diagonalizable, another which is not.
(19) A matrix with an eigenvalues of algebraic multiplicity 5 and geometric mutliplicity

3.
(20) A diagonalizable matrix whose eigenvalues are NOT distinct
(21) A non-zero matrix whose determinant is zero
(22) Some eigenvalues and vectors of a linear transformation of an infinite dimensional

space
(23) A linear transformation with infinitely many eigenvalues.
(24) A square matrix whose columns are linearly dependent.
(25) An orthogonal matrix with no real eigenvalues
(26) An orthogonal matrix will all eigenvalues real.
(27) Two different basis for the space of 2×2 matrices. The change of basis matrix between

them.
(28) Two different basis for the space Pn of degree n or less polynomials. The change of

basis matrix between them.
(29) MORE MORE MORE....help me out!

13. Notes to Self

The key ideas are

(1) General stuff on sets and notation, logic (converse, there exists, etc), source, target,
injective, surjective, bijective.

(2) Solving systems of linear equations, including the GEOMETRIC picture in R3 and
beyond.
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(3) Matrix multiplication as a type of "algebra"—properties like distributive, multiplica-
tive inverse, etc. This is a good place to start doing very simple proofs: the uniqueness
of inverses, simple facts about matrix multiplication, etc.

(4) The unreasonably useful fact to get at columns of matrix. We need to do a
better job at practicing matrix multiplication: the should know the unreasonably
useful fact and the row-analog, and recgonize immediately zero rows/columns
giving rise to zero entries in the product. A good worksheet could get them to
understand elementary matrices operating on left to produce row ops. This might be
useful as a way to see that rank is well-defined.

(5) The category of vector spaces...need tons of examples both finite and infinite dimen-
sional. Many geometric examples in R2 and R3. Also others like function spaces and
differentiation.

(6) Bases and coordinatization. Thinking of V as Rn.
(7) The matrix of a linear map.
(8) Comparing coordinates and matrices of maps across different basis. This might be a

good place for first look at eigenbasis, to get geometric intuition going.
(9) Change of coordinate matrix.
(10) Inner product spaces. Gram Schmidt. QR factorization.
(11) Determinant
(12) Eigen-everything.
(13) Spectral theorem.
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