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Inquiry: What is the geometric meaning of the determinant?

A. Let R2 T−→ R2 be the linear transformation which stretches each vector by 2 in the horizontal
direction and by 3 in the vertical direction.

1. What is the matrix of T with respect to the standard basis?

2. Draw a picture of the source R2, showing the vectors ~e1 and ~e2. Draw a separate picture of
the target R2, showing their images under T . Show also the vectors ~e1 + ~e2 and T (~e1 + ~e2).

3. Pick two numbers c1 and c2 satisfying 0 < ci < 1. Show the linear combination c1~e1 + c2~e2 on
your (source) picture. Draw also the image of the vector c1~e1 + c2~e2 on your (target) picture.

4. Shade the set R = {c1~e1 + c2~e2 | 0 ≤ ci ≤ 1} in the source. Shade the image T (R) of this set
in the target. Write the image in set-builder notation.

5. Compute the area of R and of T (R).

6. Compute the determinant of the matrix of T (in standard coordinates). What do you notice?

B. Let R2 S−→ R2 be the linear transformation given by multiplication by the matrix

[
2 1
0 2

]
.

1. Draw a picture (in the target R2) of the image of the unit square under S. Label the vertices.

2. Compute the area of the parallelogram in (1).

3. Compare to the determinant of the matrix of S (in the standard basis).

C. Let R2 β−→ R2 be given by multiplication by

[
2 1
2 1

]
. What does it do to the unit square? What

is its determinant? Does this fit in with your observations in A and B?

D. Let R2 φ−→ R2 be the map that swaps x and y coordinates. Is this linear? What is its matrix
in the standard basis? What does it do to the unit square? What is its determinant? Does this fit
in with your observations in A, B, and C?

E. Conjecture a geometric meaning of the determinant. Does your conjecture make sense when the
determinant is zero? negative?



Inquiry: What if we write the matrix of T in some other basis?

F. Consider the transformation L sending ~v1 =

[
1
1

]
to 3~v1 and ~v2 =

[
1
3

]
to 2~v2.

1. Find the matrix of L in the basis B = {~v1, ~v2} and compute its determinant.

2. Find the matrix of L in the standard basis and compute its determinant.

3. Give a geometric reason why these determinants are the same, using your conjecture on the
geometric meaning of determinants.

4. Prove rigorously that these determinants are the same. [Hint: Don’t forget Theorem 6.2.6 on
the multiplicitivity of determinants.]

H. Theorem: The absolute value of the determinant of A =

[
a b
c d

]
is the area of the parallelogram

obtained as image of the standard unit square under the linear transformation T : R2 → R2 given

by multiplication by A =

[
a b
c d

]
.

Put differently: the area of the parallelogram formed by the columns of A is |detA|.

Prove this theorem!

How do you think linear transformations affect the area of shapes other than the unit square?

State a version of the theorem in higher dimension. Do you think it is true? Try checking in some
simple cases.

Laplace Expansion computation of the Determinant.

I. Let A =

 1 2 3
0 1 0
−1 2 0

 .

1. Compute the Laplace expansion along Row 1.

2. Compute the Laplace expansion along Column 2.

3. Compute the Laplace expansion along any row or column, what-ever looks easiest.

4. What important fact which is useful in computing determinants do you notice?

J. Compute the volume of the unit cube under the transformation R3 → R3 given by multiplication
by the matrix A from the preceding problem.

K. Suppose that T is an invertible linear transformation of Rn. What does T−1 do to the n-
dimensional volume of the unit n-cube?


