
Math 217: §2.4 Invertible linear maps and matrices
Professor Karen Smith

Definitions: Let X and Y be any sets, and X
φ−→ Y any mapping.

The mapping X
φ−→ Y is injective if for all y ∈ Y , there is at most one x ∈ X such that φ(x) = y.

The mapping X
φ−→ Y is surjective (or onto) if for all y ∈ Y , there is some x ∈ X such that φ(x) = y.

The mapping X
φ−→ Y is invertible (or bijective) if for each y ∈ Y , there is a unique x ∈ X such that φ(x) = y.

When φ is invertible, its inverse Y
ψ−→ X is defined as the map sending each y to the unique x with φ(x) = y.

The image of φ is the set {y ∈ Y | ∃x ∈ X s.t. φ(x) = y}.1

A. For each linear mapping below, consider whether it is injective, surjective, and/or invertible.
If it is not surjective, find a specific element in the target that is not hit.

If it is not injective, find two specific elements in the source that have the same image in the target.

If it is invertible, give the inverse map.

1. The linear mapping R3 → R3 which scales every vector by 2.

2. The linear mapping R3 → R3 which rotates every vector counterclockwise by θ around the
x-axis.

3. The mapping R2 → R2 defined by projection onto a line L.

4. The mapping R2 → R2 defined by reflection over the line L.

5. The shear R2 → R2 defined by multiplication by the matrix

[
1 5
0 1

]
. What is the matrix of

the inverse map?

Solution note: 1. This is surjective, injective, and invertible. The inverse scales by

1
2 . The matrix of the inverse is

1
2 0 0
0 1

2 0
0 0 1

2

.

2. Invertible (hence surjective and injective). The inverse rotates by −θ.
3. Not surjective, since the image is a line (any point not on the line will be a point
~b which is is not hit.) Not injective, since all points on a given line perpendicular to
L have the same image. Not invertible.
4. This is invertible (so injective and surjective). It is its own inverse!

5. Invertible. The inverse is

[
1 −5
0 1

]
.

B. Let T : R3 → R3 be the linear transformation given by left multiplication by

1 4 1
0 1 1
0 1 1

 .
1. Use row-reduction to determine whether or not there is an vector ~x such that T (~x) = [0 2 1]T .

What, if anything, can we conclude about the surjectivity T? Explain.

1Less formally: Injective means no two x in the source map to the same y in the target under φ. Surjective means
every y in the target is hit by some element in the source under φ. The image of φ is the set of elements in the
target that actually get hit.



2. Use row-reduction to determine whether or not there is an vector ~x such that T (~x) = [0 2 2]T .
What, if anything, can we conclude about the injectivity of T? Explain.

3. Now consider the linear transformation f : R3 → R3 given by left multiplication by A =1 2 3
0 1 2
0 2 4

 . Use row-reduction to find the solutions to A~x = [0 2 4]T . Explain why this does

not allow us to conclude anything the surjectivity of f . Can you conclude anything about the
injectivity of f? What further information do would you need to conclude something about
the surjectivity of f? Is f bijective?

Solution note:

1. Row reducing the augmented matrix we get

1 4 1 0
0 1 1 2
0 0 0 −1

 . Looking at the the last row, we

see that this system does not have a solution. This means that there is no value of ~x such
that T (~x) = [0 2 1]T . Thus T is not surjective.

2. Row reducing the augmented matrix we get

1 4 1 0
0 1 1 0
0 0 0 0

 . This means there will be two

pivots, so the rank is two, and there is one free variable. So there are infinitely ~x such that
T (~x) = ~0, and T is not injective.

3. Row reducing the augmented matrix we get

1 2 3 0
0 1 2 0
0 0 0 0

 . This does have a solution, in fact

it has infinitely many, since it has one free variable. We can not conclude anything about
surjectivity of f from this because to conclude that f is surjective, we need that for every
~b in the target, there is some ~x in the source such that A~x = ~b. It does tell us, however, that
T is not injective, since there is more than one vector ~x which satisfies T (~x) = ~0. f is not
bijective (synonomously: invertible), so its matrix is not invertible.

C. Consider T : R3 → R3 given by T (~x) =

x1 + x2 + x3
x2

x1 + x3

.

1. What are the source and target of T? Explain why T is linear. What is its matrix A?

2. Take an arbitrary ~y =

y1y2
y3

 . Use row reduction to investigate the solutions to A~x = ~y. Use

your result to find a specific ~y that so that A~x = ~y is inconsistent.

3. Use your answer to (2) to show that T is not surjective by finding some ~b in the target for
which there is no ~x in the source with T (~x) = ~b.

4. Use your answer to (2) to find all vectors in the source that map to ~0 under T . Use this to
conclude that T is not injective.



5. The image of T is a plane of R3. Find the equation of this plane.

6. Is T is invertible? Is its matrix invertible? Explain.

Solution note:

1. The source and target space are both R3. You can check that T (~x) = A~x where A =1 1 1
0 1 0
1 0 1

 , which is the matrix of coefficients of linear forms defining the map. Since matrix

multiplication is linear, T is a linear transformation. (Alternatively, you can check directly
from the given formula for T that T respects addition and multiplication).

2. Row reducing the augmented matrix, we have1 1 1 y1
0 1 0 y2
1 0 1 y3

→
1 0 1 y1 − y2

0 1 0 y2
0 0 0 −y1 + y2 + y3

 ,
From this we see that the system is inconsistent if the bottom right entry is not zero. So the
vector ~y = [0 1 0]T is such that A~x = ~y is inconsistent.

3. Let ~b = [0 1 0]T . From (2), we know there is no ~x such that T (~x) = ~b. So T is not surjective.

4. The vectors that map to ~0 under T are the solutions to A~x = ~0. Using the computation in (2)

with all yi = 0, we see that x3 is the only free variable, and the solutions are {

 1
0
−1

 t | t ∈ R}.

These are infinitely many vectors in the source that all collapse to the same element, ~0, in
the target. So T is not injective.

5. The image is any vector ~b in the target of the form T (~x) for some ~x in the source. These
are the vectors ~b which we can write A~x for some ~x, that is, these are exactly the vectors
~b in the target such that A~x = ~b. Clearly, according to our computation in (2), these are
exactly the vectors [b1 b2 b3]

T for which −b1 + b2 + b3 = 0. So the image of T is the plane
{~y ∈ R3 y3 = y1− y2}. Geometrically, this is a plane through the origin in R3 with equation
x− y − z = 0.

6. No, not invertible! T is invertible (bijective) means it is both injective and surjective. T is
neither. So also the matrix of T is not invertible either.

D. Fix an arbitrary linear transformation Rn TA−→ Rm with matrix A. Rephrase what it means for
TA to be injective, surjective, or bijective in terms of solving systems of linear equations involving
A. [Write three complete and precise sentences that start like “The linear transformation TA is
surjective if and only if ....”]

Solution note: The map T is surjective if for all ~y ∈ Rm, the system A~x = ~y has at
least one solution.
The map T is injective if for all ~y ∈ Rm, the system A~x = ~y has at most one solution.
The map T is bijective if for all ~y ∈ Rm, the system A~x = ~y has exactly one solution.



E. Let TA : Rm → Rd be the linear transformation given by left multiplication by the matrix A.

1. Explain why if rankA = d, then TA is surjective.

2. Explain why if rankA = m, then TA is injective.

3. Explain why TA is invertible if and only if m = d = rankA.

4. Explain why this is true: If T is surjective, then m ≥ d.

5. Explain why this is true: If T is injective, then m ≤ d.

6. Explain why this is true: If T is bijective, then m = d.

7. For each of the three statements in (1), (2) and (3), state the converse. For each converse,
find a counterexample to disprove it.

Solution note:

1. RankA = d, means that there is a pivot in every row in the rref. So the system is never
inconsistent and TA is surjective.

2. RankA = m means there is a pivot in every column in the row reduced echelon form. So
there are no free variables, and at most one solution for every choice of ~b.

3. Invertible is bijective and injective. This happens if and only if d = m = rank A, which
means the rref of A is the identity matrix, and A is invertible.

4. We do proof by contradiction. Assume m < d. This means the matrix A of T has more rows
than columns. This means the row reduced echelon form of A will always have a bottom row
of zeros (in the non-augmented part). So we can find a vector ~b ∈ Rd that will make A~x = ~b
inconsistent. This contradicts surjectivity.

5. We do proof by contradiction. Assume d < m. This means the matrix A of T has more
columns than rows. This means in solving the system of the form A~x = ~0, there will always
be free variables. So infinitely many elements in the source map to ~0. This is enough to say
it is not injective, a contradiction.

6. Bijective is the same as injective and surjective. From (1) and (2) we know m ≥ d and m ≤ d,
respectively. So m = d.

7. For all three statements, the map which sends all vectors to zero gives counterexamples to
the converses.


