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Definitions: Given a linear transformation V T→ W between vector spaces, we have

1. The source or domain of T is V;

2. The target of T is W;

3. The image of T is the subset of the target {~y ∈ W | ~y = T (~x) for some ~x ∈ V}.
4. The kernel of T is the subset of the source {~v ∈ V such that T (~v) = ~0}. Put differently, the kernel is the

pre-image of ~0.

Advice to the new mathematicians from an old one: In encountering new definitions and concepts,

please keep in mind concrete examples you already know—in this case, think about V as Rn and W as Rm the first

time through. How does the notion of a linear transformation become more concrete in this special case? Think about

modeling your future understanding on this case, but be aware that there are other important examples and there

are important differences (a linear map is not “a matrix” unless *source and target* are both “coordinate spaces” of

column vectors). The goal is to become comfortable with the abstract idea of a vector space which embodies many

features of Rn but encompasses many other kinds of set-ups.

A. For each linear transformation below, determine the source, target, image and kernel, and say
whether or not it is injective, surjective or bijective.

(a) T : R3 → R2 such that T (

x1x2
x3

) =

[
x1 + x2 + x3
x1 + x2 + x3

]
.

(b) T : R→ R3 defined by T (x) = (x, x, x)tr (meaning the transpose of (x, x, x) or

xx
x

).

(c) T : R2 → R2 given by left multiplication by the matrix

[
1 −1
2 −2

]
.

(d) R2 T→ R2 given by mutliplication by

[
cosθ −sinθ
sinθ cosθ

]
.

(e) The d : R[x]→ R[x] sending f to its derivative df/dx.

(f) The trace map R2×2 → R sending A to trace A.



Solution note:

(a) ker(T ) = {(x1, x2, x3)T ∈ R3|x1+x2+x3 = 0}. That’s a plane through the origin with normal

vector

1
1
1

. Not injective, since this whole plane collapses to 0. Im(T ) ⊂ R2 is the line going

through the origin and through [1 1]T . Not surjective, since this line is not all of R2.

(b) Source is R, target is R3, image im(T ) = {(x, x, x)T ∈ R3|x ∈ R} is a line through the origin

and

1
1
1

. ker(T ) = {0}. Injective, not surjective.

(c) Source and target both R2, the image is the line through the origin and

[
1
2

]
. The kernel is

ker(T ) = {(x, y)T |x− y = 2x− 2y = 0}. Neither surjective nor injective.

(d) This is the map of rotation counterclockwise by θ. It is clearly both surjective and injective,
since it has an inverse (rotation clockwise by θ). The image is thus all of R2 and the kernel
is 0.

(e) Source and target are both the polynomials R[x]. It is surjective: The image is all of R[x]
since every polynomial has an anti-deriviative (which is also a polynomial). It is not injective,
since x2 and x2 + 1 have the same image. The kernel is the set of constant functions.

(f) The image is all of R. The kernel is the set {
[
a b
c d

]
| a + d = 0}. This is surjective but not

injective.

B. Span

1. State the definition of the span of vectors ~v1, ~v2, . . . , ~vn in some vector space V .

2. Describe the span of the vectors

1
0
2

 ,
2

0
2

 ,
3

0
4

 ,
 5

0
10

 in a simple way as a subset of R3.

Write it in set-builder notation. Find two vectors that span this subset.

3. What is the smallest number of vectors that can span the subset of R10 spanned by ~e1 + ~e2,
~e2 + ~e3, ~e3 + ~e4, ~e4 + ~e5, ~e5 + ~e1, ~e5 − ~e4, ~e4 − ~e3, ~e3 − ~e2, ~e2 − ~e1?

Solution note:

1. The span of vectors ~v1, ~v2, . . . , ~vn is the set of all linear combinations of vectors ~v1, ~v2, . . . , ~vn.

2. This span is the xz plane in R3. It is spanned by ~e1 and ~e3. In set-builder notation it is

{

x0
z

 | x, z ∈ R}. Another correct answer is {c1

1
0
2

+ c2

2
0
2

 | c1, c2 ∈ R}.

3. The smallest number of vectors that spans the given space is five. The vectors ~e1, ~e2, ~e3, ~e4, ~e5
is one such minimal set of spanning elements but not the only one.



C. TRUE OR FALSE. A map is surjective if and only if its image is equal to its target. Explain.

Solution note: TRUE! Surjective means every ~y in the target is hit by the map—for
every ~y in the target, there exists an ~x in the source such that T (~x) = ~y. This simply
says that every ~y in the target is in the image. So Im T = Target.

D. Theorem: A linear transformation is injective if and only if its kernel is zero.

Prove this Theorem using the definitions. 1

Solution note: Because this is an “if and only if” proof, we need to prove two state-
ments about a linear transformation T : V →W .

1. If T is injective, then kernel T = 0.

2. If kernel T = 0, then T is injective.

For (1): Assume T injective. Assume on the contrary, that ker T is not zero.
Take any non-zero ~v in the kernel. By definition T (~v) = 0. But also T (~0) = ~0. So by
the injectivity assumption, ~v = ~0. Thus ker T = 0. {0} ⊂ ker(T ).

For (2): Assume that ker(T ) = {0}. Let v, w ∈ V. Suppose that T (v) = T (w).
Then by linearity of T

0 = T (v)− T (w) = T (v − w) = 0,

so v − w is in the kernel of T . But then v − w = 0, which means v = w. So T is
injective. Thus T injective.

E. A Very Important Point of 2.4 is that a linear transformation Rn T−→ Rn is invertible if
and only if its matrix is an invertible matrix.

1. To prove this, two things must be shown. State each clearly, introducing needed notation
first.

2. Recall the crucial idea from Section 2.3 that the matrix of a composition of linear transfor-
mations is the product of the corresponding matrices. State this algebraically, giving names
to the relevant objects.

3. Prove the Very Important Point.

Solution note: See the ”Definitions” write up for this proof.

F. Theorem: Let Rn TA→ Rd be the linear transformation given by multiplication by A. Then the
image of TA is the span of the columns of A.

1. Let C1, . . . Cn be the columns of A. Show that each Ci is in the image of TA. [Hint: Remember
the unusually useful lemma].

1General proof hints: name relevent object(s) (in this case, the linear transformation in question, including its
source and target). There are two things to prove. Write each out separately, using symbols, and try to attack each
separately. Make use of definitions!



2. Show that for any scalars ai ∈ R, the linear combination a1C1 + · · ·+ anCn is in the image of
TA.

3. Prove that Span{C1, . . . , Cn} ⊂ imTA.

4. Suppose that ~y is an arbitrary element of imTA. What does this mean about ~y? How can we
write ~y as a product of two matrices, one of which is A?

5. Show that the ~y in (4) is a linear combination of C1, . . . , Cn.

6. Prove that imTA ⊂ Span {C1, . . . , Cn}.

7. Summarize your work in the previous steps by scaffolding and then writing out a complete
proof of the Theorem.

Solution note:

1. We know TA(~ej) = A~ej = Cj by the “Unusually Useful Lemma,” so each column is in the
image of TA.

2. Consider a1C1+ · · ·+anCn. From (1), we have a1C1+ · · ·+anCn = a1TA(~e1)+ · · ·+anTA(~en),
which equals TA(a1~e1) + · · ·+TA(an~en) = TA(a1~e1 + · · ·+an~en) by linearity. This shows that
a1C1 + · · ·+ anCn is in the image of TA.

3. In (2), we showed an arbitrary element in Span{C1, . . . , Cn} is in imTA. This does it.

4. ~y = A~x for some ~x ∈ Rn.

5. ~y = A~x =
[
C1 . . . Cn

]
~x = x1C1 + . . . xnCn ∈ Span {C1, . . . , Cn}.

6. Done, since ~y was arbitrary.

7. We first show that Span {C1, . . . , Cn} ⊂ imTA. Let ~v = c1C1 + . . . cnCn be an arbitrary
element of the span. By the “Unusually Useful Lemma” we know that Cj = A~ej for each
column index j. So ~v = c1T (~e1) + . . . cnT (~en) = T (c1~e1 + . . . cn~en) (from linearity). This says
~v is in the image of T (shorthand for TA).

We next show imT ⊂ Span {C1, . . . , Cn}. Let ~y ∈ imT . This means we can write ~y = T (~x)
for some ~x ∈ Rn. This means that ~y = T (~x) = A~x =

[
C1 . . . Cn

]
~x = x1C1 + . . . xnCn ∈

Span {C1, . . . , Cn}.

G. TRUE OR FALSE. Justify with a quick explanation or give a counterexample.

1. If T : Rn → Rm is an isomorphism, then n = m.

2. Every linear transformation T : Rn → Rn is an isomorphism.

3. The vector spaces Rn and Rm are isomorphic if and only if m = n.



Solution note: (1) is true. If T is an isomorphism, then its matrix A is invertible.
Since an invertible matrix must be square, we conclude m = n.

(2) is false. The zero map Rn → Rn sending every vector to zero is a linear
transformation but not an isomorphism!

(3) True. If Rn and Rm are isomorphic, then there is an isomorphism T : Rn →
Rm. By (1), we conclude m = n. Conversely, Rn is obviously isomorphic to itself
(the identity map is an isomorphism).


