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A. Let A =

[
3 1
−1 4

]
, and B =

 3 1 0
−1 0 0
1 0 1

.

1. Compute det A and det AT . What do you see?

2. Prove by explicit computation that for any 2× 2 matrix A, we have det A = det AT .

3. Compute det B and det BT . What do you notice?

4. Thinking about Laplace expansion along rows/columns, can you see why det B = det BT for
any square matrix?

B. Fact: Every orthogonal matrix has deteminant ±1.

1. Discuss with your tablemates a geometric proof of this using the interpretation of the detem-
inant you found last time. (It is fine to focus on the 2× 2 case for a start.).

2. Give an algebraic proof. [Hint: what algebraic characterizations of orthogonal matrices do
you know?]

C. Let A be the 2× 2 matrix

[
3 1
1 4

]
.

1. Find the QR-factorization of A.

2. Prove that the determinant of A is equal to the product of the diagonal elements r11 and r22
of R.

3. Draw a picture of the image of the unit square under A. Label the vertices by the vectors
they represent.

4. Explain why r11 is the length of one of the sides (the “base”) of the parallelogram.

5. Explain why r22 is the height of the parallelogram.

6. Prove that that determinant of A is the area of the image parallelogram.

D. Let A be the 2× 2 matrix
[
~v1 ~v2

]
.

1. Let A = QR be the QR-factorization of A. Prove that determinant of A = ||~v1||||~v⊥2 ||, where
~v⊥2 is component of ~v2 in the direction of ~v1.

2. Prove the theorem: Let A be a 2× 2 matrix. The area of the image parallelogram P of the
standard unit square under A is the absolute value of the determinant of A.

3. Let A be the 3 × 3 matrix
[
~v1 ~v2 ~v3

]
. Use the QR-factorization to show that similarly,

determinant of A = ||~v1|| ||~v⊥2 || ||~v⊥3 ||. Compare to the picture in the book in Section 6.3.

4. Conclude that the volume of the image of the unit cube is |detA|. Does an analog of the
Theorem hold in every dimension?


