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Theorem: Consider a linear transformation T : R2 → R2. Let P be the parallelogram which is the
image of the standard unit square. Then the area of P is |detA| where A is the matrix of T in the
standard basis (or in any basis: they all have the same deteminant!).

A. Let A be the 2 × 2 matrix

[
4 1
1 3

]
and let T : R2 → R2 be the linear transformation it defines

(by multiplication by A).

1. Sketch, in the target R2, the image of the standard unit square under T . If the columns of A
are called ~v1 and ~v2, clearly label the vectors ~v1 and ~v2 on your sketch.

2. Suppose we apply the Gram Schmidt process to {~v1, ~v2} and get the vectors {~u1, ~u2}. Add
~u1 to your sketch, clearly showing its relationship to ~v1. Show also ~u2 on your sketch.
[If you are clever, you can do most of this without computing much.]

3. Find the length of the side (the “base”) of the parallelogram given by ~v1. Explain why this
is the same as ~v1 · ~u1.

4. Find the height of the parallelogram. Explain why the height is ~v2 · ~u2.

5. Compute the area of the image parallelogram.

6. Find the QR factorization of A.

7. Compute the determinant of A using the QR factorization. Why is it the product of the
diagonal elements of R? How does it compare to the area in (5)?

B. Let A be the 2× 2 matrix
[
~v1 ~v2

]
, where ~v1 and ~v2 are two vectors in R2. Let T be the linear

transformation R2 → R2 given by multiplication by A.

1. Let A = QR be the QR-factorization of A. Write Q =
[
~u1 ~u2

]
. Prove that

|det A| = (~v1 · ~u1)(~v2 · ~u2).

2. Sketch, in the target R2, the image of the standard unit square under T and label its vertices.

3. Prove that (~v1 · ~u1) = ||~v1|| is the length of one of the sides of the image parallelogram (call
this side “the base”).

4. Prove that (~v2 · ~u2) is the height of the image parallelogram perpendicular to the base found
in (3).

5. Prove the Theorem at the top of the worksheet.

C. The sign of the determinant. Let A be a 2 × 2 matrix as in (B) representing a linear
transformation sending ~e1 to ~v1 and ~e2 to ~v2. Investigate the geometric meaning of the sign of the
deteminant by sketching ~v1 and ~v2 in several different cases, some where the deteminant of A is
negative and some where it is positive. What general observation can you make?



D. Let A be the 3× 3 matrix
[
~v1 ~v2 ~v3

]
.

1. Use the QR-factorization to show that

|detA| = (~v1 · ~u1) (~v2 · ~u2) (~v3 · ~u3),

where ~u1, ~u2, ~u3 is obtained from {~v1, ~v2, ~v3} by the Gram-Schmidt process.

2. Imagine the image of the standard unit cube under the linear transformation defined by
multiplication by A. Why do ~v1, ~v2, and ~v3 form three of its edges? Compare to the picture
in the book in Section 6.3. What notation does the book have for (~v1 · ~u1), (~v2 · ~u2) and
(~v3 · ~u3)?

3. The image parallelepiped from (2) has sides that are parallelograms. Explain why one of
these sides (let’s call it the “base”) has area (~v1 · ~u1)× (~v2 · ~u2).

4. Explain why the height of the parallelepiped is (~v3 · ~u3).

5. Show that the volume of the parallelepiped is (~v1 · ~u1) (~v2 · ~u2) (~v3 · ~u3).

6. Prove that for a 3× 3 matrix A, the volume of the image of the standard unit cube under the
linear transformation given by A is |detA|.

7. What do you think the sign of the determinant of A tells us?

8. An analog holds in Rn. What does this analog say algebraically in terms of using Gram-
Schmidt to compute a determinant? What is the geometric interpretation?


