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Scaffold proofs of following theorems. Do not attempt to complete proofs! However, one of your
lines should make use of the definition of the terms in boldface, and you should clearly indicate
exactly what needs to be done to get the proof going.

1. If A is an n × n matrix and ~x ∈ ker(A), then ~x is an element of some inner product space.
(This is from Chapter 5.)

Solution note: Let A be an n× n matrix and let ~x ∈ ker(A). Then by definition of
kernel, A~x = ~0. Then [. . . MATH . . . ], and thus ~x is an element of an inner product
space.

(Although you did not necessarily have to state it, here is a correct definition of kernel. Make sure you have all definitions

memorized for the test! (Definition: The kernel of an n ×m matrix A is the set ker(A) = {~x ∈ Rm : A~x = ~0}. You will

NOT GET POINTS on the test if you mistate the definitions. Use the notation carefully and precisely!).

2. The set Γ(L) of global sections of an invertible sheaf L forms a subspace of Rn.
(This is from Math 631).

Solution note: By defintion of subspace, we need to check

(a) If ~x, ~y ∈ Γ(L), then ~x+ ~y ∈ Γ(L). This holds by MATH.

(b) If ~x ∈ Γ(L), then λ~x ∈ Γ(L) for any scalar λ. This holds by MATH.

(c) Also, ~0 ∈ Γ(L) by MATH.

This shows that Γ(L) is a subspace of Rn.

Do not just say “Γ(L) is closed under addition and scalar multiplication” instead of (1) and (2) above. You need to indicate

what this means and show you would know how to go about checking it.

3. Let T : Rn → Rn has distinct eigenvalues λ1, . . . , λn, then there is a basis B = {v1, . . . , vn}
for Rn such that the matrix of T with respect to B is diagonal. (This is from Chapter
7).

Solution note: Assume T has distinct eigenvalues. We construct a basis B =
{v1, . . . , vn} for Rn by MATH. We know B is a basis because its elements are linear
independent by MATH and span Rn by MATH. We now check that the matrix of T
with respect to the basis B is diagonal. By definition, this matrix is

[T (~v1)B · · ·T (~vn)B],

which by MATH we see is diagonal.

Although you were not asked to do this, it is possible to scaffold further. The B-matrix being diagonal is equivalent to saying

that for each i, we have T (~vi) = ci~vi for some scalars ci. Do you see why?


