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1. Let C0 be the vector space of continuous functions on the interval [−2, 2]. Consider this an inner
product space with the inner product 〈f, g〉 =

∫ 2
−2 fgdx.

1. Are the elements 1 and x perpendicular (orthogonal) to each other in this inner product
space? Explain.

2. Find an orthonormal basis for the subspace P1 of polynomials of degree at most one (on the
interval [−2, 2]).

3. Find the polynomial f ∈ P1 closest to the function g(x) = sinx in this inner product space.
You can leave your answer expressed in terms of various integrals without evaluating the
integrals.

4. Find any non-zero element in V ⊥ where V is the subspace of C0 spanned by {cosx, cos2 x, cos3 x, cos4 x, . . . }.

2. Prove or Disprove:

1. If x is a vector in an inner product space V and 〈x, y〉 = 0 for all y ∈ V , then x = 0.

2. In any inner product space, 〈f, g1 + g2〉 = 〈f, g1〉+ 〈f, g2〉 for all vectors f, g1, g2.

3. Let A be a 4 × 3 matrix of rank 3, and supposeA = QR is its QR factorization. Then the
least squares solutions of A~x = ~b are the same as the actual solutions to R~x = QT~b.



3. Suppose you are given a vector ~b ∈ R4 and a 4× 3 matrix A with QR factorization

A = QR =


0 1 0
0 0 −1

1/
√
2 0 0

1/
√
2 0 0


2 3 −1
0 1 0
0 0 2

 .

1. Let ~u1, ~u2 and ~u3 be the columns of Q. Suppose that [~u1 ~u2 ~u3 ~b] has rank 4. Does A~x = ~b
have a solution? Explain.

2. Write the third column of A as a linear combination of ~u1, ~u2, ~u3.

3. Suppose ~b · ~u1 =
√
2, and ~b · ~u2 = ~b · ~u3 = 2 where ~u1, ~u2 and ~u3 are the columns of Q. Find

a vector ~b∗ such that the solutions of the system A~x = ~b∗ are the least squares solutions of
A~x = ~b.

4. Find the least squares solutions of A~x = ~b. [Hint: If you are clever, there should be no
row-reducing.]


