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Your task: For each scenario on the following page, consider the following ques-
tions:

1. Is the set a vector space? How can you change it slightly (if needed) so as to make it a vector
space?

2. Is the given subset a subspace? Prove it!

3. Is the given map a linear transformation? What is the source and target? Is the map injective,
surjective ? Is the map an isomorphism?

Definition. A vector space is a set V with two operations: addition, which assigns to each
v, w ∈ V an element v + w ∈ V , and scalar multiplication, which assigns to each v ∈ V and each
c ∈ R an element cv ∈ V . These operations must satisfy the following properties.

1. For all u, v, w ∈ V , (u+ v) + w = u+ (v + w). (addition is associative)

2. For all u, v ∈ V , u+ v = v + u. (addition is commutative)

3. There exists an element 0 such that for all v ∈ V , v+ 0 = 0 + v = v. ( ∃ an additive identity)

4. For each u ∈ V there is another element (−v) such that v + (−v) = 0 ( ∃ additive inverses)

5. For all c ∈ R and u, v ∈ V , c(u+ v) = cu+ cv. (distributive property 1)

6. For all c, d ∈ R and v ∈ V , (c+ d)v = cv + dv. (distributive property 2)

7. For all c, d ∈ R and v ∈ V , c(dv) = (cd)v.

8. For all v ∈ V , 1v = v.

Definition. A subspace of V is a non-empty subset W which is a closed under addition and
scalar multiplication. That is, a subspace is a subset W such that

1. ~0 ∈W .

2. If ~x, ~y ∈W , then also ~x+ ~y ∈W .

3. If ~x ∈W and k is any scalar, then also k~x ∈W .

Definition. Let V and W be vector spaces. A linear transformation is a mapping V
T−→ W

that satisfies

1. T (~x+ ~y) = T (~x) + T (~y) for all vectors ~x, ~y ∈ V .

2. T (k~x) = kT (~x) for all vectors ~x ∈ V and all scalars k.



The vector space V is called the source of T , whereas W is the target of T .

Definition. An isomorphism is a bijective linear transformation.

Note that in any vector space V , the concept of a linear combination of vectors {~v1, . . . , ~vd}
makes sense.
I. The Coordinate Free Space: In Math 215 and physics, vectors are “directions with magni-
tude” represented by arrows. Let E3 be the set of all such vectors in three-space. Does the usual
addition and scalar multiplication of such vectors make E3 into a vector space? What is the zero
element? The additive inverse of a given ~v? Illustrate the commutative property geometrically.

Now let Λ be any plane in three-space. Do the vectors that can be represented by arrows lying
in this plane form a subspace of E3?

Now consider the map φ : E3 → R3 defined as follows: for a vector ~v in E3, send ~v to the head
point of the arrow representing ~v with tail at the origin in coordinate space R3. Is φ linear? Is φ
an isomorphism?

solnYes, E3 is a vector space and the arrows in any given plane are a subspace. The zero element
is the ”trivial arrow” of magnitude zero, the additive inverse of a given vector is represented by an
arrow of the same length by opposite direction. The map described E3 → R3 is an isomorphism—it
is the standard way we identity arrows with coordinates.

II. Matrices: Is the set of all matrices a vector space? How can we modify it to make it one?
What is the addition and scalar multiplication?

Let R2×2 be the set of 2 × 2 matrices. Is the subset of diagonal matrices a subspace? What
about the subset of upper triangular matrices? The subset of invertible matrices?

The trace of an n × n matrix is the sum of the diagonal elements. What is the source and
target of the trace map on the set of 2 × 2 matrices? Is the trace map linear on the vector space
of R2×2 matrices? Prove it!

What is the source and target of the determinant map on the set of 2 × 2 matrices? Is the
determinant map linear on the vector space of R2×2 matrices? Prove it!

Solution note: The set of all matrices is not a vector space, since we can’t add vector
spaces of different dimensions. BUT: the set Rm×n of m×n matrices is a vector space.
The set of diagonal matrices is a subspace of R2×2 , as is the set of upper triangular
matrices. But the invertible matrices in R2×2 is not a subspace, since for example, it
does not include the zero matrix. The trace map is a linear transformation R2×2 → R
but the determinant map is not.

III. Functions: Let F be the set of all functions from R to R. How can we define an addition
and scalar multiplication to make this a vector space? Is the set C0 of continuous functions a
subspace? Is the set R[x] of polynomial functions a subspace? What about the subset of polynomials
of degree 4? What about the set C1 of differentiable functions?

Can you find an appropriate source and target so that differentiation is linear? Can you find
an appropriate source and target so that integration of a function over the interval [0, 1] is linear?
For fixed real c, is the “evaluation function” f 7→ f(c) linear? What is the source and target here?
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Solution note: F is a vector space with usual function addition and scalar multipli-
cation, and both C0, R[x] and C1 are subspaces. The set of polynomials of degree 4
is NOT a subspace, since it doesn’t contain the constant polynomial zero. The dif-
ferentiation map is a linear transformation C1 → F or if we like, from R[x] to itself.
The integration map C0 → R sending f 7→

∫ 1
0 fdx is linear. The map F → R sending

f 7→ f(c) is also linear.

IV. Sequences: Let S be the set of all sequences of real numbers. An example of an element
in S might be {1, 2, 3, 5, 8, 13, . . . }.

Is there a way to define addition and scalar multiplication to make this a vector space? What is
the zero? Is the set of sequence of rational numbers a subspace? What about sequences of integers?
What about the subset of sequences that are ”eventually constant”?

Is the shift map S → S sending {a1, a2, a3, a4, a5, . . . } 7→ {a2, a3, a4, a5, . . . } linear? What
about the truncation map that sends {a1, a2, a3, a4, a5, . . . } 7→ {a1, a2, a3, a4, 0, 0, 0 . . . }.

Solution note: Add {a1, a2, a3, a4, a5, . . . } + {b1, b2, b3, b4, b5, . . . } “slot-wise”: {a1 +
b1, a2+b2, a3+b3, a4+b4, . . . }. Similarly λ{a1, a2, a3, a4, a5, . . . } = {λa1, λa2, λa3, λa4, λa5, . . . }.
This is a vector space, the zero element is the sequence {0, 0, 0, 0, 0, . . . }. The subset
of sequences of rational numbers is NOT a subspace, since it is not closed under
scalar multiplication (say, by π). ditto for sequences of integers. But the ”eventually
constant” sequences ado form a subspace. Both the given maps are linear.

V. The complex numbers: Explain a natural way to define addition and scalar multiplication
on C so as to make it a vector space. Can you find a natural isomorphism between C and R2?

Is the set of real numbers a subspace of C? Is the set of complex numbers of magnitude 1 a
subspace?

Is the map C → R sending z 7→ |z| linear? Is the map C → R sending z to the real part of z
linear?

Solution note: The standard way of adding and scalar multiplying complex numbers
makes C into a vector space. The map C→ R2 sending x+ iy to [x y]t is an isomor-
phism. The real numbers are a subspace, but the complex numbers of magnitude one
is not (as is it not closed under scalar multiplication). The map z 7→ |z| is not linear
since | − 2z| 6= −2|z|. However, the map x+ iy 7→ x is linear.
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