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Math 217: Quiz 6
Professor Karen Smith

A. Let V be the vector space of polynomials of degree four or less. Consider the linear transfor-
mation

V
T−→ V f 7→ x

d2f

dx2
− df

dx

Consider the bases A = {1, x, x2, x3, x4} and B = {1− x2, x3, x− 7, x3 + 5x, 1− x4} for V .

1. Find the matrix of the linear transformation T in either the basis A or the basis B. You
choose which, but indicate which you are finding.

2. Find the change of coordinates matrix SA→B or SB→A. You choose which, but indicate which
you are finding.

3. Write a correct matrix equation relating the quantities [T ]B, [T ]A and SB→A and/or SA→B.
You do not have to find any of these or multiply anything out, just state the relationship
exactly as in a theorem.

4. Explain why [T ]B and [T ]A have the same rank. What is this rank in this case?

5. Find bases for the kernel and image of T .
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Solution note:

1. The matrix in the basis A is [T ]A =


0 −1 0 0 0
0 0 0 0 0
0 0 0 3 0
0 0 0 0 8
0 0 0 0 0

.

2. The change of basis matrix from B to A is

SB→A =


1 0 −7 0 1
0 0 1 5 0
−1 0 0 0 0
0 0 1 1 0
0 1 0 0 −1

 .

3. There are many correct answers. One is [T ]B = [SB→A]−1[T ]ASA→B Another is [T ]B =
[SA→B[T ]ASA→B.

4. These has the same rank because the rank of either is the dimension of the image of T . The
image of T does not depend on any particular choice of coordinate system used to represent
its elements. This rank is three.

5. A basis for the image can be observed from the matrix [T ]A. The second fourth and fifth
columns describe the B-coordinates of a basis. Hence a basis for the image is (1, x2, x3) (note I
divided these by some non-zero scalars to make them prettier). By rank-nullity, the kernel has
dimension two. The two columns of zeros therefore indicate that the images of the elements
1 and x2 are zero. Since these are independent, they are basis for the kernel. So a basis for
the kernel is (1, x2).


