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A. When propane gas burns, the resulting chemical reaction transforms propane (C3H8) and oxygen (O2)
to form carbon dioxide (CO2) and water (H2O). In the reaction, the numbers of each atom must remain
constant, which allows us to find the numbers of each of the molecules in the reaction. Thus, the chemical
reaction can be modelled as

(x1)C3H8 + (x2)O2 = (x3)CO2 + (x4)H2O.

This leads to the system of linear equations

3x1 = x3

8x1 = 2x4

2x2 = 2x3 + x4.

1. Be sure you know what each xi stands for and where each of the above four equations comes from.

2. Write this as a system of equations with constant right-hand sides. Then write the augmented matrix.

3. Row-reduce your augmented matrix to reduced row-echelon form (rref). [Write small, or on the board.]

4. Write the system of linear equations corresponding to your matrix in (3). What is its relationship to
the system in (2)?

5. Solve this system. Express your answer as a vector equation in R4. What “shape” are the solutions?

6. Be sure you can state in words what the conclusion is for the original chemistry problem. Is the number
of atoms of each element uniquely determined? What does it depend on?

B. Consider a matrixA. Suppose a series of row operations transforms it to the matrixB =

0 a 0 0 b
c 0 d 0 e
0 0 0 1 f

 .
1. If B is the row reduced echelon form of A, what can you say about the constants a–f?

2. Definition:1 The rank of a matrix A is the number of pivots in rref(A). Find the rank of A.

3. If
[
A | ~0

]
is the augmented matrix for a linear system, write out an explicit system of linear equations

which has the same solution set. Is the system consistent? If it is, how many solutions are there?

4. If
[
A | ~v

]
(where ~v 6= ~0) is the augmented matrix for a linear system, is the system consistent? If it is,

how many solutions are there?

5. How can you change the last row of B so that for some ~v, the system represented by
[
A | ~v

]
has no

solution?

1A careful mathematician will object to this defintiion, asking whether this is well-defined. What does that mean?



C. Prove that the square of an odd integer is odd.
[General Proof Hint: Rephrase so you see clearly what is given and what you need to prove. Try stating algebraically in symbols what relevant terms

(like ”an odd integer ” ) mean. What happens when you square ?]

D. Use proper mathematical notation to write the following sets. [Example: the set of even integers is
{2n |n ∈ Z}.]

1. The set of all positive odd integers.

2. The set of all rational numbers greater than 5.

3. The set of all real numbers strictly between 3 and −π.

4. The set of perfect square integers less than thirty.

E. DeMorgan’s First Law states: if A and B are sets, then (A ∪B)C = AC ∩BC .

1. Draw a Venn diagram to see why this DeMorgan’s Law is true.

2. Prove (A ∪B)C ⊂ AC .

3. Prove (A ∪B)C ⊂ AC ∩BC .

4. Prove DeMorgan’s first law.

[General Proof Hints: When trying to show two sets are equal, often a good technique is to show each inclusion separately, that is, try showing

(A∪B)C ⊂ AC ∩BC and also that AC ∩BC ⊂ (A∪B)C . To show something is in the intersection of two sets, you can show separately that it is in each.

To show one set is contained in another, often you can just “chase elements”. That is, trying starting with “Let x be an element in (A ∪ B)C . What comes

next? Finally, it is always a good idea to glean inspiration from your own notes on wrapping your head around why the statement is true, in this case, the

Venn diagram.]


