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Matrices and Rn.

A. Write ~x =


x1
x2
x3
x4

 for a 4-tuple of real numbers (or column vector). The set of all such 4-tuples

is denoted R4.

1. What is the meaning of


0
1
−1
3

+


2
3
4
−5

? Define addition of elements ~x =


x1
x2
x3
x4

 and ~y =


y1
y2
y3
y4


of R4, using precise algebraic notation. Does your addition satisfies the commutative law
(~x+ ~y = ~y + ~x)? The associative law ((~x+ ~y) + ~z = ~x+ (~y = ~z))?

2. What is the meaning of 5 ·


x1
x2
x3
x4

? Define multiplication of a scalar λ times an element ~x in

R4 in precise algebraic notation.

3. If a and b are real numbers, prove that (a+ b)~x = a~x+ b~x.

4. If a is a real number and ~x, ~y ∈ R4, prove that a(~x+ ~y) = a~x+ a~y.

5. What about R100? Can we add elements together in Rn? Can we multiply by scalars?

FACT: Rn is one of the simplest examples of a mathematical object called a vector space.
Elements of a vector space will be called vectors. We will define vector spaces carefully later, but for the
moment the only thing you need to know is that vectors in the same vector space can be added and that
any vector can be multiplied by a real number. Also these operations must satisfy certain laws similar to
those described above.

B. Multiplying elements of Rn by (certain!) matrices.

1. Explain how to multiply a suitable row matrix A times an element ~x of Rn to get a scalar A · ~x.
What need be the dimensions of the row and column matrix?

2. Is A · (~x+ ~y) = A · ~x+A · ~y?

3. What is the “product”

B · ~x =

[
1 3 −1 2
2 6 −1 −1

]
·


x1
x2
x3
x4

 ?

Hint: the product should be an element of R2.

4. Restate the system of linear equations

x+ 3y − z + 2w = 5

2x+ 6y − z − w = 6,

as a single vector equation in R2, using the matrix B.



5. If you are given a matrix C of dimension p× q and a vector ~x in Rn, what condition on p, q, n would
ensure that the product

C · ~x

is defined ?

6. Solve it, writing your answers as an column vector formula in R4.

C. Consider a matrixA. Suppose a series of row operations transforms it to the matrixB =

1 3 0 0 d
0 0 1 0 a
0 0 0 b c

 .
1. Under what conditions (values of the constants) is B in row reduced echelon form? What are the

possible ranks? [Hint: you should have two cases.]

2. For each case in (1), is the system A~x = ~0 consistent? If it is, how many solutions are there?

3. Can you find ~v ∈ R5 so the system A~x = ~v is inconsistent?

4. Can you find ~v ∈ R5 so the system A~x = ~v si the system has exactly one solution?

D. Let B be an m×n matrix of rank k. Discuss with your table the following: If we have a matrix equation
B~x = ~v, in what space do ~x and ~v live? Supposing matrix equation represents a system of linear equations,
how many variables and how many equations are there? Can k be bigger than m? than n? Suppose m < n,
can the equations be inconsistent? If m < n and ~v = 0, can the equations be inconsistent? Discuss a scenario
where there is a exactly one solution. If k = 1 and the system is consistent, what do you know about ~v?
Discuss a scenario where there are infinitely many solutions. If ~v = 0, why is the system always consistent?


