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A. Consider the set Λ of points in R3 that satisfy x − y = 0 and the set Π of points satisfying
x− 2z = 0.

1. What type of geometric objects are the sets Λ and Π?

2. What type of geometric object is the set Λ ∩Π?

3. Describe geometrically the set of all points in R3 that satisfy

x− y = 0

x − 2z = 0.

What does this have to do with your answer to (2)?

4. Find constants a, b, c so that your answer to (3) can be written

{t

ab
c

 | t ∈ R}.

5. Is your answer to (4) unique? That is, is it the only possible answer?

Solution note: Both Λ and Π are planes. The intersection is a line. Solving the

system gives the set of solutions {t

2
2
1

}. This is the line through the origin in the

direction of the vector

2
2
1

, which is the same as the intersection of the 2 planes.

This direction vector is not unique. For example,

 1
1

1/2

 also works.

B. Solve the system of linear equations

x + y + z = 0

x + 2y − 2z = 3

−x + y + z = 4.

by elimination. What is the geometric interpretation of the solutions to any one of these three
equations? What is the geometric interpretation of the system of linear equations formed by any
two of these equations? What is the geometric interpretation of solution set of this system?



Solution note: The augmented matrix is

 1 1 1 | 0
1 2 −2 | 3
−1 1 1 | 4

. row reducing to trian-

gular form, this becomes

1 1 1 | 0
0 1 −3 | 3
0 0 1 | −1/4

. So we need to solve the system

x + y + z = 0

y − 3z = 3

z = −1/4,

which gives us the solution

xy
z

 =

 −2
9/4
−1/4

. Alternatively, we can go all the way to

row-reduced echelon form to get

1 0 0 | −2
0 1 0 | 9/4
0 0 1 | −1/4

, which gives the same solution.

The solution set to any one of these equations is a plane in R3. The solution set
to any two is a line. The geometric interpretation of the solution set to the system is
the intersection point of the three plane. We can also think of it in other ways: for
example, it is the intersection of the plane of solutions to the first equation intersected
with the line of solutions to the system formed by the second and third.

C. Consider the system of equations
x + y = 1

3x + 3y = 2.
.

Draw the geometric objects representing the solutions to each of the two equations on the same
Cartesian plane. What are the solutions to this system? How is your answer reflected in the
geometric picture?

Solution note: The solution to each of the equations forms a line in the plane. Because
the lines are parallel lines, there are no (x, y) that satisfy BOTH, so the system have
no solutions.

D. Suppose we have a system of 3 linear equations in 3 unknowns:

ax + by + cz = p

dx + ey + fz = q

gx + hy + kz = r,

where a, b, c, d, e, f, g, h, k, p, q, r are all real numbers.

1. Discuss with your group why we can think of the solution space as an intersection of three
planes in R3.1

1A useful technique used by professional mathematicians: if stuck on a problem, try a simpler version of it. In
this case, you can start by thinking about the solution space for a system of 2 linear equations in 2 unknowns, which
will be a subset of R2. This should be familiar from high school.



2. Find an explicit non-trivial example (values of the constants) in which the solution set is a
plane.

3. Find an explicit non-trivial example (values of the constants) in which the solution set is a
line.

4. Find an explicit non-trivial example (values of the constants) in which the solution set is a
point.

5. Find an explicit non-trivial example (values of the constants) so that the system is inconsistent
(ie. has no solutions).

6. If I randomly pick the constants, place a bet on the shape of the solution set.

7. Are there values of the constants so that the solution set is a circle? A union of two lines?

Solution note: Each equation represents a plane so the vectors satisfying all three
equations is the set of (vectors) points on all three planes, or the intersection of the
three planes. One way to get a solution space which is a plane, is to make sure all
the planes are the same. We can do this by making the equations be multiples of
eachother. For an explicit example:

x + y + z = 2

2x + 2y + 2z = 4

3x + 3y + 3z = 6,

.

To make the solution space a line, we can take the equations from above, and then
through in another which will not give any new constraints. For example:

2x− y + z = 0

x + 3y + 4z = 0

3x + 2y + 5z = 0.

The easiest way to get a point is to take, for example, x+0y+0z = 0, 0x+y+0z = 0
and 0x + 0y + z = 0. On the other hand, most choices of the constants will get a
point as the solution space, since typically we expect three planes to intersect in a
point. One way to make the system inconsistent is to make two of the plane parallel:
for example

x + y + z = 2

x + y + z = 4

x− y + 3z = 6,

is consistent since the first two planes don’t intersect at all. The solution space can
never be a circle or two lines. It can only be a point, line or plane.


