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A. Consider the set Λ of points in R3 that satisfy 2x− y + z = 0 and the set Π of points satisfying
x + 3y + 4z = 0.

1. What type of geometric objects are the sets Λ and Π?

2. What type of geometric object is the set Λ ∩Π?

3. Find the set of all points in R3 that satisfy the linear constraints:

2x− y + z = 0

x + 3y + 4z = 0

using the method of elimination (subtracting a multiple of one equation from another). What
does this have to do with your answer to (2)?

4. What does the slope of a line in R3 mean? Describe your answer to (3) as a line with a given
slope through a given point. Do planes in R3 have slopes? Describe Λ and Π be giving their
normal vectors and point they pass through.

Solution note: Both are planes. The intersection is a line. Solving the system gives

the set of solutions {t

 1
1
−1

}. This is the line through the origin in the direction

of [1 1 − 1]t, which is the same as the intersection of the 2 planes. Planes don’t
really have slopes, but we can talk about the normal vectors. These planes are planes
through the origin with normal vectors [2 − 1 1]t and [1 3 4]t.

B. Suppose we have a system of 3 linear equations in 3 unknowns:

ax + by + cz = p

dx + ey + fz = q

gx + hy + kz = r,

where a, b, c, d, e, f, g, h, k, p, q, r are all real numbers.

1. Discuss with your group why we can think of the solution space as an intersection of three
planes in R3.1

2. Find an explicit non-trivial example (values of the constants) in which the solution space is
a plane.

3. Find an explicit non-trivial example (values of the constants) in which the solution space is
a line.

1A useful technique used by professional mathematicians: if stuck on a problem, try a simpler version of it. In
this case, you can start by thinking about the solution space for a system of 2 linear equations in 2 unknowns, which
will be a subset of R2. This should be familiar from high school.



4. Find an explicit non-trivial example (values of the constants) in which the solution space is
a point.

5. Find an explicit non-trivial example (values of the constants) so that the system is inconsistent
(ie. has no solutions).

6. Are there values of the constants so that the solution space is a circle? A union of two lines?
If I randomly pick the constants, place a bet on the shape of the solution space.

Solution note: Each equation represents a plane so the vectors satisfying all three
equations is the set of (vectors) points on all three planes, or the intersection of the
three planes. One way to get a solution space which is a plane, is to make sure all
the planes are the same. We can do this by making the equations be multiples of
eachother. For an explicit example:

x + y + z = 2

2x + 2y + 2z = 4

3x + 3y + 3z = 6,

.

To make the solution space a line, we can take the equations from above, and then
through in another which will not give any new constraints. For example:

2x− y + z = 0

x + 3y + 4z = 0

3x + 2y + 5z = 0.

The easiest way to get a point is to take, for example, x+0y+0z = 0, 0x+y+0z = 0
and 0x + 0y + z = 0. On the other hand, most choices of the constants will get a
point as the solution space, since typically we expect three planes to intersect in a
point. One way to make the system inconsistent is to make two of the plane parallel:
for example

x + y + z = 2

x + y + z = 4

x− y + 3z = 6,

is consistent since the first two planes don’t intersect at all. The solution space can
never be a circle or two lines. It can only be a point, line or plane.

Mathematical Language: Proofs and Logic

C. Consider the Axiom of Parental Support : If you get a “B” or better in this course, your parents
will buy you a new car. Let us accept this as true (your experience notwithstanding), and take the
following definitions:

Definition: An “A” student never gets a grade lower than “A−” in a given semester.

Definition: A “B” student gets at most one grade lower than a “B” in a given semester.

Definition: A “C” student gets no grade higher than “C” in a given semester.



Given the preceding, decide which of the following statements are THEOREMS. Prove or give a
counterexample for each.

a). If I am an “A” student, I will get a new car from my parents at the end of the semester.
b). If I am a “B” student, I will get a new car from my parents at the end of the semester.
c). If I am a “C” student, I will not get a new car from my parents at the end of the semester.

Solution note: a) True. By definition of A student, I will have never gotten any grade
lower than A- in any class. In particular, my 217 grade is A- or better, which is at
least B. So by the axiom of parental support, they will buy me a car.

b) False. As a counterexample, perhaps I get an F in Math 217 and an A in
everything else. By definition of B student, I am a B student, since only one grade is
below B. So, there is no obligation to buy me a car.

c). False. The axiom of parental support only says what my parents will do if I
get a B in Math 217. It tell us nothing about what happens if I get any other grade.

D. DeMorgan’s First Law states if A and B are sets, then (A ∪B)C = AC ∩BC .

1. Draw a Venn diagram to understand DeMorgan’s Law and why it should be true.

2. Let’s think of this as a theorem. What are the things we are given? What are we trying to
prove?

3. A good way to start thinking about proof is to think of all different ways that we can restate
the conclusion that we are trying to prove. For example, one useful technique for showing
two sets X and Y are equal is to show X ⊂ Y and separately, Y ⊂ X. 2 Using only this
technique, outline a proof of Demorgan’s law.

4. Refine your outline of the proof of Demorgan’s law by incorporating the following standard
proof techniques:

(a) A standard way to start a proof that X ⊂ Y is to say “Let x be an element in X” and
then show somehow that x is also in Y .

(b) A standard way to show an element x is in Z ∩W is to show that x ∈ Z and that x ∈W
separately.

5. Prove Demorgan’s law by doing the math to fill in the outline to a complete argument.

Solution note: Proof: First we show that (A ∪B)C ⊂ AC ∩BC . Take x ∈ (A ∪B)C .
This means that x /∈ A ∪ B. This means that x /∈ A and also that x /∈ B. That is,
x ∈ AC and x ∈ BC . We conclude that x ∈ AC ∩BC , as needed.

Next we show AC ∩BC ⊂ (A∪B)C . Take x ∈ AC ∩BC . This means that x ∈ AC

and also that x ∈ AC . So x /∈ A and x /∈ B. That is, x ∈ (A ∪B)C . QED

E. Define a linear function to be a function

f : R→ R

for which f(t) = mt for some constant m. Using only this definition, prove that for any linear
function and any real constant k, f(kx + y) = kf(x) + f(y).

Solution note: Proof: we know that for any linear function f(t) = mt. Thus f(kx + y) =
m(kx + y) = kmx + my = kf(x) + f(y). �

2From our Unreasonably Useful Result in the Joy of Sets.


