
Math 296 Worksheet: Cosets and Quotient Groups

Fix a group G and let H be a subgroup.
Definition: A left coset of H in G is any subset of G of the form

gH =: {gh |h ∈ H}.

Part 1. Let G be the group of symmetries of the square. Denote the elements by e, r1, r2, r3, h, v, d, a,
similar to the rep theory notes. Consider the following subgroups, where 〈g, h〉 denotes the subgroup

generated by g and h.

R := 〈r1〉, T := 〈r2〉, K := 〈d, a〉

H := 〈h〉, V := 〈v〉, D := 〈d〉

Pick one of these subgroup, and find the complete list of all its cosets. Is there any overlapping of
cosets for the same subgroup? Find the cardinalities of each coset, and decide which (if any) cosets
are subgroups. If G/H denotes the set of all cosets of H in G, what is the cardinality of G/H?
What conjectures might you make ? Compare your results with the other teams’. Can you prove
your conjectures?

Part 2. What are the cosets of the subgroup nZ of multiples of n in the additive group Z?

In general, can you describe the cosets of a subgroup H in a group G as the equivalence classes for
some equivalence relation on the elements of G? Remember you had a homework exercise where
you considered some equivalence relations on Z. Can you rephrase it using cosets?

Recall how we defined an addition on the set Zn and how this can be used to put a group structure
on the set Z/nZ of all cosets of Z.

Part 3. In the case of the symmetry group of the square, for which H is it possible to define a
binary operation on G/H which gives G/H a group structure naturally inherited from the one on
G?
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