
Math 296 Worksheet: Groups and their representations

Part 1. Fix a line L in Euclidean three-space E, and consider the rigid motion R of E consisting
of rotation of three space through π
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around L.

1. Show that for suitable choice of coordinate system on E (ie, fixing an origin, and fixing x, y
and z axes so you can describe the points in E as a triple (x, y, z)), we can identify the points of E
bijectively with the points of R3.
2. Show that for suitable choice of coordinates, the rotation R is a linear transformation. Describe
precisely the exact condition we need on the coordinates to make this so.
3. Find the matrix for R with respect to the coordinates you chose in (2) for both domain and
range.
4. Using your answer to (3), show how to represent R by matrix multiplication.
5. If we pick a coordinates totally randomly (say, but same for domain and range), how is the
matrix of R likely to look?

Part 2. Find a subgroup of the group GL3(R) isomorphic to the rotation group G of a cube.
Explore this group: what is its order (cardinality)? can you find some generators? what is the
least number of generators? What is the order of the generators you chose? It is abelian? Describe
some natural subgroups. Can you give a geometric interpretation of these? What if you enlarge
the group so as also to include reflection symmetries ? Now what is the order of this group H of all
symmetries of the cube ? Can we easily add these reflections to the matrix group to get a subgroup
of the group GL3(R) isomorphic to the full symmetry group of a cube?

Part 3. Fix a set of n objects {v1, . . . , vn} and let Sn denote the group of permutations of these
objects. What is the order (cardinality) of Sn? Show that the rotation group G and the Symmetry
group H of the cube is a subgroup of S8 in a natural way, and also of S6 in a natural way. Show
that the rotation group G is isomorphic to S4.
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