
Math 296 Daily Update

Here I will list the topics discussed in class each day.

• Wednesday April 13: QUIZ. Median was 6. We proved the following theorem:
a set of mutually orthogonal vectors is linearly independent. We proved the Cauchy-
Schwartz inequality and the triangle inequality in any (real) inner product space (this
is in the book, too in 8.1). We showed that an inner product on a real vector space
always induces a metric space stuctures (so also a topology).
• Tuesday April 12: We defined an inner product space, which is a vector space

over an ordered field, equipped with a positive definite symmetric bilinear form:
V × V → F . Here, positive definite means that 〈v, v〉 > 0 if v is non zero. An inner
product space is the abstractification of the idea of a space we can “do geometry,”
which is to say, we can talk about the length of a vector and whether or not two
vectors are orthogonal. The length of v is defined as the unique positive square
root of 〈v, v〉 (for this, we must have square roots in F ). The vectors v and w are
orthogonal by definition if 〈v, w〉 = 0. We looked at many examples, including
the dot product (or standard inner product on Rn) which gives rise to the standard
Euclidean distance and orthogonality. Another example on the space of continuous
functions on [0, 1] is given by 〈f, g, 〉 =

∫ 1

0
fg. We also talked about the pullback of

an inner product under a linear map. Assignment: Read 8.2.

• Monday April 11: We proved the following theorem: Let T : V → V be a linear
transformation with eigenvalues λ1, . . . , λc. Then the characteristic polynomial f(x)
can be factored as (x − λ1)d1 · · · (x − λc)dcg(x) where g(x) has no roots, and each
di ≥ dimVi, the λi-eigenspace. Furthermore, T is diagonalizable if and only if
equality holds for each i (and g(x) = 1). We also began a discussion of inner product
spaces. Assignment: Read 8.1.
• Friday April 8: Discussion of eigenvalues and vectors, definition of characteristic

polynomial, theorem on decomposing transformations using eigenspaces. Assign-
ment: Read 6.3.
• Wednesday April 6: Quiz, discussion of eigenvalues and vectors. Assignment:

Read 6.3.
• Tuesday April 5: We proved a few more properties of determinants, and studied

their behavior under elementary row/column ops. We also proved a nice formula for
the inverse of an invertible matrix in terms of the adjoint matrix. Assignment: Read
5.4. Expect a quiz!

• Monday April 4: We proved the uniqueness of the determinant, as well as a new
formula for it. We also proved that the determinant is multiplication det AB = det A
det B. Assignment: Read 5.3
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• Friday April 1: Group theory day, using the worksheet ”Cosets and Quotient
Groups.” Students worked in groups figuring out all the (left) cosets for different
subgroups of D4 and by the end, we were able to make the following conjectures,
which you will prove in the homework: All cosets of a fixed subgroup H have the
same cardinality, and this cardinality is the order of H . The distinct cosets are dis-
joint, and thus partition the group up into |G|/|H| disjoint sets. In particular, the
order of a subgroup of a finite group divides the order of the group.

• Wednesday March 30: We first discussed the fact that the set of all linear maps
from V to W (two vectors spaces over the same field) has the natural structure of
a vector space. (In fact, if they are dimensions n and m respectively, we get an
isomorphism with Mm×n(F ) by sending T to the matrix representing T with respect
to fixed bases of V and W ). So it makes sense to talk about linear combinations of
linear mapping (with the same source and target). Ditto for multi-linear functions.
We then showed how to construct an n-linear form ∆̃ on the columns of an n × n
matrix from one ∆ defined on (n − 1) × (n − 1) matrices, by “expanding along
a column.” This construction yields an alternating ∆̃ form if ∆ is alternating, and
∆̃(In) = 1 if ∆(In−1) = 1. We worked this out explicitly for 3 × 3 matrices,
using the determinant function we already defined in the 2 × 2 case. The resulting
alternating tri-linear form is the determinant of a 3×3 matrix. It remains to show the
uniqueness, however, from which it will follow that we can compute the determinant
by expanding along any column (or row). Assignment: Read 5.3.
• Tuesday Tuesday March 29: We discussed multilinear functions: ∆ : V ×
. . . V → F , which are functions which are linear in each coordinate when the re-
maining ones are fixed. We defined alternating and symmetric n-linear functions
and proved an equivalent characterization of alternating when the field does not have
characteristic 2. All this is in the book. We also investigated all bilinear functions on
F 2 and saw that it is parametrized by four elements of the field namely the values of
∆(e1, e1),∆(e1, e2),∆(e2, e1),∆(e2, e2). In particular, we saw that the alternating

ones are all of the form ∆

(
a b
c d

)
= (ad− bc)∆(e1, e2). Assignment: Read 5.1

and 5.2.
• Monday March 28: We began discussing determinants. The determinant is a

function from the set of all n×nmatrices over a field F to F . We first reviewed what
you may or may not know already from high school: properties of the determinant
such as the fact that it is zero if and only if the matrix fails to be invertible, and that
it is multiplicative: det(AB) = det(A)det(B). We then defined it as the unique
alternating n-linear function on the columns of the matrix which sends the identity
matrix to 1. We won’t fully make sense of this definition until tomorrow, though we
did discuss bilinear maps today. Assignment: Read 5.1 and 5.2.
• Friday March 25: Exam II. Median 88, range 53–100. Well done.



• Wednesday March 23: We proved Cayley’s Theorem: each finite group is iso-
morphic to a subgroup of Sn, for some n. The proof uses the action of G on itself by
left multiplication to get a group homomorphism from G to Aut X (where X = G),
so in fact the proof shows that we can take n = |G|. We defined a faithful action as
one in which We then discussed some advantages and disadvantages of thinking of
a group this way. We used these ideas to study the structure of groups, for example,
to show that the rotational symmetry group of the cube is isomorphic to S4 (because
the group acts faithfully on the four main diagonals.)
• Tuesday March 22: We proved that a group G acts on a set X if and only if there

is a group homomorphism G → X . We looked as some examples. For example,
we saw that Dn can be viewed as a subgroup of Sn by letting a symmetry of the
n-gon act just on the vertices. For D3, this induces an isomorphism of D3 with S3

but never for higher n. We also saw that the action of Sn on Fn given by permuting
the coordinates gives rise to an embedding of Sn as a subgroup of GLn(F ). In this
way we identify Sn with the set of “permutation matrices” obtained by Assignment:
Keep reading the representation theory notes, through Section 7, skipping 4 and
6. Even further if you like, skipping 9.
• Monday March 21: We studied groups acting on sets. We saw that if a group G

acts on a set X , then there is a naturally induced group homomorphism G→ AutX .
The converse is also true—-this is pretty much obvious if you understand—think it
trhough!. Assignment: Read the representation theory notes, through Section 7,
skipping 6.
• Friday March 18: We discussed the symmetric (or permutation) group Sn. We

showed it has order n! and introduced cycle notation, which is a compact way to
record the data of a permutation. For example, the notation (12)(456) in the group
S6 denotes the permutation which interchanges the first and second objects, fixes the
third, and sends the fourth to the fifth, fifth to the sixth and sixth to the fourth. We
talked more about groups acting on sets, and noted that the group D4 of symmetries
of the square acts on the set of vertices. This gives an embedding of D4 in S4. We
saw also that Sn acts on a set of n objects, and that the GLn(F ) acts on the set of
bases for an n-dimensional vector space V over F . Assignment: Start working on
test problems. Also, read the representation theory notes, especially the section
on Sn.
• Wednesday March 16: We carefully proved the following theorem: Fix an n-

dimensional vector space V over F and let X be the set of all ordered bases for V .
The choice of an ordered basis {v1, . . . , vn} defines a bijection

GLn(F )→ X

P 7→ P


v1
v2
. . .
vn

 .



We then defined what it means for a group G to act on a set X , and observed that
this is an example. In fact, this is a good example of a G-torsor, which will discuss
in more depth soon. Assignment: Reread 2.4 and 3.4.
• Tuesday the Ides of March: We practiced systematically changing coordinates

from one basis B to another basis B′ using a “change of basis matrix,” B′QB. We dis-
cussed three different ways to then find the matrix BQB′ . We discussed the following
theorem: Fix an n-dimensional vector space V over F and let X be the set of all
ordered bases for V . The choice of an ordered basis {v1, . . . , vn} defines a bijection

GLn(F )→ X

P 7→ P


v1
v2
. . .
vn

 .
Assignment: The material discussed today is mainly from 2.4. Keep reading
and rereading though 3.4. Be sure you’ve nailed this before the test!
• Monday π-day: We showed that, when representing linear transformations by

matrices with respect to fixed bases, the composition of transformations corresponds
to matrix multiplication. We showed that this leads to an embedding of the group of
symmetries of a cube (or indeed, any shape in R3) into the group of invertible 3× 3
matrices. This is an easy example of a group representation. We then discussed how
to systematically change coordinates from one basis to another using a “change of
basis matrix”: which is no more than the matrix of the identity map with respect to
the old basis on the domain and the new basis on the target. Assignment: make
sure you are comfortable with the material in chapters 1, 2 and 3, through 3.4.
Problems for Exam 2 will be distributed friday, and will be done in class the
following Friday, March 25.
• Friday March 11: Group Theory Day! Students worked together in groups of 4

on the Worksheet on Groups and their Representations, available on the 296 page.
Most groups got through 2 of the 3 parts; eventually, you will be asked to turn in
something regarding this work, so be sure you understand what your group figured
out. Assignment: if you got a score of 6 or lower on Quiz 5, turn in make-up
quiz by monday march 14. It is already posted on posted on the 296 website.
• Wednesday March 9: Due to disastrous performance on the quiz, we went over

the meaning of “representing a linear transformation between two finite dimensional
vector spaces with respect to a choice of basis for each.” In particular, we went over
the quiz problems. Assignment: if you got a score of 6 or lower on Quiz 5, turn
in make-up quiz by monday march 14. It is already posted on posted on the 296
website.
• Tuesday March 8: After a quiz, we proved the following theorem, and saw several

examples of it: If T : V → W is a linear transformation of vector spaces, and V is



finite dimensional, then the dimension of V is equal to the dimension of the kernel
of T plus the dimension of the image of T .

• Monday March 7: We reviewed the crucial idea of representing a linear trans-
formation T : V → W by a matrix B′AB after fixing bases B for V and B′ for W .
The j − th column of B′AB is the column vector of coordinates of T (vj) (where vj
is the j-th element of the basis B) with respect to the basis B′. We proved a theorem:
there is a bijection between the set of all linear maps HomF (V,W ) and the set of
m × n matrices over F (where m = dimW and n = dimV ) which depends on the
choice of the bases B and B′. We also looked at some examples. When W = V , it
is sensible and standard to use the same basis for the domain and range, that is, to
let B = B′ whenever possible. If we use the same basis, for example, the identity
map is always represented by the identity matrix. We began exploring how linear
maps look in different bases; the point is that understand the map in one basis versus
another might help us better understand, geometrically, what the map really is doing.
Assignment: Read 3.3, 3.4. QUIZ TOMORROW!
• Friday Feb 25: Ruthi subbed, and did a bunch of examples of representing linear

transformations using matrices with respect to different bases. Have a good break!
• Wednesday Feb 23: We defined the coordinates of a vector in a vector space with

respect to a given basis. We saw that (at least in the finite dimensional case), we can
use the coordinates to give an ISOMORPHISM of any n-dimensional vector space
over F with F n. This isomorphism is not canonical, meaning that it depends on the
basis. We then discussed how, by fixing bases for V and W, we can think of *any*
linear transformation T : V − −− > W as given by matrix multiplication using
coordinates. THIS IS A CRUCIAL IDEA! If we write the elements of V and W
as column vectors of coordinates, then the matrix of T has columns whose entries
are the coordinates of W (with respect to the fixed basis) for the vectors obtained by
applying T to the given basis for V . Study notes from wednesdays lecture until you
understand!
• Tuesday Feb 22: We reviewed the basic facts from 2.3 about bases and dimen-

sion, spanning sets and linear independence. We then studied all the linear mappings
of a Rn to itself. We saw that when n = 1, there is only dilatations by λ (which
could include a reflection if λ in negative). We saw that when n = 2, we also have
dilatations, rotations, different dilatations in the two directions, and combinations of
these. We saw that linear maps take lines to lines, so squares are taken to parallelo-
grams. The linear maps is determined by where it sends the basis elements (1, 0) and
(0, 1), say to (a, b) and (c, d) respectively. Thus (x, y) is sent to (ax+ cy, bx+ dy).
If we write elements of R2 as column vectors, this can be written as:(

x
y

)
7→
(
a c
b d

)
·
(
x
y

)
Assignment: Read 2.4.



• Monday Feb 21: We tried to get a feeling for some examples of groups by study-
ing the symmetry group of a square (which has 8 elements: four reflections, three
rotations, and the identity)). We looked at some of its properties and features, iden-
tified some subgroups, saw that it was non-abelian, etc. We also talked about the
rotation group of the cube, and briefly, the symmetry group of the Rubik’s cube. As-
signment: Read the first three sections (10 pages) of my Representation Theory
Notes. You’ll find the link is on the 296 homepage (accessible from my page).
• Friday Feb 18: We defined linear independence and bases. We saw that a linear

map is completely determined by where it sends a basis. Your professor was a bit
off, due to fighting with her boyfriend and so not being able to concentrate. Anyway,
things should be better next time. Assignment: Read 2.1, 2.2, 2.3.
• Wednesday Feb 16: We began with a general discussion of binary operations

on a set, mentioning that most binary ops of interest are associative, with identity.
We proved an identity, if it exists, is unique. We defined the inverse element of an
element a is an element b such that ab = ba is the identity. We showed the inverse of
a is unique (when is exists), provided that our binary operation is associative. One
example is the set of n × n matrices (over F ). Our general observations imply that
the inverse of a matrix (when it exists) is unique. We showed that for any associative
binary op with identity, the set of invertible elements is closed under the op. We
looked the the example of the binary operation matrix multiplication on Mn(F ),
whose subset of invertible elements is denotedGLn(F ). This is an excellent example
of a group (where the binary op is matrix multiplication) which is defined in the
homework set. We then summarized the theorems and corollaries from 1.6 giving
many different characterizations of an invertible matrix. Assignment: REREAD
1.6. Make sure you have mastered it!
• Tuesday Feb 15: A very important idea is that every elementary row operation on

a n×pmatrix can be interpretation as (left) multiplication by a n×n elementary ma-
trix. There are three types of elementary matrices (corresponding to the three types
of elementary row ops) and we explicitly observed that each one admits an “inverse”
corresponding to the inverse row operation. Using the associativity property for ma-
trix multiplication, we saw that a sequence of elementary row ops can be interpreted
as multiplication by some one matrix P which is the product of the corresponding
elementary matrices. Because each elementary row operation can be “undone” by
the inverse row operation, likewise, the composite sequence can be undone. In par-
ticular, the matrix P has the property that there is another matrix Q such that when
QP acts (by left multiplication) on the given n × p matrix, it does nothing. That is,
QP is the identity matrix In. Assignment: READ 1.6
• Monday Feb 14: We talked about matrix multiplication. This is defined only for

certain sized matrices” Mm×n ×Mn×p → Mm×p. Make sure you can do this! We
saw that it is associative and distributive (when defined). We saw that there is an
n × n matrix In (which has 1’s on the diagonal and zeros elsewhere), which is a
left identity on the set of n × p matrices and a right identity on the set of m × n



matrices. That is, InA = A for all A ∈ Mn×p(F ) an BIn = B for all B ∈ Mm×n.
Assignment: READ 1.5
• Friday Feb 11: We talked some more about systems of linear equations, showing

how to parametrize the set of solutions after putting the matrix in echelon form. We
also talked about solutions of homogenous linear equations as subspaces of Fn. We
talked about row-equivalent matrices as those whose rows span the same subspaces
of Fn.
• Wednesday Feb 9: Computation! We discussed a general method for solving

systems of linear equations in any number of variables over any field. The idea
is to do a sequence of “elementary operations” to the system of equations in or-
der to replace it by an equivalent, but simpler, system of linear equations (which
means each equation in the new system is a linear combination of the equations
in the old system, and vice versa). Since equivalent systems have the same solu-
tions, we can solve the simpler one instead. In practice, we work with the ma-
trix of coefficients and we reduce the matrix to “row reduced echelon form.” If
you have not seen this before, the wikipedia article on it is actually pretty good
(http : //en.wikipedia.org/wiki/System of linear equations). This process is
called Gaussian elimination. LEARN IT! You are expected to know it, although
little time will be spent on it in lecture. Assignment: Read 1.4

• Tuesday Feb 8: We proved that the intersection of any collection of subspaces of a
vector space is a subspace, and discussed examples showing the analogous statement
for unions is false. We looked at some examples of subspace of the vector space of all
real-valued functions of the real line: the intersection of the subspace of compactly
supported functions of the real line with the subspace of smooth functions produces
the subspace of smooth compactly supported functions. Another crucially important
example is the solution set in F n to a system of homogenous linear equations in
n-unknowns. We checked directly (algebraically) that these form a subspace of F n.
We studied one concrete example in R3 carefully, thinking of the solution space in
several ways. We began discussing a general technique for finding solutions of linear
equations. Assignment: Read 1.2, 1.3

• Monday Feb 7: We talked about vector subspaces of a vector space. We found all
(real) subspaces of R2: these were the trivial subspace {0}, the whole space R2 and
subspaces V(a,b) = {(λa, λb) |λ ∈ R} of points lying on one line through the origin.
We defined a linear combination of vectors in any vector space, as well as the span,
or subspace generated by, a collection of vectors in V . Assignment: Get caught up
on reading! Read 2.1, 2.2.

• Friday Feb 4: EXAM I: Well done. The median was 89. The range was 29-100.
I consider any grade above 70 to be acceptable for honors students, below that less
so. On my tough grading scale, I would assign the following letter grades to this
exam: A+ is ≥ 99, A is ≥ 90, A- is ≥ 80, B+ is ≥ 70, B is ≥ 60, B- is



≥ 50. BELOW 50: see me. However, you can expect a general upward trend for
final grades, especially if you improve: I have a tendency to be more generous at
the end (hell, you deserve it!). So, my guess is that many people with A- on this
exam may see a final grade of A in May, and many with B+ will see a grade of A- or
higher, etc. Of course, this assumes continued hard work of high quality.

• Wednesday Feb 2: We gave more examples of linear transformations. We also
talked about isomorphism of vector spaces, which is just a “renaming.” More pre-
cisely, an isomorphism of F -vector spaces is a linear transformation which has an
inverse which is also a linear transformation: the transformation renames elements
and it is reversible. Assignment: Read 1.2 on systems of linear equations; learn
this on your own.

• Tuesday Feb 1: We defined and gave many examples of linear transformations
(or vector space homomorphisms), which are maps from one vector space to another
(over the same field) which preserves the vector space structure. Examples are:
integration gives a linear map from the R-vector space of integrable functions on
[a, b] to R. Differentiation gives an linear transformation of C∞-functions to itself.
Projection from F n onto one of the coordinates is a linear map to F ; for example,
projection onto the x-axis is a vector space map from R2 to R. Assignment: Read
the beginning part of §3.1.

• Monday Jan 31: Introduction to vector spaces: we formally defined a vector space
over a field F . Intuitively, a vector space is set V (whose elements we call “vec-
tors”) where we have a natural notion of “addition of vectors” and “multiplication by
scalars” (or elements of F ). We studied many examples: The (real) vector space of
“arrows at p” from physics; The F -vector space F n; The real vector space of smooth
function on a domain A. The field over which the vector space is defined is impor-
tant! For example, the set of complex numbers C has the structure of a complex
vector space (stupidly, every field can be considered a vector space over itself) AND
also the structure of a real vector space. These are two different vector spaces, or you
might say, two different vector space structures on the same set! Read from Hoff-
man and Kunze: Appendix A1, A2, A3. §1.1, §2.1. WRITING ASSIGNMENT:
Write a short assessment of “Professor Andrey”’s teaching performance and
send it to me by email by Wednesday.

• Week of Jan 24-28: Guest Lectures by (someday-to-be Professor) An-
drey Mishchenko: Complex analysis. See Notes by Nick Wasylyshyn on the 296
home page. Read and understand Chapter 25, 26, 27. Understand C as a field
and as a metric (hence topological) space. The following are the crucial concepts to
be sure to absorb: the statement of the fundamental theorem of algebra, the triangle
inequality in C, complex power series and their radii of convergence.

• Friday 1/21: We proved the Weierstrauss M-test, and some of its cool applica-
tions, including the fact that power series, if they converge anywhere (other than at



the center) *must* absolutely uniformly converge (say to f ) on an open ball around
their center. In this case, the power series given by differentiating term-by-term also
converges on this ball uniformly and absolutely, to of course f ′. We also talked
about analytic continuation of real analytic functions, and the fact that a power se-
ries expansion for a real analytic function need not converge at every point of the
domain—you may need a different power series at each point. Assignment: Truly
have mastered Chapter 24. Read Chapter 25 and 26 by Monday.
• Wednesday 1/19: We continued studying radius of convergence for a power series

and did some examples, including the Taylor series for ln(1 + x) on (−1, 1]. We
discussed the theorem that if a power series convergences on a open ball around its
center, then the series obtained by ”differentiating term-by-term” also converges on
that ball. In fact, if the original power series converges to f , then the differentiated
one converges to f ′(x). As a corollary, we showed that real analytic functions are
always smooth. It also follows that a power series centered on a converging (on an
open ball around a) to a function f must be its own Taylor series: the coefficients
are necessarily f (n)(a)

n!
. Assignment: Keep reading Chapter 24.

• Tuesday 1/18: We took a quiz on uniform convergence. We proved that if a
sequence of integrable functions converges uniformly to f , then f is also integrable.
For some weird reason, Spivak does not state or prove this, though the question is so
natural there given what else is done there. We defined and considered the radius of
convergence for a power series. Assignment: Keep reading Chapter 24.
• Friday 1/14: We studied the notion of uniform convergence of a sequence of func-

tions: A sequence fn converges uniformly to f if for all ε > 0 there is an N such
that |fn(x)− f(x)| < ε for all n > N and all x in the domain. Basically, this means
that if you make an epsilon-strip around the graph of the limit f , you can always
find an N so that the graphs of all the fn with n > N will be within epsilon of the
graph of f . We gave many examples of uniformly and non-uniformly continuous
functions. We showed that integrals and the property of continuity are preserved by
uniform convergence, but that the property of smoothness is not. Assignment: Read
Chapter 24. Expect a quiz on definitions of pointwise and absolute convergence.
• Wednesday 1/12: We began with some cautionary remarks about Taylor series.

We emphasized that even though we can write down a Taylor series (at, say λ) for
any smooth function f , the Taylor Series need not converge to f at any point,
except of course x = λ, where it converges trivially. It can even happen that the
Taylor series does converge, but not to f(x). We gave the example f(x) = e

−1

x2 (with
f(0) = 0). This is a smooth function. Its Taylor series at zero is

∑∞
i−0 0xi, which of

course converges to ZERO for all x. On the other hand, f(x) is zero only for x = 0,
so it is never the case that the Taylor series converges to f(x) for any x other than
x = 0. Of course, the Taylor polynomials (which are all zero in this case) DO ap-
proximate the function near zero in the sense that the error terms go quickly to zero—



but the error term in this case is actually equal to the function, so the approximation
is actually useless since the percentage error is huge (100% in fact). The fact that the
Taylor polynomials are all zero says that the best polynomial approximation of any
degree is simply the constant polynomial p(x) = 0—the function f(x) is “infinitely
flat” at zero, or flatter than any polynomial. The point is that smooth functions f
whose Taylor series at λ converge to f(x) in some open neighborhood of λ are
very special—most do not! Those that do are said to be “real analytic at λ.”

We then began a general discussion of convergence of a sequence of functions
{fn : A→ R} which all have the same domain. We said that it converges pointwise
to f : A → R if for all x in the domain, the sequence of real numbers fn(x) con-
verges to f(x). We gave examples to show that limits of continuous functions need
not be continuous, limits of differentiable functions need not be differentiable, and
even when a limit of integrable functions is integrable, then values of the integrals do
not need to converge to the integral of the limiting function. Assignment: Read and
understand the main points of Chapter 20. Begin reading Chapter 24, though
page 498.

• Tuesday 1/11: We discussed approximating (smooth) functions by Taylor poly-
nomials. The Taylor polynomial Pn,λ of degree n at λ can be thought of as “the best
fitting degree n polynomial” to the function in a neighborhood of λ. If we write
f(x) = Pn,λ(x) + En,λ(x), where En,λ is the error term, then this error term ap-
proaches zero quickly as x approaches λ—indeed, even limx→λ

En,λ
(x−λ)n approaches

zero. This directly generalizes the discussion of linear approximations of differen-
tiable functions we discussed from our Chain Rule notes. We can also consider an
“infinite polynomial,” or Taylor series

∑∞
i=0

f (i)(λ)
i!

(x − λ)i. This may or may not
make sense, depending on whether or not, for some values of x this converges. Of
course, for x = λ it converges to f(λ). Beyond that, nothing is guaranteed. How-
ever, if the Taylor series converges to f(x) for all x in some open neighborhood of
λ, then f is said to be real analytic at λ. We mentioned in class that real analytic
functions are very special among all smooth functions, though it will take a few
weeks (or years) to fully appreciate this. Assignment: Read and understand the
main points of Chapter 20. Begin reading Chapter 24, though the definition of
Uniform Covergence.

• Monday 1/10: We took a quiz. We show that absolutely convergent series always
have the same sum for any rearrangement. This quite different than the case of condi-
tionally convergent series! We also talked about multiplying series (

∑∞
i=1 ai)(

∑∞
j=1 bj).

We’d like to think it is just the sum of the terms aibj but because there is more than
one way to order these terms, this makes sense only for absolutely convergent series.
Assignment: Read and understand the tests for convergence and other mate-
rial from Chap 23. You are expected to learn it by reading on your own. Read
Chapter 20.



• Friday 1/7: We discussed the different ways a series can diverge: the partial sums
could be bounded but not convergent (which over R could only happen if the se-
quence of partial sums is not montone, since bounded monotone sequences converge
in R) OR the partial sums may not be bounded. In this later case we gave a precise
definition of what in means for the sum to be infinity (or minus infinity). We proved
the ”granddaddy of all series convergence tests:” a series with non-negative terms
whose sequence of partial sums is bounded *must* converge (in R). As a corollary
we deduced the “comparison test” and the fact that ”infinite decimal notion” makes
sense. We defined absolutely and conditionally convergent series, and sketched the
proof (see the book) that a conditionally convergent series can be rearranged to con-
verge to any real number we like! This somewhat shocking fact reminds us that we
need case in playing with infinite sums: there is no “commutative property.” Expect
a quiz on the definition of Conditional and Absolutely Convergent Series.
• Wednesday 1/5: After some organizational stuff, we talked about series

∑
i∈N ai,

which is really just a sequence {sn} of partial sums of the terms (ie, sn = a1 +
a2 + · · ·+ an). Note, adding infinitely many things makes no sense a priori, but we
define the sum of the series to be the limit of the sequence of partial sums, when this
exists. In this case we say the series converges; otherwise we say it diverges. We
proved that if a series

∑
i∈N ai converges, then its sequence of terms {ai} approaches

zero. The converse is false: the harmonic series
∑

1
i

is a counterexample. We also
talked about geometric series

∑∞
i=0 r

i, and showed it converges if and only if |r| < 1.
Assignment: Read Spivak Chapter 23. If you are new, find professor’s website
and Homework Assignment 1, which is to be turned in Friday, January 14.


