
Math 296. Problems for Exam I

Exam I will be in class on Friday February 4. You will be asked to solve 4 of the following 12 problems. In
solving these problems, you may use all materials from your class notes, class website, and textbook. However,
you may not seek help from other sources including the internet, your classmates, your friends, or any
other unauthorized source. Seeking help from unauthorized sources is cheating. Cheaters will fail.

(1) Let
∑

an and
∑

bn be two series of real numbers. Prove that if both are absolutely convergent, then so
is their sum

∑
(an + bn). Is the converse also true? Explain.

(2) Spivak Chapter 24: #1.

(3) Spivak Chapter 24: #4.

(4) Spivak Chapter 24: #25

(5) Spivak Chapter 24: #26a

(6) Identify each of the following series as convergent or divergent, and give a brief explanation.
(a)

∑
n≥1 log(1 + 1/n).

(b)
∑

n≥2 1/(n log(n))
(c)

∑
n≥1(−1)n log(n)−1

(7) A subfield of a field K is a subset F of K satisfying: (a) F is closed under the operations of + and · of
K; and (b) F is itself a field under these operations.
(a) Which of the following are subfields of the field C of complex numbers? Justify.

(i) The set R of real numbers, thought of as complex numbers of the form a + 0i, where a ∈ R.
(ii) The subset of purely imaginary numbers {bi | b ∈ R}.
(iii) The subset Q[i] consisting of complex numbers of the form a + bi where both a and b are

rational numbers.
(iv) The subset Z[i] consisting of complex numbers of the form a + bi where both a and b are

integers.
(v) The subset S1 consisting of complex numbers |z| = 1.
(vi) The subset {0, 1} of C.

(b) Using the natural Euclidean topology on C given by the metric space structure d(z, w) = |z − w|,
which of the subsets in part (a) are dense in C?

(8) Identify the set of real numbers x for which each of the following series converges, and give a brief
justification.
(a)

∑
n≥0 xn/(2nn2).

(b)
∑

n≥0 n!xn.
(c)

∑
n≥1 xn/4n.

(9) Prove the Weierstrass Comparison Test for Uniform Convergence: If S ⊆ R is a subset and {fn} and {gn}
are two sequences of functions on S such that |fn| ≤ gn for all n and

∑
gn is uniformly convergent on S,

then
∑

fn is uniformly convergent on S. (Note: taking gn = Mn to be constant recovers the Weierstrass
M -test.)

(10) For a sequence {pn} in (0,∞), the infinite product P =
∏

n≥1 pn is defined to be

P = lim
N→∞

N∏
n=1

pn

when this limit exists and is nonzero (and we then say that
∏

n≥1 pn converges). Otherwise, we say∏
n≥1 pn diverges.

(a) Prove that
∏

n≥1 pn converges in the above sense if and only if
∑

n≥1 log pn converges in the usual
sense, and that when convergence holds then pn → 1 as n →∞.
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(b) Assuming pn = 1+an with |an| < 1 for all n (not unreasonable, in view of (a)), prove that
∑

n≥1 log pn

converges absolutely if and only if
∑

n≥1 an converges absolutely. (hint: log(1 + h)/h → log′(1) = 1
as h → 0).

(c) Prove that
∏

n≥2(1− 1/n2) is convergent and that
∏

n≥2(1− 1/(n log n)) diverges.
(d) If pn = 1+an with |an| < 1 for all n and

∑
an is absolutely convergent, deduce that the convergence

and the (nonvanishing) value of
∏

n≥1 pn are unaffected by rearrangement of the pj ’s, and that
otherwise the order of terms in

∏
n≥1 pn can be rearranged to converge to whatever positive number

we wish.
(11) Quaternians.

”Time is said to have only one dimension, and space to have three dimensions. The mathematical
quaternion partakes of both these elements; in technical language it may be said to be ‘time plus
space,’ or ‘space plus time’: and in this sense it has, or at least involves a reference to, four
dimensions. And how the One of Time, of Space the Three, Might in the Chain of Symbols girdled
be.” William Rowan Hamilton
“Quaternians have been an unmixed evil to those who have touched them in any way.” Lord
Kelvin

This problem deals with the quaternians, also known as the Hamiltonians after their inventor, William
Hamilton:

H = {a + bi + cj + dk : a, b, c, d ∈ R, i2 = j2 = k2 = ijk = −1}
Formally, the quaternians are the set R4 with two operations: coordinatewise addition, and an associative
multiplication which distributes over addition and is characterized by the equations given above. We think
of R as contained in H by taking the coefficients b = c = d = 0. The multiplication on R ⊂ H is taken to
be the usual multiplication on R, and for λ ∈ R, we have λ · (a + bi + cj + dk) = (a + bi + cj + dk) · λ =
(λa + λbi + λcj + λdk).
(a) Prove that ij = −ji, showing that the multiplication on H is not, in general, commutative.
(b) Given a non-zero element a + bi + cj + dk of H, find a multiplicative inverse for it. Hint: the analog

in H of the usual complex conjugate is a + bi + cj + dk = a− bi− cj − dk.
This shows that the Hamiltonians H form what is called division ring, which is like a field but
without requiring the multiplication to be commutative. Because of what you showed in part (a),
we have that H is a non-commutative division ring.

(c) Prove that H has infinitely many square roots of −1. That is, there are infinitely many distinct
elements of H which square to −1 ∈ H. Describe all the elements of H which square to −1.
This situation contrasts starkly with that in R, which has no square roots of −1, and with that in
C, which has only two, namely i and −i.

(12) Give an example for each of the following:
(a) A sequence {c0, c1, . . . } such that the real power series

∑
cnxn has radius of convergence 1/2.

(b) A sequence {fn} in C∞(R) that uniformly converges to 0 on R but such that {f ′n(0)} does not
converge to 0.

(c) A nonzero function f ∈ Cω(R) such that f(2n + 1) = 0 for all n ∈ Z.


