
Math 296. Homework 1 (Due January 14, 2011)

The Cantor Problem Set: “. . . the most astonishing product of mathematical thought, the most beautiful realization
of human activity in the domain of the purely intelligible. No one shall expel us from the paradise which Cantor has
created for us.” David Hilbert

(1) A subtle point from the 295 Final Exam.
(a) Show that if a function f is integrable1 on a (non-empty) interval [a, b], then f is continuous at at least one

point c ∈ (a, b).
(b) Show that if a function f is integrable on a (non-empty) interval [a, b], then the set of points c ∈ [a, b] at

which f is continuous must be dense in [a, b].
(c) Show that if an integrable function is strictly positive on [a, b], then

∫ b

a
f is also strictly positive.

(2) Positional Number Systems. Fix a natural number B > 1. Let D denote the set of integers {0, 1, . . . , B − 1}.
(a) Let n be any positive integer. Prove that there is a unique way to write n in the form

dtB
t + dt−1B

t−1 + · · ·+ d1B + d0

where t is some non-negative integer and where di ∈ D. We call this the Base B representation of n, and
the di are called the digits of n in base B. (Be sure to process this terminology so it jives with what you
learned in fourth grade, where B was always 10.)

(b) Let x be any real number. Show that there is a unique way to write x as n + y where n is an integer, and
y ∈ [0, 1) is a real number. When x is written this way, we write bxc for n and {x} for y and call them the
“integer part” and “fractional part,” respectively, of x.

(c) For any real y ∈ [0, 1), define d−t to be the “B0 digit” (or “ones” digit) of bBtyc. Show that yt =∑t
i=0 d−i(B)−i is a Cauchy sequence of rational numbers converging to y. We use the notation y =∑∞
i=0 d−i(B)−i, and call it the “Base B expansion” of y. Note that this process produces a uniquely

determined expansion for y. What does this have to do with what you learned about representing real
numbers in high school?

(3) Non-uniqueness of Decimal notation.
With notation as in (2):

(a) Let
∞∑

i=0

d−i(B)−i

denote the sequence of rational numbers {yn} where yn =
∑n

i=0 d−i(B)−i. Show that for any choice of
di ∈ D, this sequence is Cauchy, and therefore, converges to some real number.

(b) With notation as in (2), show that the Cauchy sequence {zn} where zn =
∑n

i=1(B − 1)B−i (ie, all digits
are B − 1) converges to 1.

(c) Show that the Cauchy sequence {zn} and the constant Cauchy sequence {1, 1, 1, . . . } are equivalent Cauchy
sequences. (By definition, then, they represent the same real number.) What does this look like in decimal
notation (when B = 10)?

(d) Show that two expressions
∞∑

i=0

d−i(B)−i and
∞∑

i=0

d′−i(B)−i

converge to the same real number if and only if one of the following holds
(i) d′i = di for all i OR there is some natural number t such that

(ii) d′i = di for all i < t, d′t = dt − 1 with d′j = B − 1 for all j > t and dj = 0 OR d′i = di for
all i < t, dt = d′t − 1 with dj = B − 1 for all j > t and d′j = 0.

(e) Show that a real number x ∈ [0, 1] has a unique non-terminating expression in any base B, where by non-
terminating we mean an expression which does not end in all zeros. Does this contradict the uniqueness of
the expansion you created in (2c)? Which one of these do you get?

1Here we are using Darboux integrability, as defined in the text. Using Lebesque integration, which you will learn someday, this statement would
not be correct.



(4) Rationality in Decimal Notation.
(a) Prove that a real number x can be written as as n

(10)t for some integers n and t if and only if x has some
decimal expansion which terminates (meaning eventually, the digits are all zeros).

(b) Prove that a real number x is rational if and only if x has a decimal expansion which is eventually periodic.
(c) How can these statements be adapted to an arbitrary base B.

(5) The Uncountability of the real numbers.
(a) Show that the set of all sequences of zeros and ones is not countable.
(b) Show that the set of real numbers [0, 1] is not countable.
(c) Show that R is not countable.

(6) The Cantor Set. Let C denote the set of all real numbers x ∈ [0, 1] which admit a base three representation
whose digits consist of zeros and twos only.
(a) Show that C is closed.
(b) Show that there is a bijection between C and [0, 1].
(c) Show that C is uncountable.
(d) Show that the compliment in [0, 1] of C is a disjoint union of intervals whose lengths sum to one. (Why is

this somewhat amazing?)

(7) The Cantor Function. Define a function f : [0, 1] → [0, 1] as follows: write x in tertiary (base three) notation
x =

∑∞
i=0 di( 1

3 )i; then f(x) =
∑∞

i=0
di

2 ( 1
2 )i, if no di = 1; and f(x) =

∑t−1
i=0

di

2 ( 1
2 )i + ( 1

2 )t if dt is the first
digit which is equal to one. 2

(a) Check that f is well-defined.
(b) Show that f is continuous.
(c) Show that f is differentiable on a disjoint union of open intervals whose lengths sum to one, and that f ′ is

zero there.
(d) Write a brief paragraph explaining why this fact might have been controversial a century ago.

(8) Accumulation points. Suppose S is a subset of R and x ∈ R. We say that x is an accumulation point (some
people will say “limit point”) of S provided that for every open neighborhood U of x we have U ∩S 6= ∅. (Here
we are referring to the usual Euclidean topology).
(a) Find the set of accumulation points for the following sets.

(i) {1, 2, 5}
(ii) {1/n : n ∈ N}

(iii) (0, 1).
(iv) Q

(b) Show that x is an accumulation point for S if and only if there is a sequence {sn} in S so that lim sn = x.
(c) Show that if S is closed if and only if contains all its accumulation points. (Hint: See problem 30 in chapter

22.)
(d) Some people require that in the definition of accumulation point, the open neighborhood U of x has the

property that U ∩ S contains some point other than x itself . How does this change your answers to (a)?
How can you adapt (b) and (c) to be valid for this alternate definition. What is your opinion: which definition
of accumulation point seems more natural and/or useful?

2In english: we change the digits that are twos into ones, and use binary instead of tertiary, but if this process would produce a non-integer digit,
we instead leave it one and terminate.


