
Math 296. Homework 2 (Due January 21, 2011)

1. Prove or disprove: If
∑∞

0 an and
∑∞

0 bn are two convergent series of real numbers, then the series∑∞
0 (an + bn) is also convergent, and converges to

∑∞
0 an +

∑∞
0 bn.

2. Limit Superior and Inferior. If {an} is a sequence of real numbers, we define the limit superior of {an}
to be the supremum (when it exists) of all limits of all subsequences of {an}, and the limit inferior to be the
infimum (when it exists) of all limits of all subsequences of {an}. We write lim sup{an} or lim {an} and
lim inf{an} or lim {an} when these exist.

(1) Give an example of a bounded sequence of real numbers whose lim sup is 1 and whose lim inf is −1.
(2) Prove that a bounded sequence of real numbers always has a lim sup and a lim inf.
(3) Prove that a bounded sequence {an} of real numbers converges if and only if lim {an} = lim {an}.

3. Let {an} and {bn} be two bounded sequences in R and assume {an} has limit A > 0. Prove

lim sup anbn = A · lim sup bn.

What happens if A = 0, or A < 0?

4. Cauchy Product. Suppose
∑∞

0 an and
∑∞

0 bn are two series. The Cauchy Product of
∑
an and

∑
bn is

defined to be the series
∑
cn where

cn =
n∑

k=0

an−kbk.

(1) Suppose an = bn = (−1)n/
√
n+ 1. Show that both

∑
an and

∑
bn converge, but the Cauchy

product of
∑
an and

∑
bn does not.

(2) Show that cn =
∑

i+j=n aibj .

(3) Show that
∑n

k=0 ck =
∑n

`=0 b`(
∑n−`

i=0 ai).
(4) Suppose

∑
an converges and

∑
bn converges absolutely. Show that

lim
n→∞

n∑
k=0

ck = lim
n→∞

n∑
`=0

b`(
∑

ai).

Hint: You may find it helpful to give b`(
∑n−`

i=0 ai) a name, say fn(`), and begin by showing that
fn(`) → f(`) := b`(

∑
ai). Then show that

∑
` fn(`) →

∑
` f(`). It is in this last step that you will

use the fact that
∑
bn is absolutely convergent.

(5) Conclude (easily) that if
∑
an converges and

∑
bn is absolutely convergent, then the Cauchy product

converges and is equal to (
∑
an)(

∑
bn).

5. Relations and Equivalence Relations. A relation on a set X is any way of relating (some) elements of X .
For example, < is a relation on the set of real numbers. Formally, a relation is any collection of ordered pairs
of X , though if the relation is called “R,” we usually write xRy instead of (x, y), or more often we use some
other symbol, such as x < y, depending on the context. A relation R on a set X is

• reflexive if xRx for all x ∈ X .
• symmetric if xRy implies yRx for all x, y ∈ X .
• transitive if xRy and yRz together imply xRz for all x, y, z ∈ X .

For example, the relation < on R is transitive, but neither symmetric nor reflexive; whereas the relation ≤ on
R is transitive and reflexive but not symmetric. A relation is called an equivalence relation if it is reflexive,
symmetric and transitive.

For each relation below, prove whether or not the relation is reflexive, symmetric or transitive, and whether
it is an equivalence relation.

(1) The relation ⊂ on the power set P (X) of all subsets of a fixed set X .



(2) The relation ∼ of similarity on the set of all triangles in the Euclidean plane.
(3) The relation = of equality on the set of all rational numbers.
(4) The relation ≥ on the set of elements of an ordered field F .
(5) The relation ≡ of “equivalence mod 17” on the set on integers defined by m ≡ n mod 17 if and

only if 17 divides m− n.
(6) The relation ∼ on the set of all Cauchy sequences in Q, defined by α ∼ β if and only if α − β

approaches zero.
(7) The relation E on the set on integers defined by mEn if and only if m− n is even.
(8) Fix a continuous map f : X → Y of topological spaces. The relation ∼f on the set of points in X

defined as follows: x ∼f x
′ if and only f(x) = f(x′).

(9) The relation ≡R on the set L0([0, 1]) of integrable function on [0, 1] defined by f ≡R g if and only if∫ 1

0
f =

∫ 1

0
g.

(10) The relation C on the set of natural numbers greater than one defined by nCm if and only if n and m
have a common factor greater than one.

Book problems. Ch 20: 1 (i), (vi); Ch 22: 1 (viii), 3 (no justification necessary), 5, 20; Ch 23: 1 (xv), 4.


