
Math 296. Homework 4 (due Feb 11)

Book Problems (Hoffman-Kunze, second edition).
1.2: 3, 7, 8
2.1: 3, 4, 6
2.2: 1, 2, 6.

1. Let φ : V → W be a linear transformation of vector spaces over the field F . The kernel of φ is by definition
the set ker(φ) ⊂ V of vectors v in V such that φ(v) = 0. The image of φ is the subset im(φ) of vectors w ∈ W
for which there exists some v ∈ V such that φ(v) = w.

(1) Show that the kernel of φ is a subspace of V .
(2) Show that the image of φ is a subspace of W .
(3) Show that φ is injective if and only if the kernel is 0.
(4) Show that φ is surjective if and only if the image is W .

2. Let φ : V → W be a linear transformation of vector spaces over the field F . Show that if φ is bijective, then
its inverse map ψ : W → V is a linear transformation. Conclude that vector space homomorphism φ : V → W
is an isomorphism if and only if it surjective with trivial kernel.

3. A “bad version” of the complex numbers.
(1) Let B = R2. Let the operation + : B × B → B be componentwise addition. Invent a multiplication

∗ : B×B → B, so that (B,+, ∗) is a field and (1, 1)2 = (−1, 0). Prove that (B,+, ∗) is really a field under
the multiplication you provide.

Hint: to get intuition, try thinking of an element (a, b) ∈ B as “a + bj,” where a, b ∈ R. Writing
elements this way, how does the equation we wish to satisfy look?

(2) Show that the subset of elements of the form (λ, 0) where λ ∈ R is a subfield isomorphic to R.
(3) Construct an explicit mapping B → C showing that actually C and B are isomorphic as fields, and as

R-vector spaces. 1

(4) Just as in C, for a point (a, b) ∈ B, we can try to define its norm |(a, b)| =
√
a2 + b2. Does this norm

agree with the standard one of C under your isomorphism? Do the basic properties such as |zw| = |z||w|
hold ? What about the triangle inequality? Is it easy to use polar coordinates to multiply elements of B?

(5) Use your isomorphism in (3) to define a norm on B which agrees with the standard one under your
isomorphism. Does this new norm satisfy the triangle inequality ? Is it multiplicative (meaning |zw| =
|z||w|) ?

4. A topological space X is said to be path-connected provided that for any two elements x0, x1 in X there is a
continuous map τ : [0, 1] → X for which τ(0) = x0 and τ(1) = x1.

(1) Show that if X is path connected, then X is connected.
(2) Prove that the compliment of a finite set of points in C is always connected (with respect to the usual

topology on C). Hint: You can actually connect any two points by a piecewise linear function, ie, a
sequence of line segments, avoiding any finite set of points. For example, can you show that for two
points x0, x1 ∈ C, one can find a line ` in C such that ` contains no points of some fixed finite set A and
x0 lies on one side of ` while x1 lies on the other?

1In a sense B is “another” way to construct a field containing R which contains a square root of −1. But Prof Andrey said
in class: “the only multiplication that can be put on R2 that is commutative, associative, and has inverses, and which agrees
with componentwise addition, is the complex multiplication”? The correct interpretation of statements like this is always “up to
isomorphism.” This is what we expect, since isomorphic fields are essentially “the same” as far as their field structure, including their
multiplicative structure, is concerned.
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