
Math 296. Homework 7 (due March 11)

Book Problems: 2.3 # 1, 2, 3, 4, 7, 8, 9, 14 3.1 # 4, 5, 7

1. Fermat’s Little Theorem.

(1) Show that the subset of non-zero elements of any field F is a group under (the field) multiplication. We
denote this group F×.

(2) Fix any non-zero element a in a field F . Show that the map F× → F× defined by x 7→ ax is a bijection.
(3) Now fix any non-zero a ∈ Fp, the field of p elements. Show that the set {ax | x ∈ F×p } is just the set of

elements of F×p .
(4) Prove Fermat’s Little Theorem: for any element a in Fp, we have ap = a. [Hint: dispose of the case

a = 0. Try taking a product of all the elements in F×p in two different ways].
(5) Prove Fermat’s Little Theorem, Interpretation II: if p is any prime number, and n is any integer, then p

divides np − n.

2. The Frobenius Map. Let p be prime number.
(1) For all i such that 0 < i < p, show that the binomial coefficient

(
p
i

)
is divisible by p. (Recall that

(
n
m

)
by

definition is n!
m!(n−m)! .)

(2) Let R = Fp[x, y] be the Fp-vector space of polynomials in x and y over the field Fp. Prove that the
Frobenius map

R→ R f 7→ fp

is a linear map.

3. Hausdorff Spaces. A topological space X is called a Hausdorff space provided that for each pair a, b of
distinct points of X, there exist open sets Ua and Ub such that a ∈ Ua, b ∈ Ub, and Ua ∩ Ub = ∅.

(1) Show that Rn is a Hausdorff space.
(2) Give an example of a non-trivial topological space which is not Hausdorff.
(3) Prove that if X is Hausdorff and A ⊂ X is finite, then A is closed.

4. Linear Mappings in R2.
(1) Find the matrix of the “rotation counterclockwise through θ mapping on R2, with respect to the standard

basis.
(2) Let the matrix of a linear transformation T : R2 → R2 be(

a c
b d

)
with respect to the standard basis. Find a formula for the area of the image under T of the unit square
formed by (0, 0), (1, 0), (0, 1), and (1, 1), in terms of a, b, c, d.

(3) Explain the effect of applying T to any shape in the Euclidean plane on the area of the shape.

5. Continuity of Linear Maps. Prove or Disprove: Every linear map T : Rn → Rm is continuous in the usual
Euclidean topology.
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