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January 28 : Complex Topology and Analysis
Last class period, there wasn’t enough time to discuss everything that we should know about

roots of unity. We will touch on that concept briefly before exploring more about C.

Finishing Up Roots of Unity
Recall : We geometrically represent the multiplication of two complex numbers by multiplying

their norms and adding their angles.

Problem : Pick n ∈ N. Which z ∈ C satisfy zn = 1 ?
Solution : We know that zn = 1 so |zn| = 1, which means that |z| = 1. We also know that

multiplying z by itself n times means that we will be adding z’s angle (call it θ) to itself
n times. Therefore, nθ must be a multiple of 2π. So, for k ∈ Z, θ = 2kπ

n . Therefore,
z = cos 2kπ

n + i sin 2kπ
n . This means that for 0 ≤ θ ≤ 2π, there are exactly n nth roots of

unity in C.

Note : In the quaternions, there is an infinite number of square roots of −1. A question about
H may appear on future homework.

The Topology of C

Question : How do we give C a topology ? What about a metric structure ? What properties
would we like it to have ?
– We want it to be intuitive and elegant.
The Euclidean topology on Rn, that is, where for every point x in an open set X, ∃ε > 0
such that Bε(x) ∈ X, where Bε(x) is an n-dimensional open ball centered at x, is very
intuitive.

– We would like analysis, including calculus to work nicely on it.
For instance, we want polynomials to be continuous. Polynomials involve adding and mul-
tiplying numbers, so this means that addition and multiplication have to be continuous
in this topology.

In fact, using the Euclidean topology on R2 for C, (but of course with numbers in C instead
of in R2) meets these needs. So we find that while complex numbers were initially conceived of
to solve algebraic functions, C has some great properties outside the scope of algebra. Today,
the study of C is primarily the study of analysis.

1



Defining a metric on C

Simply and intuitively,
Definition : d(z, w) = |z − w|
As in Rn, we can see how the inequality |z + w| ≤ |z| + |w| holds, and why it is called the

triangle inequality. If we have z, w ∈ C and we plot them as vectors, z + w is the appending of
w to z. Drawing a vector from the origin to z+w creates a triangle, with side lengths of |z|, |w|,
and |z+w|. We know that the length of no side of a triangle can exceed that of the other two, so
|z +w| ≤ |z|+ |w|. (Of course, the triangle inequality can be easily proved rigorously with cases
for the signs of z and w.)

Using this metric space, we find that addition and multiplication are continuous in this
topology. Intuitively, this means that if you change the inputs a little bit, the outputs will only
change a little bit.

Geometric evidence for continuity of addition : If we take a, b ∈ C and add them, the
sum a + b is simply translating a right by b’s real component and up by b’s imaginary
component. Clearly (the proof with δ and ε is easy), changing b by a little bit changes the
sum by a little bit, so addition is continuous.

Geometric evidence for continuity of multiplication : Again, multiplying a and b is mul-
tiplying their lengths and adding their angles. So, if we make b slightly longer, then |a| ∗ |b|
is slightly bigger so a ∗ b is slightly farther from the origin ; if we make b’s angle a little
greater, then the product will have an angle that is greater by that same tiny change. Thus,
changing inputs by a small amount will change the length and angle of the output by a
small amount, and therefore multiplication is continuous. The proof of this fact is more
involved than that of addition, but it is still fairly simple.

As a consequence of the continuity of addition and multiplication, polynomials in C are
continuous with this topology. Thus, we can talk about complex power series.

Complex Power Series
Definition : The complex power series of z ∈ C is

∑∞
n≥0 anz

n, where all an ∈ C.
Although we won’t go into the specifics now, we should note that most, if not all, of the

theorems of power series that hold in R hold in C as well. Also, note that because R ⊂ C, any
real power series is also a complex power series. Similarly, C ⊂ H, so any complex power series
is also a power series of the quaternions.

Convergence of Complex Power Series

Theorem 1 : In C,
∑∞
n≥0 anz

n converges absolutely in an open ball (“disk”) centered around
0, diverges outside, and may converge (either absolutely or conditionally) or diverge on any
part of the ball’s boundary.

Example in R : The geometric series 1 +x+x2 + · · · =
∑∞
n=0 x

n converges absolutely to 1
1−x

for |x| < 1 and diverges elsewhere, by the ratio test.
Example in C : The series 1 − x2 + x4 − · · · =

∑∞
n=0(−1)nx2n converges absolutely to 1

1+x2

for |x| < 1 by the ratio test. Note that 1
1+x2 is not defined for x = ±i, because 1 + i2 = 0.

When x = ±i, the series becomes 1 + 1− 1 + 1− · · ·, which does not converge. Thus, the
ball of convergence for this series has radius 1.
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Complex Derivatives

Definition : f : C → C is differentiable at a ∈ C if limz→a
f(z)−f(a)

z−a exists. This limit is
called f ′(a).

Determining Differentiability in C

In R, to check if a function f : R→ R was differentiable at a point a ∈ R, we had to verify
that the left-hand and right-hand limits of the secant lines were equivalent. That is,

Definition : f : R→ R is differentiable at a ∈ R⇐⇒ limh→0−
f(a+h)−f(a)

h = limh→0+
f(a+h)−f(a)

h .
However, things are much more complicated in C, which is analagous to R2. In R, there are

only two directions from which to approach a point a. However, in C, there are uncountably
many paths approaching a on which we can take limits, and for f : C → C to be differentiable
the limit on all of these paths must be the same.

Problem : Is the function f : C→ C defined by f(z) = z̄ differentiable ?
Solution : We will show that f is not differentiable at z = 0 by showing that the limit of

f(0+h)−f(0)
h is different as h→ 0 on two different paths : along the real axis and along the

imaginary axis.
limh→0

f(0+h)−f(0)
h = limh→0

f(h)
h = h

h = 1.

limh→0
f(0+hi)−f(0)

hi = limh→0
f(hi)
hi = −hi

hi = −1.
These two limits are not equal, and thus f is not differentiable.

Fantastic Facts about Derivatives in C

Proving the differentiability of functions in C is often much more difficult than doing so for
functions inf R. Luckily, there are two key theorems that make our lives as mathematicians much
easier once we know that a function in C is differentiable.

Theorem 2 : If a function f : C→ C is differentiable, then f ′ is also differentiable.
This means that any function in C that is differentiable is infinitely differentiable ! This
was not true in R. However, a note on terminology : “Infinitely differentiable” and “smooth”
are only synonymous in R1.

Theorem 3 : A function f : C→ C is differentiable if and only if f is analytic.
Recall that f is analytic if for all a in the domain of f there is some neighborhood of a on
which the power series of f centered at a converges to f . This theorem does not hold for
functions in R, even infinitely differentiable functions. For example, as discussed previously,
the function F : R→ R defined by

F (x) =

{
e

−1

x2 if x 6= 0;
0 if x = 0.

is infinitely differentiable but not analytic.

Stereographic Projection : One Last Cool Thing About C

Imagine the complex plane bisecting a sphere. Take any point on the plane and draw a line
between it and the top of the sphere (the “North Pole”, if you will). Geometrically, we know
that besides the North Pole, this line will intersect the sphere at exactly one point. This point
is unique, and there is no point on the sphere that, when a line is drawn connecting it to the
North Pole, it does not intersect the complex plane. Thus, we have created a bijection from the
complex plane to the sphere minus the North Pole. Call this bijection f .
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An Amazing Fact : Circles Go to Circles

For any circle X in C, f(X) = a circle on the sphere.

One-Point Compactification of C

Intuitively, limz→∞ f(z) = The North Pole.
Thus, by defining f(∞) by f(∞) = The North Pole, we can make a bijection betweenC∪{∞}

and the entire sphere, creating a one-point compactification of C, .
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