
Math 412 First Exam

Part I: True or False (Total 20 points: 2 points for correct answer, -1 for incorrect).

1). The ring of continuous real-valued functions of the real line is an integral domain.

2). Every subring of a commutative ring is commutative.

3). If R and S are fields, then R× S is a field.

4). An integer is divisible by 99 if and only if it is divisible by both 9 and 11.

5). The map Z→ Z sending each integer to its additive inverse is a ring homomorphism.

6). If R is ring with identity 1R, then every non-zero element of R has the form 1R + 1R +
. . .+ 1R, for some number of 1R.

7). A ring R is commutative if and only if (a+ b)(a− b) = a2 − b2 for all a, b ∈ R.

8). If two finite rings are isomorphic, they must have the same number of zero-divisors.

9). Let R be a commutative ring with identity. For any a ∈ R, the equation ax = 1 has at
most one solution in R.

10). There is a ring homomorphism Z5 → Z6 which sends the multiplicative identity to the
multiplicative identity.
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Part II. Find examples of the following or explain why none exists. (20 points)

a). A non-commutative ring with identity.

b). A ring R and non-zero elements a, b, c with ab = ac but b 6= c.

c). Two non-isomorphic rings with the same (finite) number of elements.

d). A homomorphism φ : R → S of rings with identity such that φ(1R) = 1S, but which is
not an isomorphism.
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Part III: Solve for x, justifying that you have found all solutions. (20 points)

a). ax+ b = 0 in Z3 × Z9, where a = (2, 2) and b = (1, 1).

b). x16 = 1 in Z17.

c). x4 + x = 0 in Z7.
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Part IV. (20 points)

a). Prove or disprove: If a|b and c|d, then ac|bd (for integers a, b, c, d).

b). Prove or disprove: If (a, n) = 1 for some integers a and n, then a is a unit in Zn.

c). Find the last digit of 351.
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Part V. (20 points) Prove one of the following two statements. If you attempt more than
one, clearly indicate which you would like graded for the exam.

Statement 1: The real number
√

17 is irrational.

Statement 2: There are infinitely many prime numbers.
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Bonus Question (solutions will also be accepted after the exam, until Friday
10/23 at noon.)

Prove or disprove: Every positive odd integer is either prime, or the sum of two primes.
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