
MATH 412 PROBLEM SET 3, SOLUTIONS

Reading:

• Hungerford: 14.1, and all of Chapter 3

Practice Problems:

These are “easier” problems critical for your understanding, but not to be turned in. Be sure you can
do these! You may see them or something very similar on Quizzes and Exams.

Chapter 14 Section 1: 9
Section 3.1: 1, 3, 8, 13
Section 3.2: 1, 3, 15
Section 3.3: 11, 12

Problems due Friday. Staple pages, and write your name and section number on each.

(A). Prove that there are infinitely many prime integers. [Hint: Use proof by contradiction. If there are only
finitely many primes, consider the integer 1 plus their product.]

Solution. Graders: Do not grade this one...too easy to google.
Suppose there are finitely many. Then there are finitely many positive ones. Call them p1, . . . pn.

Let m = 1 + (p1p2 . . . pn). Note that m > pi for all i. In particular, m is bigger than all primes, so it
can’t be prime itself. By the Fundamental Theorem of Arithmetic, n is a product of primes, so some
prime, say pi, divides it. But then p also divides 1 = m− (p1p2 . . . pn). This is a contradiction, as the
only divisors of 1 are ±1.

(B). Prove that there do not exist integers x, y, z that satisfy the equation x3 + y3 = z3 + 5. [Hint: Show
that if there exists a solution in Z, then there exists a solution in Z9, and show that there does not exist a solution in Z9. ]

Solution. First note that, cubing each element of Z9 in turn, the cubes in Z9 are 0, 1, and −1. This
means the only possible values for x3 + y3 − z3 are 0,±1,±2,±3. None of these equals 5. Here I am
abusing notation, using the canonical representatives for each class in Z9. So there are no solutions in
Z9. Now, suppose there is a solution in Z. This means there exists a triple of integers (a, b, c) satisfying
a3+b3 = c3+5. Consider the canonical ring homomorphism π : Z→ Z9. Under this map, π(a3+b3) =
π(c3+5). Because ring homomorphisms respect addition, we have π(a3)+π(b3) = π(c3)+π(5). Because
ring homomorphisms respect multiplication , we have [π(a)]3 + [π(b)]3 = [π(c)]3 + π(5) in Z9. But
then (π(a), π(b), π(c)) is a solution in Z9. This is a contradiction.

(C). An element x in a commutative ring R is nilpotent if xn = 0 for some n ∈ N.
(1) Prove that the only nilpotent element of a field is 0.
(2) Find all nilpotent elements in Z6. Find all nilpotent elements in Z12.
(3) Find all nilpotent elements in Zn, where n ∈ N. Express your answer in terms of the prime

factorization of n (guaranteed by the fundamental theorem of arithmetic).
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Solution.
(1) Let F be a field, and let x ∈ F be a non-zero element. Suppose that x is nilpotent. Let

n be the smallest positive integer such that xn = 0. Since xn−1 6= 0, we know xn−1 has a
multiplicative element. Call it y. Now multiply the equations xn = (xn−1x) = 0 by y. We
have y((xn−1x) = y · 0 = 0, so (y · xn−1)(x) = 1 · x = 0, so x = 0.

(2) By directly computing the powers of the elements in Z6, we see that the only nilpotent is zero.
By directly computing the powers of the elements in Z12, we see that [0] and [6] are nilpotent.

(3) Suppose that n = pa11 . . . patt , where all the pi are distinct and the ai ≥ 1, is the prime
factorization of n. Then [m] is a nilpotent element of Zn if and only if the multiplicity of each
pi in m is at least one. Proof: Assume m = pb11 . . . p

bt
t q

c1
1 . . . qcrr is the prime factorization of m

and all bi ≥ 1. Then mD = pDb1
1 . . . pDbt

t qDc1
1 . . . qDcr

r . For large enough D, we have Dbi ≥ ai
for i = 1, 2, . . . , t. But that means that n|mD, so that [m]D = 0 in Zn. Conversely, suppose at
least one of the pi does not appear in m. Then mD also does not have pi as a prime factor, so
n does not divide mD and [m] is not nilpotent.

(D). Consider the field F = Z11. Construct the addition and the multiplication tables for this field and
use them to answer the following questions.

(1) Give a reasonable interpretation, in F, for the expressions 2, −4, 3/4, −2/7,
√
−8 (and carefully

explain your reasoning).
(2) Solve the quadratic equation x2 + 6x + 3 = 10 in F using completing the square. Check your

answer(s).
(3) Now solve the same quadratic equation using the usual quadratic formula. Why is it valid over

F? Is it valid over any field?
(4) Use the usual discriminant D = b2 − 4ac to classify all quadratic equations ax2 + bx+ c = 0 into

equations that have two roots, a single root, or no roots in F.
(5) Using the discriminant, determine, without solving the equation, the number of roots of the

quadratic equation 8x2 + 9x+ 3 = 0 in this field F.

Solution.
(1) The symbol 2 can be interpreted as 1F+1F; equivalently, this is the congruence class [2]11. The

symbol −4 is the congruence class [−4]11 or [7]11. The symbol 3/4 should be interpreted as
[3]11[4]

−1
11 , which is the class [3]11[3]11, or [9]11. Similarly, −2/7 stands for [2][7]−1 = [2][−4]−1 =

−[2][4]−1 = −[2][3] = [−6] = [5]; we can also think of −2/7 as the solution to the equation
[7]x = [2] in F—note that [5] is a solution. The symbol

√
−8 should be interpreted as the

solution to x2 = −[8] = [3]. But both [5] and [6] are solutions, so the notation is not well-
defined!

(2) Working in F, we add (6
2
)2 = 9 to both sides of the quadratic equation x2 + 6x = 7. We get

x2 +6x+9 = 5 (again, in Z mod 11). This can be written (x+3)2 = 5. Now, 5 is a square in
two ways in Z11. We have [4]2 = [−4]2 = [7]2 = 5. So (x + 3) = 4 and (x + 3) = 7 both give
solutions. The solutions are [1] and [4]. To check this, plug in: [1]2 + [6][1] + [3] = [10] and
[4]2 + [6][4] + [3] = [5] + [2] + [3] = [10]. We’re good!

(3) Rewriting our equation x2 + 6x+ 4 = 0, we have a = 1, b = 6, c = 4, which we plug into

−b±
√
b2 − 4ac

2a

to get 5±
√
62−16
2

= 2−1(5±
√
9) = 6 · (5± 3) which gives us the two solutions: 1 and 4.
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The quadratic formula is valid over any field in which 2 = 1F + 1F is a unit. The reason is
that we derive the formula by completing the square on the equation ax2 + bx+ c = 0, which
involves only using repeated ring/field axioms. Since we "divide by 2" at some point, we do
need to make sure that 2 has a multiplicative inverse. [Here are the details though you don’t
need to include them for full credit: we multiply both sides by a−1 to get x2 + b

a
x + c

a
= 0,

then add − c
a
to both sides to get x2+ b

a
x = − c

a
.We complete the square, adding ( b

2a
)2 to both

sides: x2 + b
a
x + ( b

2a
)2 = ( b

2a
)2 − c

a
= b2

4a2
− 4ac

a2
. So (x + b

2a
)2 = b2−4ac

4a2
. Square rooting both

sides we see that the solutions and adding − b
2a

to both sides, we have

x =
−b±

√
b2 − 4ac

2a
.

Here it is important to realize that ±
√
b2 − 4ac may stand for one, two, or no element(s) of

F.]
(4) In F = Z11, the numbers 0, 1, 4, 9, 5, 3 are the only squares. So ax2+bx+c = 0 has a solution in

F if and only if b2− 4ac ∈ {0, 1, 3, 4, 5, 9}. It has two solutions in each case except if b2 = 4ac,
where it has exactly one solution.

(5) b2 − 4ac = (9)2 − 4(8)(3) = 4− 8 = 7. Since 7 is not a square in F, there are no solutions.


