
MATH 412 PROBLEM SET 7 DUE Friday, November 3, 2017

Reading:

• Hungerford 7.4, 7.5, 8.1

Practice Problems:

These are “easier” problems critical for your understanding, but not to be turned in. Be sure you can
do these! You may see them or something very similar on Quizzes and Exams.

• Section 7.4: 3, 4, 5, 21
• Section 7.5: 3, 7, 9
• Section 8.1: 3, 7, 9

Problems due Friday. Write out carefully, staple pages for A and B together. Staple pages
for C, D, and E together separately. Write your name and section number on each.

A. Recall that an n×n matrix M is orthogonal if it satisfies the equality MTM = In. Let On denote the
set of n× n orthogonal matrices.

(1) Prove that On is a subgroup of GLn(R).
(2) Find three different finite subgroups of O2.
(3) Find a subgroup of O2 that is isomorphic to D4, the group of symmetries of the square.

B. Find an element g ∈ GL2(R) of order n for every positive integer n.

C. Let G be a group. Show that the map from G to G sending g to g−1 is an isomorphism if and only if
G is abelian.

D.
(1) Let G be a group, and g ∈ G. Prove that the map φg : G → G given by φg(h) = g−1hg is an

automorphism of G.
(2) Prove that φg is the identity for all g ∈ G if and only if G is abelian.
(3) If G = Sn, show that φg((a1 a2 · · · at)) = (g−1(a1) g

−1(a2) · · · g−1(at)).
(4) If G = GLn(R), and B =

[
~b1 · · · ~bn

]
, where B = {~b1, . . . , ~bn} forms a basis of Rn, what is φB(A)

in linear algebra terms?

E. A transposition in Sn is a 2-cycle. Recall that every element of Sn can be written as a product of
disjoint cycles; you may use this fact without proving it.

(1) Prove that every cycle in Sn can be written as a product of transpositions.
(2) Prove that every transposition can be written as a product of transpositions of the form (1 a) for

some a.1
(3) Prove that every transposition of the form (1 a) can be written as σ−tτσt, for some t, where

σ = (2 · · · n) and τ = (1 2).
(4) Prove that Sn = 〈σ, τ〉.

1Hint: Use D3.
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