
Math 412. Some Review Problems
Professor Karen E. Smith

1. EASY PROOF PRACTICE

(1) Prove that a composition of group homomorphisms is a group homomorphism.
(2) Let G be a group. Prove that if g ∈ G has order n, then g−1 is also of order n.
(3) Prove that Z2[x]/(x

3) and Z3[x]/(x
2) are not isomorphic rings.

(4) Prove that Z3[x](x
2 + 1) and Z3[x]/(x

2) are not isomorphic rings.
(5) Prove that if two rings R and S are isomorphic, then the groups R× and S× are isomorphic.
(6) Let G be a group. Prove that if g ∈ G has order n, then gk = e if and only if n|k. [Hint: If you

are struggling for a nice way to write your proof, remember the division algorithm!]
(7) Let G be any group. Prove that the rule g · x = xg−1 defines a group action on G.
(8) Prove that any quotient of a cyclic group is cyclic.
(9) Let φ : G → H be a group homomorphism. If g ∈ G has order n, show that φ(g) has order

dividing n.
(10) Prove that if G is abelian, so is G/N for all normal subgroups N .
(11) Prove that I ⊂ J in the ring Z7[x], where I = (x3 + 3x2 + 2x+ 1) and J = (x− 1).

2. EXAMPLE CONSTRUCTION PRACTICE

(1) Find a normal subgroup of GL3(Z5) of index 4.
(2) Find four groups isomorphic to the Klein 4-group: one a product of quotients of Z, one a group

of units of some ring, one a subgroup of GL2(R), and one a subgroup of Sn.
(3) Find an index two subgroup of D10.
(4) Find two non-isomorphic subgroups of D6.
(5) Decompose the finite abelian group U12 as product of quotients of Z (as given by the Structure

theorem for finite abelian groups).
(6) Decompose the finite abelian group U18 as product of quotients of Z.
(7) Find an action of S5 on a set of five elements so that all the stabilizers are isomorphic.
(8) Find a ring that has nilpotent elements and a total of 27 elements.
(9) Find two non-isomorphic rings with 8 elements.

3. COMPUTATION PRACTICE

(1) Factor the polynomial x3 + 3x2 + x+ 1 in Z3[x].

(2) Find the order of
[
0 −1
1 0

]
in GL2(R).

(3) Find the order of the class of
[
2 −1
0 1

]
in the quotient group GL2(Z5)/SL2(Z5).

(4) What is the index of SL3(Z7) in GL3(Z7) ?
(5) Let r be rotation by 2π/10 in D10, and let s be any reflection. Compute the order of sr2s.
(6) Find the representative of smallest possible degree for the equivalence class of x5+x4+x3+x+1

modulo x3 + 1 in the ring Z2[x].
(7) Let G = U48 and let N be the subgroup generated by [7]. Compute the order of N [5] in G/N .
(8) Let G be the symmetry group of the cube. Let X be the set of all line segments formed by

connecting two vertices of the cube. Note that #X =
(
8
2

)
= 28. Compute the number of orbits

and the number of elements in each orbit for the natural action of G on X .
(9) How many abelian groups, up to isomorphism, of order 120.



(10) Let C be a cube with side length 2 centered at the origin in R3 (so the vertices of C are the eight
points (±1,±1,±1)). Let X be the set of points (a, b, c) with integer coordinates which lie in the
closed cube (so inside or on the faces making up its sides). Note that X has cardinality 27. Let G
be the rotational symmetry group of the cube and consider its action on the set X . Compute the
orbits of this action, and for each orbit, compute the stabilizer of one point in it.


