
Math 512 Daily Update

Here I will list the topics discussed in class each day.

• Monday, Dec 12: We discussed the regular representation of a finite group G.
If the group has order n, this is an n-dimensional representation. Thinking of a
basis indexed by the elements of G, {eh}h∈G, the action of G is given by g · eh =
egh. Thus each g acts by a certain permutation of the basis elements. We easily
computed that the character of the regular representation is χreg(e) = |G| and χ(g) =
0 for all g ∈ G \ {e}. Using this we also decomposed the regular representation:
Vreg ∼= V dimV1⊕· · ·⊕V dimVr

r , where V1, . . . , Vr is the complete list of (isomorphism
classes of) irreducible representations of V over C. This gave the corollary: |G| =∑

(dimVi)
2. We then continued working out the representations of S4 using the

worksheet begun on Friday. Assignment: WORK ON THE TAKE-HOME TEST!
Remember, the in-class portion of the exam is this friday, December 16 at 1:30 in
the usual room. At that time you will turn in the take-home portion as well.

• Friday, Dec 9: We took a quiz. Then we began working out in groups the
character table of S4. Assignment: Work this out completely! Now, while you can
still ask for help from others on it. It will help a lot with the final. Final Exam: This
has a take-home portion, soon to be posted, and an in-class T-F version Friday
December 16 at 1:30 in the usual room.
• Wednesday, Dec 7: We stated the fundamental theorem of representation theory

of finite groups, perhaps the most elegant and impressive theorem of the last century.
It says that if G is a finite group, then the number of distinct irreducible represen-
tations of G (over C, and up to isomorphism of course) is equal to the number of
distinct conjugacy classes of G. Moreover, the characters of the irreducible repre-
sentations give an orthonormal basis for the vector space of all class functions of
G→ C, where by class function we mean a function which is constant on conjugacy
classes. If φ and ψ are such functions, the Hermitian inner product here is given by
〈φ, ψ〉 = 1

|G|
∑

g∈G φ(g)ψ(g). The theorem also states that the sum of the squares of
the dimensions of the irreducible representations is |G|, as is the sum of the values
of the class function for any non-identity irreducible rep. As an immediate corollary,
we saw that two representations are isomorphic if and only if they have the same
class function. We also saw that V is irreducible if and only 〈χV , χV 〉 = 1. Also, to
decompose a representation into irreducibles V = V a1

1 ⊕ · · · ⊕ V ar
r , we can use the

fact that ai = 〈χV , χVi〉. Assignment: Read Chapter 4 of the notes, plus Artin Chap
9, sections 1, 4-9. This completes the reading for the course; no new sections will be
assigned. Expect a quiz on characters and the main theorem next time!
• Monday, Dec 5: We defined the character of a finite dimensional representation.

This is a map χ : G → F sending each g ∈ G to the trace of its action on V . We
showed that if V and W are representations of G, then the character of V ⊕W is the
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sum (as functions) of the character of V and the character of W . We also showed
that the character function is constant on conjugacy classes of G. We computed the
character table of S3, which is the list of the characters for all the irreducible rep-
resentations of S3 (over C). The three irreducible representations are the trivial, the
alternating, and the standard representations. The character of the trivial represen-
tation is the constant function 1. The character of the alternating representation is
the function whose value is −1 on the transpositions and 1 elsewhere. The character
of the standard rep is 2 on the identity element, −1 on the 3-cycles, and 0 on the
transpositions. Assignment: Keep reading Chapter 4 of the notes (you can skip the
last unfinished section on reps of Sn. Also, read Chapter 9 of Artin, sections 4 and
5.)

• Friday, Dec 2: We studied the representation of an abelian group over the com-
plex numbers. We proved (using Schur’s lemma) that the only irreducible reps in
this case are one-dimensional. In particular, if V is a finite dimensional complex
representation of an finite abelian group, then we can choose a basis for V so that
V decomposes as a direct sum of the corresponding subreps, then the corresponding
map G→ GL(V ) has image in the subgroup of diagnonal matrices, C∗ × · · · × C∗.
That is, there is a basis so that every g ∈ G is represented by some diagonal matrix
in this basis. We then worked out explicitly all the irreducible representations of S3.
We found that there were only three: the standard representation (of dimension 2),
the alternating rep (of dimension 1) and the trivial rep (also dimension 1). Assign-
ment: Keep reading Chapter 4 of the notes; be sure you understand the argument
about the irreducible reps of S3.

• Wednesday, Nov 30: We studied the representation of Z4 on R2, where a gener-
ator r acts by rotation though 900. We saw that it is irreducible, since no line through
the origin is taken back to itself under such rotations. The corresponding map of Z4

to GL2(R) (using the standard basis) sends r to the matrix
(

0 −1
1 0

)
. Thinking

as R as a subset of C, and hence GL2(R) as a subgroup of GL2(C), we can also

think of the “same” representation over C, given by r 7→
(

0 −1
1 0

)
, considered in

GL2(C). This representation is not irreducible! In fact, the linear transformation r
has characteristic polynomial x2 + 1, hence eigenvalues±i. We computed the corre-

sponding eigenspaces to be spanned by v =

(
1
−i

)
and w =

(
1
i

)
, respectively.

Since r (and hence r2, r3) maps v to iv (hence r2 · v = to− v and r3 · v = −iv), the
one dimensional space spanned by the eigenvector v is stable under the group action,
as is the space spanned by w. So the representation C2 decomposes as Cv ⊕ Cw.
By the theorem we proved last time, this is the only way to decompose this represen-
tation! Note that if we use v, w as a basis, then the map Z4 → GL2(C) sends r to



(
i 0
0 −i

)
, which is nicer than the standard since it is (block) diagonal and we can

“see” the decomposition is irreducible subrepresentations. We then proved Schur’s
Lemma, which says that if V is a finite dimensional representation over C, then the
only representation homorphisms V → V are given by scalar multiplication. This
surprising fact is easy to prove! Know the proof! Assignment: Read the representa-
tion theory notes, Chapter 4, Sections 1 and 2. Of course, you should have mastered
chapter 3 by now as well.

• Monday, Nov 28: We proved the main theorem of representation theory: Let G
be a finite group whose order is not zero in a field F . Then every finite dimensional
G-representation V (over F ) decomposes uniquely as a direct sum V = V1⊕· · ·⊕Vt,
where each Vi ∼= W ai

i for some distinct irreducible subrepresentations Wi. That is,
if V = W a1

1 ⊕ · · · ⊕W at
t = U b1

1 ⊕ · · · ⊕ U bs
s are two different decompositions of

V into irreducibles (satisfying Wi
∼= Wj if and only if i = j and likewise for the

Ui’s), then s = t and after reordering, the subspaces W ai
i and U bi

i are literally the
exact same subspaces, and moreover, the irreducible subrepresentations Wi and Ui
are isomorphic (but not necessarily the same!) so that also ai = bi. One crucial but
easy lemma in the proof: any homomorphism between irreducibleG-representations
is either an isomorphism or the zero map. The proof of this lemma is cute! Know
it! If you understand it well, and the theorem we proved last time, the proof of the
main theorem is not hard either. Assignment: Read the representation theory notes,
Chapter 4, Sections 1 and 2. Of course, you should have mastered chapter 3 by now
as well.
• Wednesday, Nov 23: This was a crucial lecture. Please read the last half of

Chapter 3 of the Rep notes to make sure you understand! We started out with the
following question: If W ⊂ V is a subspace of a vector space, can we always
find another subspace W ′ ⊂ V such that the natural map W ⊕ W ′ → V sending
(w,w′) to w +w′ is an isomorphism? The answer is obviously YES! Just fix a basis
for W , and extend to any basis of V . Those “new” basis elements we add span
a vector space W ′ with the desired property. There are many ways to choose the
“complementary subspace” W ′. We then noticed that if we ask the same question
in the category of groups, or even abelian groups, the answer is usually NO! For
example, the subgroups of Z have the form nZ, but the map nZ × mZ is never an
isomorphism of groups (except in the special case where n or m is zero). What
about the category of G-representations? We proved the following theorem: Let G
be a finite group whose order is not divisible by the characteristic of the field F . If V
is a representation of G over F and W ⊂ V is a subrepresentation, then there exists
a subrepresentation W ′ such that the natural map W ⊕W ′ → V sending (w,w′) to
w + w′ is an isomorphism of G-representations. The proof is very pretty. We first
chose any vector space W̃ complementary to W in V , which gave us a projection
V → W of vector spaces. We “averaged this over the elements of G. That is, we



defined a map Φ = 1
|G|
∑

g∈G g ◦ π ◦ g−1 which goes from V to W . We showed
that it is a G-representation map, and surjective onto W . Therefore it’s kernel is
a subspace W ′ which is preserved by G. We showed that this W ′ has the desired
property! Assignment: Eat lots of turkey. Be nice to your mom!

• Monday, Nov 21: We defined the direct sum of representations. If V and W are
both representations (over the same field) of a group G, the direct sum V ⊕W is the
representation whose underlying set is the cartesian product V ×W with addition,
scalar multiplication and the group action defined “coordinate-wise.” We also defined
a representation V to be irreducible if its only subrepresentations are the zero-rep
and V itself. Equivalently (prove it!), a representation V is irreducible if and only
if for every non-zero vector v ∈ V , the G-orbit of v spans all of V . We showed
that the permutation representation of S3 on R3 is isomorphic to the direct sum of
the standard representation and the trivial representation spanned by (1, 1, 1). We
then stated the fundamental theorem on representations of finite groups over R or C:
every finite dimensional representation of a finite group G decomposes as a direct
sum of irreducible representations. The irreducible representations that occur, and
their multiplicities, are uniquely determined, up to isomorphism. This is true over
any field of characteristic zero; but can fail in characteristic p. Another example is the
trivial representation on any vector space V : it always decomposes as a direct sum
of the trivial one-dimensional subrepresentations. Each choice of a basis for V gives
a different such decomposition, but all the irreducible components are isomorphic.
Assignment: Read the rep theory notes, chapter 3.

• Friday, Nov 18: Exam 2. Comments are posted on the 512 homepage.

• Wednesday, Nov 16: We looked at some more examples of G-reps, subreps,
and homomorphisms of G-reps. A homomorphism of G-representations is a linear
map φ : V → W that respects the G-action: φ(g · v) = g · φ(v) for all g ∈ G and
all v ∈ V . One example is given by scalar multiplication: If V is a representation
of G, then the map V → V given by v 7→ λv where λ is some fixed scalar in F is a
G-representation homomorphism. (CHECK THIS!). We then proved that the kernel
of a homomorphism ofG-representation is aG-representation. We also stated (prove
it!) that the image of a G-representation map is a G-representation. We then talked
about quotient representations. If W is a subrepresentation of V , we defined a
natural G-representation structure on the quotient vector space V/W . The elements
of V/W are the cosets v + W for the additive group structure of V . We checked
that the addition, scalar multiplication, and action of G could be defined on these
cosets by doing the corresponding thing to any representative of the coset. We gave
an example of a cyclic group of order six acting on R3 by rotations around the z-axis.
The xy plane (call itW ) is a subrepresentation (why?) and the quotient R3/W turned
out to be a one dimensional trivial representation that we could naturally identity
with the z-axis. Assignment: Go over your notes about quotient vector spaces and



quotient representations. Please come talk to me if it feels shaky. It is a conceptual
leap from what we’ve been doing. EXAM FRIDAY.

• Monday, Nov 14: We defined and gave examples of representations of groups,
subrepresentations, and homomorphisms of representations. For example, over any
field F, we have the permutation representation of Sn on Fn, where a permutation σ
acts by permuting the elements in the standard basis. We found two subrepresenta-
tions of this on. The standard representation W is the subrepresentation of vectors
whose coordinates sum to zero. Note that the elements of Sn take vectors in W back
to W , which is why the subspace W is also a subrepresentation. It has dimension
n−1. Similarly, the subspace T spanned by [1, 1, . . . , 1] is a subrepresentation of di-
mension one. In fact, T is isomorphic to the trivial representation of dimension one.
Assignment: The idea of a representation is conceptionally hard. Keep reading
the representation theory notes, at least through the first five sections of Chapter 3!
Review direct sums of vector spaces (Artin Chapter 4, Section 6). EXAM 2 IS FRI-
DAY NOVEMBER 18, one week from today. Some problems and info posted on
the 512 site.

• Friday, Nov 11: We slowed down to review Sylow’s theorems. In addition to
reviewing the statements, we used them to analyze groups of order 12. For example,
using Sylow’s third theorem, we saw that every group of order 12 has either one or
four Sylow 3-subgroups. If the group of order 12 is abelian (eg Z12 or Z2 × Z6),
there is only one, since there is one if and only if it is normal (this follows immedi-
ately from Sylow’s second theorem, which says the Sylow p-groups are conjugate to
eachother). Likewise, we saw that D6 has only one subgroup of order 3, because if it
had four, we counted that then there *must* be 8 elements of order 3 in D6. But this
is crazy—there are obviously the six reflections of order 2 so there is simply no room
for eight more order 3 elements in this twelve element group. Thus D6 has only one
Sylow 3-subgroup. By contrast, the tetrahedral group of rotational symmetries of the
tetrahedron does have four distinct Sylow 3-groups: these are the stabilizers of the
four vertices of the tetrahedron.

We then began talking about representation theory. We reviewed the definition of
a representation: A representation of a group G is a vector space on which G acts
by linear transformations. We studied the example of S3 acting on R3 by permuting
the coordinates. Each of these permutations is a linear map, so this is a linear rep-
resentation. The corresponding map S3 → GL(R3) ∼= GL3(R) is the embedding of
S3 in the group of invertible 3× 3 matrices as the subgroup of permutation matrices.
Consider the subspace W ⊂ R3 of points (x, y, z) whose coordinates sum to zero.
This is a subrepresentation. This means that W ⊂ V is a subspace which is itself
a representation of S3 under that same action—in other words, W is a sub-vector
space stabilized by every element of S3, so that we can view S3 as also acting on W .
Assignment: Keep reading the representation theory notes, at least through the first
five sections of Chapter 3. Review direct sums of vector spaces (Artin Chapter 4,



Section 6). EXAM 2 IS FRIDAY NOVEMBER 18, one week from today. Some
problems and info posted on the 512 site.

• Wednesday, Nov 9: We took a quiz on Cayley graphs. We then discussed the
Cayley graph of Dn with respect to the two generators r and x where r is rotation
through 2π/n and x is a reflection. We then considered group actions on a vector
space which preserve the vector space structure, meaning—in which each element
of the group acts by a linear transformation. This is the notion of a group repre-
sentation. Definition: A (linear) representation of the group G on the vector space
V is a group homomorphism G → GL(V ), where GL(V ) denotes the group of in-
vertible linear transformations from V to itself. This very slick definition encodes
a lot of information. First of all, the group G is acting on the set V since the ele-
ments of GL(V ) can also be considered as bijective maps of sets (ie, as elements of
AutSet(V ).) But then also we must have that g acts by linear transformations which
means that g · (v1 + v2) = g · (v1) + g · (v2) and g · (λv1) = λg · v1. We looked at
a few examples: the tautological action of GLn(R) on Rn is a linear representation,
as is the tautological action of Dn on R2, since each element of the group is acting
by a vector space transformation. Assignment: Read Artin 9.1 and the Represen-
tation theory notes, first three sections of Chapter 3. We will be following those
representation theory notes for a while.

• Monday, Nov 7: We defined the free group FS on a set S as the set of “words”
in the symbols s and s−1 where s ranges through the elements of S. We considered
two words to be the same if, after canceling all subwords from each of the form
ss−1 and s−1s, we are left with the same “reduced word”. The group operation is
concatenation. If S = {x}, we saw that FS ∼= Z, but that if the cardinality of S
is greater than 1, then FS is never abelian. We also observed that if S → T is a
bijection of sets, there is an induced isomorphism FS → FT of the corresponding
free groups. Likewise, a group G is generated by some subset S, then there is a
natural surjection of groups FS → G. The kernel of this group homomorphism
is precisely the set of all relations on G. We can think of the free group on S as
the group generated by S with the bare minimal of relations—the only relations
are the ones required so the group axioms hold—the group is as “free as possible”
from extra conditions or relations. We then defined the Cayley graph of a group G
with respect to a given set of generators and the class worked out a few examples
together using a class worksheet. Assignment: Read Artin 6.7 (free group) and 6.8
(generators and relations). Make sure you understand the Cayley graph worksheet!
We will have a quiz in which you are given a Cayley graph of a specific group, and
asked many questions about the group based on the graph (such as, it is true that
xy = y7xy in this group? What is the order of a specific elements? Does the group
have subgroups with certain properties? What is the distance between two given
elements in the word metric? )



• Friday, Nov 4: Nick W. showed the class how to do Problem 6b from the home-
work. We then stated Sylow’s theorems. Fix a groupG of ordermpe where p is prime
and does not divide m. Sylow I says that G has a subgroup of order pe (a “Sylow
p-subgroup). Sylow II says that all Sylow p-subgroups are conjugate to eachother.
Sylow III says that the number of Sylow p-subgroups divides m and is congruent to
1 mod p. We looked at the example of D6, where there was one Sylow 3-group
and three Sylow 2 groups, all conjugate (hence isomorphic) to eachother. We then
proved Sylow I, using an ingenious use of group actions on sets. The outline is as
follows: The group G acts on itself by left multiplication. This induces an action of
G on the set X of all subsets of G of cardinality pe. We found a special set X0 ∈ X
whose stabilizer has order pe. This is the desired Sylow p-subgroup. We did this in
two steps. One step is the Lemma: For any X ∈ X , the order of the stabilizer H of
X ∈ X is a subgroup of G whose order divides pe. The point of the lemma is that H
acts on the set X , so hence X must be a disjoint union of orbits for this action. Since
this action is left multiplication, all the orbits are H cosets, and all have cardinal-
ity |H| and the set X has cardinality equal to |H| times the number of these orbits.
Since |X| = pe, |H| divides pe. The other step is to find a special X0 ∈ X whose
stabilizer has order exactly pe. Indeed, we can take any X0 with the property that
the cardinality of its orbit under G is not divisible by p; the orbit-stabilizer theorem
and the fundamental theorem of arithmetic then show that pe divides |Stab(X0)|. We
showed that such a X0 must exist because |X | is not divisible by p.

• Wednesday, Nov 2: No class. Fire alarm.

• Monday, Halloween: We took a quiz on 6.1. We studied the meaning of con-
jugation and conjugacy classes in the two most important groups: GLn(F ) and Sn.
In GLn(F ), two elements are conjugate (also called similar) if they represent the
same linear transformation in a different basis—or put differently, they differ from
each other by changing coordinates. It turns out that the same is true in Sn. If we
have n objects, indexed by the numbers 1, . . . , n, we can of course relabel them, so
the n objects become xβ(1), . . . , xβ(n) where β : {1, 2, . . . , n} → {1, 2, . . . , n} is
some permutation (relabeling). Then for any permutation σ, we have a commutative
diagram:

{1, 2, . . . , n} σ→ {1, 2, . . . , n}
β ↓ β ↓

{1, 2, . . . , n} → {1, 2, . . . , n}
The bottom arrow represents the same permutation σ but with the indices relabled via
β. Note that in this choice of labeling, the new permutation is βσβ−1. Elements in
Sn are conjugate if and only they represent the same paermutation “after relabling.”
An important philosophical point is this: the choice of a particular ordering of the
objects as x1, x2, . . . , xn, while helpful for writing down the map, is never-the-less
a choice, very much like the choice of a particular basis of a vector space, while
helpful for writing down a linear map, is still a choice. For both Sn and GLn(F ), the



elements of a conjugacy class are all the different possible choices (corresponding to
all the different choices of coordinates or indices) for how a particular linear trans-
formation or permutation could be written. After that discussion, we began studying
Sylow’s theorems. Assignment: Read Artin 6.3, 6.4 (7.5, 7.7 if you have the new
edition). Also, if you feel you did badly on the quiz, download it from the 512 page
and redo it, with explanations for each problem. I will average your two scores.

• Friday, October 28: We started by playing with the cube: we defined the oc-
tahedron as a regular solid made of eight equilateral triangles and constructed it by
inscribing it in the cube. Thus its rotational symmetry group is the same as the
symmetry group of a cube, explaining why it is sometimes called the Octahedral
group. We also used the orbit-stabilizer theorem to show that the symmetry group
of a dodecahedron has order 60. We then proved Cayley’s Theorem: every finite
group is isomorphic to a subgroup of Sn for some n. The proof is simple: the action
of G on itself by left multiplication is faithful, so gives an injective homomorphism
G ↪→ AutSetG, which identifies G with a subgroup of S|G|. Of course, Cayley’s
theorem is of limited use, because the order of SN is huge. There may be much more
efficient embeddings of G in symmetric groups, which are easier to use. For exam-
ple, the octahedral group embeds in S24 be Cayley’s theorem, but it is much better to
think of the action on, say the set of faces of a cube, which gives us an embedding in
S6, or even better, the action of G on grand diagonals, which embeds G in S4, which
in fact is an isomorphism. We then moved on to the crucially important topic of
the conjugation action of G on itself. The orbits of this action are called conjugacy
classes and the stabilizers are called centralizers. We noted that an element x was its
own conjugacy class if and only if x is in the center Z of G. The standard partition
of a set into orbits becomes the famous Class Equation for a finite group:

|G| = 1 +
∑

conj. classes other than {e}
|C| = |Z|+

∑
conj. classesC with |C|>1

|C|.

Using this formula, we proved: any group of prime power order has a non-trivial
center. Assignment: Read Artin 6.1. There will be a quiz on it.

• Wednesday, October 26: We stated and proved the theorem: If a finite group
G acts on a set X , then for any x ∈ X , |Orbit(x)||Stab(x)| = |G|. The point of the
argument was to show that the map π : G/St(x) → O(x) taking the coset gSt(x)
to the point g · x in O(x) is a well-defined bijection of sets. It then follows from
Lagrange’s thereom. [This π is not a map of groups, in fact, neither set has a natural
group structure in general, but it is a map of G-sets. Indeed, the set G/H of left
cosets of any subgroup H of G has a natural G-action, and the set O(x) has a natural
G action, and the map π respects that action: g · π(g′H) = π(g · g′H). Think of
this as ”G-linearity.”1 ] We played around the with the rotation group G of the cube,
acting on various sets. Thinking of the action of G on the set of six faces of the

1In fancy language, π is “G-equivariant” or, π is a map in the category of G-sets.



cube, we computed that the orbit of one face has cardinality six, and the stabilizer of
a face has order four, so |G| = 24. On the other hand, the action of G on the four
main diagonals of the cube induces an group homomorphism G→ S4. Because this
map is injective (why??), and both G and S4 are order 24, we have an isomorphism
G ∼= S4. Assignment: Read Artin 5.6, 5.7.

• Monday, October 24: We took a quiz. The median was 10/10. Then we
discussed and defined the following terms: orbit, stabilizer, transitive action, faithful
action, the partition of a set into orbits. We proved that if a group G acts on a set X ,
and x and y are two points in the same orbit, then their stabilizers are isomorphic.
Assignment: Continue reading rep theory notes (through page 24). Read Artin
Chapter 5, Sections 5-8.

• Friday, October 21: We spent (wasted?) a lot of time on historical and philo-
sophical discussions about symmetry and group theory. Then we defined what it
means for a group to act on a set. An ACTION of a group G on a set X is a map
G×X → X, denoted (g, x) 7→ g · x, satisfying the following two conditions:
(1) eG · x = x for all x ∈ X; and
(2) g · (h · x) = (g ◦ h) · x for all x ∈ X and all g, h ∈ G.

This is equivalent to saying that there is a group homomorphism G → Aut X (be
sure you see why!!). We then worked on a worksheet whose purpose is to get you to
understand group actions, orbits and stabilizers. Assignment: Complete the work-
sheet! Note: there is a new version of it, which includes definitions you need and
some new problems! Please download it and do it; there will be a quiz on it monday!
Also: read the representation theory notes, Chapter 2, section 6 (pages 20-24) and
Artin 5.5.

• Wednesday, October 19: We discussed finite groups of isometries of Rn. A
major theorem (you will prove it in the homework) is that there are only two types:
the abelian ones are always just Cn, a cyclic group of rotations around some point;
the non-abelian ones are always just Dn, the symmetry group of a regular n-gon.
The main point in the point is that every finite group of isometries of Rn has a fixed
point—a point p such that g(p) = p for all g ∈ G. To find it, take any point x,
and compute its orbit: the finite set of points of the form g(x) as g ranges over
all elements in G. The fixed point will be the “center of mass” of the orbit: p =
1
n

∑
g∈G g(x). You will prove the details in Homework Set 6. Assignment: read

Artin 5.3.
• Friday, October 14: Exam 1. For homework over break, please finish the in-

class worksheet (numbers 9 through 12) on isometries of Rn (a summary of the first
part is listed here on Oct 12), plus the fun exercise on the automorphism group of the
quaternion group, posted as Homework 5. Have a nice break!
• Wednesday, October 12: We did an IBL exercise on the group of isometries of

Euclidean space. It is posted on the 512 page. Here is a summary of the first part



(questions 1-8). The subgroup Tn of translations is abelian, and the map ta 7→ a
gives an isomorphism between Tn and Rn under addition. An important relation:
φ ◦ tb = tφ(b) ◦ φ. You can prove this by checking it for each x ∈ Rn: φ ◦ tb(x) =
φ(b+x) which is φ(b)+φ(x) since φ is linear; likewise tφ(b)◦φ(x) = φ(b)+φ(x). So
Mn is generated by the translations and orthogonal maps, with this relation between
them.

The set of isometries fixing a point p is a group isomorphic to On(R). The map
φ 7→ tpφt−p gives an isomorphism On 7→ Mp. In particular, the set taOnt−a is the
subgroup of isometries fixing a. It follows that On is not normal since conjugation
does not preserve it. Similarly for any Mp. The map π : Mn → On sending taφ
to φ is a group homomorphism, as we easily verify using the identity: taφ ◦ tbψ =
ta+φ(b)φψ. The kernel is the subgroup of translations. The first isomorphism theorem
says that Mn/Tn ∼= On. Intuitively, this is the idea that “up to translation” we can
understand any rigid motion as given by some orthogonal transformation.
• Monday, October 10: We proved that an isometry of Rn which fixes the origin

must be a linear transformation. This was the main point of the proof of the theorem
that the following are equivalent for a map Rn → Rn: a) f is an isometry fixing
the origin, b) f preserves the dot product, c). f is an orthogonal transformation.
One corollary is that an isometry is always invertible, so that the set of all isometries
forms a group under composition. Another corollary is that every isometry f can
be written (uniquely!) as f = ta ◦ φ where φ ∈ On(R) and ta is translation by
a = f(0). Assignment: Keep working on the exam problems. Note that a corrected
version of the exam has been re-posted today, monday (thanks Elliot for finding a
typo!). Continue reading Chapter 5, sections 1–3. Material from these sections may
be on the exam! Exam Friday in class. Do not discuss exam problems with others!

• Friday, October 7: We proved that if A ∈ SO3(R), then A is a rotation around
some axis in R3 through the origin. The axis is the eigenspace for the eigenvalue
1 (we proved last time that every matrix in SO3(R) has an eigenvalue 1). This
completes the proof that SO3(R) is the group of rotations (in particular, the non-
obvious fact that the composition of two rotations is a rotation.) We then defined
an isometry of Rn as a distance preserving bijection, and noted that the set of all
isometries naturally forms a group under composition. We noted that orthogonal
transformations and translations, as well as compositions of these, are isometries.
The nice theorem we’ll prove next time is that there are no others! Every isometry
f : Rn → Rn can be written (uniquely ) as ta ◦ φ where φ ∈ On(R) and ta is
translation by a ∈ Rn. For example, in the plane, this means the only isometries
are translations, reflections and rotations, and compositions of these. Assignment:
Read Chapter 5, Section 1-3 (6.1-3 if you have the second edition). Work on
problems for Exam 1, next friday in class.

• Wednesday, October 5: We proved that SO2(R) is the group of rotations around
the origin in R2. Put differently, a real 2× 2 matrix A whose determinant is one and



whose columns are orthonormal always has the form(
cos θ −sin θ
sin θ cos θ

)
for some θ, representing rotation (counterclockwise) through the angle θ around the
origin (with respect to the standard basis). The map R → SO2(R) sending a real
number θ to this matrix is a surjective group homomorphism whose kernel is the
subgroup of integer multiples of 2π. In particular, the “first isomorphism theorem”
tells us that we can view SO2(R) as the quotient group R/2πZ. You already knew
this: a rotation is given uniquely by specifying the angle through which we rotate; the
angle of rotation can be any real number, but rotating through θ or through θ + 2π
or θ + 4π, etc, is the considered the same thing. We then moved on to the three
dimensional version of this theorem. We defined a rotation in R3 as rotation by θ
around some axis given by unit vector v ∈ R3 (so the axis of rotation is the line
through v and the origin, or equivalently, the one-dimensional subspace spanned by
v.). If we take an orthonormal basis starting with v, say {v, w1, w2} then it is easy to
see that, with respect to this basis, the rotation is given by the matrix A 1 0 0

0 cos θ −sin θ
0 sin θ cos θ

 .

If P is the change of basis matrix from this basis to the standard (so its columns are
the vectors v, w1, w2 expressed in standard coordinates), then the rotation is repre-
sented by P−1AP in the standard basis, which is also orthogonal since both P and
P−1 are. We then began to prove the converse. As a first step we proved that a 3× 3
special orthogonal matrix always has an eigenvalue of 1.
• Monday, October 3: We defined a matrix A ∈ GLn(F ) to be orthogonal if
A−1 = At, and showed that this is equivalent to saying that the rows (or columns)
of A are orthonormal with respect to the dot product on F n. Here, a set of vectors
{v1, . . . , vn} is orthonormal if the vi ·vj = 0 for i 6= j and 1 if i = j. (Recall also that
orthonormal vectors are linearly independent; so n orthonormal vectors are automat-
ically an orthonormal basis). We showed that the product of two orthogonal matrices
is an orthogonal matrix, and that the inverse of an orthogonal matrix is orthogonal:
that is, the set of orthogonal matrices forms a subgroup of GLn(F ), called the
orthogonal groupOn(F ). We showed that the determinant of an orthogonal matrix is
always 1 or −1. The special orthogonal group SOn(F ) is the subgroup of SOn(F )
consisting of determinant one orthogonal matrices, that is SOn = On ∩ SLn. We
also observed that a linear map T : F n → F n preserves the dot product (meaning
that TX · TY = X · Y for all vectors X and Y ) if and only if the matrix represent-
ing T with respect to the standard (or any orthonormal) basis is orthogonal. Such a
linear transformation can be thought of as one that “preserves angles and lengths,”
or a “rigid transformation” although strictly speaking this makes sense only when



F = R. Our next goal is to prove that SO2(R) and SO3(R) are the groups of ro-
tations around the origin in R2 and R3 respectively. For this, you should review the
notions of eigenvector, eigenvalue, and characteristic polynomial, all of which are
in Artin. Assignment: READ Chapter 4, Section 5. Mark your calendars: Exam
1 is Friday, October 14, during class. The homework for the previous week will
include some of the exam problems, so you are not allowed to collaborate on the
homework assigned October 7.
• Friday, September 30: We took a TF quiz on some basic group theory (so-

lutions posted on 512 site). We then began discussing rotations in R2 and R3, but
were interrupted by a blackout and fire alarm before we got to the main point about
the orthogonal and special orthogonal groups On and SOn. Assignment: READ
Chapter 4, Section 5. Mark your calendars: Exam 1 is Friday, October 14, during
class. The homework for the previous week will include some of the exam problems,
so you are not allowed to collaborate on the homework assigned October 7.
• Wednesday, September 28: We continued the class “IBL”2exercise on two

different groups of order 8: the quaternion group and the dihedral group of order 8.
Here is a summary of what was discovered:

The quaternion group Q contains (in addition to the identity) exactly one element
of order 2, namely−1. All other elements are order four. Thus there is one subgroup
of order 2, namely the group {−1, 1}, which also happens to be the center of Q.
There are three groups of order four, each of which is cyclic, which can be generated
by i (or −i), j (or −j), and k (or −k), respectively. It is easy to see that there are
no more non-trivial subgroups: if a subgroup contains two of the elements i, j or
k, it must contain the third, and ultimately then everything. All subgroups of Q are
normal: the order two subgroup is normal because it is the center and the subgroups
of order four are normal because they have index two (be sure you understand
this! why are index two subgroups normal? ). However Q is not isomorphic to a
product of groups of order 2 and 4. The reason is that there are, up to isomorphism,
only one group of order two, and two groups of order 4, all of which are abelian. But
the product of abelian groups is abelian (prove it!) whereas Q is not abelian.

The dihedral group D4 contains (in addition to the identity) two elements of order
4 and five elements of order 2. There are thus 5 subgroups of order 2; only the one
generated by r2 is normal. Indeed, we discovered that a subgroup of order 2 is normal
if and only if it is contained in the center (prove it!) ; in this case the center is exactly
the group {e, r2}. The two order four elements r1 and its inverse r3 both generate the
subgroup {e, r1, r2, r3} of rotations of the square. This can interpreted as the group
of symmetries of the oriented square, meaning that these symmetries preserve not
only the square, but also its orientation. There are two remaining subgroups of order
4, both of which is isomorphic to Z2×Z2. One is generated by x and y, and consists
of {e, x, y, r2}; this subgroup can be interpreted as the subgroup which preserves

2Inquiry Based Learning, for which Michigan is famous.



“horizontalness” and ”verticalness” of the square. That is, these preserve not only
the square, but also the notion of which edges are ”horizontal.” The other is generated
by say a and d and consists of {e, a, d, r2}; this subgroup can be interpreted as the
subgroup of symmetries which preserve the diagonals of the square—each diagonal
is sent back to the same diagonal under each of its elements.

It is easy to see that Q and D4 are non-isomorphic, since for example, they have a
differing number of order 2 elements. Likewise, they can not be isomorphic to any
abelian group of order 8. The abelian groups Z8, Z4 × Z2, and Z2 × Z2 × Z2 are
all non-isomorphic (since, for example, Z8 contains an element of order 8 but the
others do not, and Z4 × Z2 contains an element of order 4, but Z2 × Z2 × Z2 does
not. ) Thus we have identified five distinct isomorphism classes of groups of order 8.
Is this a complete classification of all groups of order 8? Assignment: Be sure you
have completed these worksheets and understand these two groups! There will be
a quiz on them, and some related aspect of this exercise. Reading: Artin Chapter
4, Section 5 on Orthogonal matrices and rotation (this is Chapter 5, section 1 if you
have the second edition). Most of this should be review from Math 217, with a shift
of perspective only!
• Monday, September 26: We observed that a product group G × H naturally

contains a normal subgroup isomorphic to G (think: “copy of G”) such that the
quotient is (naturally isomorphic to)H , and vice-versa, it contains a normal subgroup
naturally isomorphic to H such the quotient is G. However, it is not true that a group
containing subgroups with these properties will necessarily decompose as a product.
We did a classwork exercise (see handouts on 512 site) messing around with the
dihedral group of symmetries of a square, and also the quaternion group. Both are
order eight, and both contain subgroups of order 4 and 2 which intersect in just the
identity. However, neither can be a product of the order 4 and order 2 subgroups,
because if it were , it would be abelian (why?). We discussed the general task of
trying to “understand” a group G by finding a non-trivial normal subgroup H and
then “understanding” both H and G/H . We can hope that this will help us classify
all finite groups by induction, if only we could understand the simple groups—those
with no non-trivial normal subgroups. Assignment: Fill out the tables for both the
dihedral and quaternion groups you got in class, and be sure you understand the point
of that exercise. Are those groups isomorphic? Why or why not? How many non-
isomorphic groups of order 8 can you find? We are soon moving on from chapter 2;
be sure you are comfortable with all of Chapter 2, even stuff that was not covered
in detail in class; you are expected to know all of it. Also, read the representation
theory notes through the end of section 6 (found on the 512 web page). This is a
light summary of the main points of chapter 2 of Artin.

• Friday, September 23: We discussed what it means to “classify” something in
mathematics. For example, to “classify all groups of order 6” means to make a list of
(non-isomorphic) groups with the property that every group of order 6 is isomorphic



to one of those on your list. In the homework, you showed that there are, up to
isomorphism, exactly two groups of order six, the cyclic group Z6 and S3. We then
showed (as a lemma in one possible approach to proving this classification) that if
every non-identity element in a group G has order two, then G is abelian. The point
was to show that xy has both yx and xy as its inverse (when all elements are order
two), so commutativity follows by the uniqueness of inverses. We then discussed
product groups in general and in particular the group Z2 × Z3, which also has 6
elements, and so must therefore be isomorphic to one of the groups on our list, either
S3 or Z6. Since it is abelian, it must be that Z6

∼= Z2 × Z3. But why? What is the
isomorphism? We proved in general that if m and n are relatively prime, then the
natural map

Zmn → Zm × Zn

a mod mn 7→ (a mod m, a mod n)

is an isomorphism of groups. (Check: why is it well-defined?) This is the chinese re-
mainder theorem. Key Words: classify “up to isomorphism,” product group, least
common multiple, greatest common divisor, Chinese remainder theorem. Assign-
ment: What is a nice set of generators for GLn(F )? To check a subgroup H of G
is normal, do we really have to check gHg−1 ⊂ H for all g in G, or is it enough to
check this only for a set of generators of G? What is a reasonable way to check that
a given subgroup of GLn(F ) is normal, without multiplying any matrices together?
This might be a quiz sometime soon! REREAD all of Chapter 2.
• Wednesday, September 21: We discussed the quotient group of C∗ (the non-

zero complex numbers under multiplication) by the normal subgroup U(1) of com-
plex numbers of magnitude 1. We saw that the coset of z ∈ C∗ (left or right; they
are the same since U(1) is normal) consists of all the complex numbers having the
same magnitude as z. Thus, geometrically, the coset of z is the circle of radius |z|
around the origin in C. The set of cosets C∗/U(1), therefore, is the set of all cir-
cles around the origin. Since each such circle is uniquely determined by its radius
(the magnitude of any representative point on it), the elements of C∗/U(1) are in
one-one correspondence with (“parametrized by”) the set of positive real numbers
(their radii). The quotient group structure is defined as usual: multiply two circles
(cosets) by choosing a point z1 and z2 on each and multiplying them together; the
product set is the coset containing z1z2, which is to say, the circle of radius |z1z2|.
Put differently, the group structure on C∗/U(1) is “the same as” the multiplicative
group R>0. This is a example of the First Isomorphism Theorem, which we then
stated and proved: If φ : G → H is a surjective group homomorphism, then there
is a natural isomorphism φ̄ : G/K → H , where K is the kernel of φ, sending gK
to φ(g). As usual, in proving this one needs to worry first about why the map is
well-defined. Another key point we used was the following Lemma: A group ho-
momorphism is injective if and only if its kernel is trivial. In the example here, the



first isomorphism says that the absolute value map C∗ → R>0 from the multiplica-
tive group of the non-zero complex numbers to the multiplicative group of positive
real numbers induces a natural isomorphism C∗/U(1) ∼= R>0. Geometrically, this is
the map sending a circle around the origin to its radius. Key Words: First Isomor-
phism Theorem Assignment: I can not emphasize how well-written I think Artin
really is. Please read! Read Sections 7 and 8, as well as re-reading all the sections
previously assigned. This means by now, you should have read all of Chapter 2 (also
if you have the second edition). We will soon by jumping to Chapter 5 (6 in Edition
2).

• Monday, September 19: We took a quiz. We then defined normal subgroups
and discussed a bunch of examples: Every subgroup of an abelian group is normal
(so, NZ is normal in Z); every index two subgroup is normal (so, the cylic subgroup
of order 3 in S3 is normal, and more generally An is normal in Sn); kernels are
always normal, so SLn(F ) is normal in GLn(F ). We then stated and proved the
theorem that G/H has a “natural” group structure (such that the natural quotient
map G→ G/H is a group homomorphism) if and only if H is normal. Key Words:
normal subgroup, right coset, quotient group. Assignment: Read 2.12. (If you have
the second edition, 2.12.) Continue reviewing Chapters 3 and 4.

• Friday, September 16: We discussed the equivalence relation of “ left congru-
ence mod H” on a group G. The equivalence classes for this equivalence relation
are called the left cosets; the left coset containing g is denoted gH . The set of left
cosets (equivalence classes) is denoted G/H . We computed three examples. For
the subgroup NZ of Z, left congruence is the usual mod N congruence. In S3, for
the subgroup C3 generated by (123), the two cosets are C3 = {e, (123), (132)},
and {(12), (23), (13)}. In S3, the subgroup H generated by (12) has three cosets:
H = {e, (12)}, {(123), (13)}, and {(132), (23)}. We showed that the cosets of a
fixed subgroup H of a group G all have the same cardinality, namely the cardinality
of H . As a corollary, we proved Lagrange’s Theorem: If G is a finite group, and
H is any subgroup, we have |G| = |H||G/H|. We then saw that, at least in the
case of the order two subgroup H = {e, (12)} of S3, there is no natural way to put a
group structure on the set G/H such that the quotient map G → G/H sending g to
gH is a group homomorphism. We could try to multiply cosets be choosing repre-
sentative elements for each and taking the coset of their product, but the problem is
that taking different choices of representatives leads to different products which are
in different cosets! Next time we will see that G/H has a ”natural” group structure
if and only if H is a normal subgroup. Key Words: left congruence, left coset, in-
dex, Lagrange’s theorem. Assignment: Read 2.6, 2.9, 2.10. (If you have the second
edition, the relevant sections are 2.7, 2.8, 2.9, and 2.12. ) Expect a quiz next time on
either the subgroups of Z or equivalence relations and cosets. Continue reviewing
Chapters 3 and 4.



Remarks for folks with Edition 2 of Artin: We have covered now all of Chapter
1, and the first nine sections of Chapter 2. We are beginning on 2.12. For your linear
algebra review: read chapter 3 except 3.6, and Chapter 4 except 4.7.

• Wednesday, September 14: Given an equivalence relation ∼= on a set X , the
set of all equivalence classes is a new set denoted X/ ∼=. There is a natural surjective
quotient mapX → X/ ∼= sending each x ∈ X to its equivalence class. For example,
if we take the “mod n ” relation on Z, we get the standard map Z → Z/nZ sending
a to its residue class mod n, the set of all integers congruent to a mod n. The
interesting question is: if X has some additional structure (say, X is a group, or
a vector space, or a topological space), is it possible to put that structure also on
the quotient X/ ∼= in such a way that the quotient map preserves that structure? For
example, the usual group structure on Z/nZ makes the map Z+ → (Z/nZ)+ a group
homomorphism. For another example, if V is a vector space and W is a subspace,
then we can define an equivalence relation called ”equivalence mod W ” on V by
v ∼= v′ iff v − v′ ∈ W . In this case, V → V/ ∼= is usually denoted V/W and
there is a natural (in fact unique!) way to define a vector space structure on V/W
so that the quotient map is a linear map. Our goal next time is to investigate this for
groups. Key Words: equivalence relation, equivalence classes, partition, quotient
map, modular arithmetic, quotients of vector spaces. Assignment: Reread 2.5 and
2.6, also 2.9 (modular arithmetic). Continue reviewing Chapters 3 and 4.
• Monday, September 12: We discussed the fact that the kernel and image of a

group homomorphism is also a subgroup. For example, the kernel of the determi-
nant homomorphism from GLn(F ) to F ∗ is precisely the group SLn(F ) of n × n
matrices of determinant one. The kernel of the sign homomorphism Sn → {±1}
is the subgroup of alternating permutations An. If we identify Sn with the group
of n × n permutation matrices, then An = Sn ∩ SLn(F ). We then reviewed the
notion of an equivalence relation on a set X and how it is essentially equivalent to a
partition of X (the disjoint subsets of the partition being the equivalence classes).
We saw the example of “equivalence mod n” and also the equivalence relation given
by a map X → Y of sets, whose equivalence classes are the fibers. Key Words:
image, kernel, alternating group, special linear group, equivalence relation, equiva-
lence classes, partition. Assignment: Read 2.5 and 2.6 (this is 2.7, 2.8 if you have
the second edition). Continue reviewing Chapters 3 and 4.
• Friday, September 9: We took a quiz (posted on the 512 page). We then dis-

cussed some more about subgroups, isomorphism and homomorphism, all of which
are best viewed as having to do with “preserving group structure.” We proved that
the identity is preserved by homomorphisms, as are inverses. We discussed many
examples: the determinant is a homomorphism from GLn(F ) to F ∗, and the expo-
nential is an isomorphism R+ → R∗. However, note that R∗ is not a subgroup of
R+ even though it is a subset, as the law of composition is not the same. Upper trian-
gular, lower triangular, diagonal and scaler matrices all give subgroups of GLn(F ),



as do the permutation matrices. Key Words: group, subgroup, isomorphism, per-
mutation matrix. Reading: 2.1- 2.4. Assignment: Read carefully. Be sure you
understand Artin’s explanation about all the subgroups of Z+. Review the notion of
a kernel. Start brushing up on your linear algebra by looking at Artin Chap 3 Sec-
tions 1 through 5 and Chapter 4 Sections 1-6). We will review the harder parts of 4
and discuss direct products, but will not discuss most of 3 at all. This is assumed!
• Wednesday, September 7: We defined the notion of a group, and discussed the

“quintessential examples.” These are GL(V ), the group of invertible linear transfor-
mations of a vector space V (over some field F ), under the usual composition of
linear transformations. A more concrete example is the group GLn(F ) of n × n
invertible (or non-zero determinant) matrices over a field F , under multiplication. If
V is finite dimensional, these groups are isomorphic: we can define an isomorphism
by fixing a basis for V , and sending the linear transformation T to the n× n matrix
representing T with respect to that basis. For another example, fix any set T and let
Aut(T ) denote the set of all bijections from T to itself. This is a group under the
usual composition. If T is finite, a bijection is often called a permutation, and this
group is denoted Sn, where n is the cardinality of T . The cardinality of Sn is n!. We
showed how Sn can be interpreted as the subgroup of GLn(F ) of permutation ma-
trices. Key Words: group, subgroup, isomorphism, permutation matrix. Reading:
2.1, 2.2, 2.3 Assignment: See Homework set 1 (and 0, on the same sheet). Expect
the first quiz, which is sort of a diagnostic for you to help you decide if this is the
right course (it should seem quite easy if so). It is already posted on the 512 page
(find it!); you will 15 minutes to write down the answers in class.


