
MATH 512 - Exam I
October 14, 2011

Write your name on each sheet of paper.
This is a 50 minute closed book examination, with a point total of 100. Calculators are

not permitted. Unjustified answers could receive no credit, even if they are correct. Show
your work.

This exam contains one TF section worth 20 points, and 4 problems with 20 points each.
The last of these problems you are expected to write in complete sentences. For some prob-
lems, you will make choices about which problems you present. Only one will be graded.
Please indicate precisely which problem you want me to grade.
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2

3
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WRITE OUT & SIGN PLEDGE:

I pledge my honor that I have not used or sought mathematical assistance from any source
apart from the course text and my class notes in connection with my work on this examina-
tion.



1. True or False. ANSWER ALL QUESTIONS.

(1) The projection Z5 × Z5 → Z5 sending (a, b) to b is a group homomorphism.

(2) If G has order 200 and there is a surjective homomorphism G → Z25, then G has a
normal subgroup of order 8.

(3) The subset of invertible matrices with integer coefficients forms a subgroup ofGLn(R).

(4) The subset of determinant one matrices with integer coefficients forms a subgroup
of SLn(R).

(5) If a distance preserving map f : Rn → Rn fixes the origin, then it is linear.

(6) A group G is simple1 if and only if every non-trivial group homomorphism f : G→
H is injective. (To say f : G→ H is trivial means that all g ∈ G are sent to eH .)

(7) Every abelian subgroup of a group G is normal in G.

(8) If A ∈ O3(R), then A has an eigenvalue of 1 or -1.

(9) Let L1 and L2 be two lines through the origin in R3. The composition of any rotation
around L1 with any rotation around L2 is also a rotation of R3 around some line
through the origin.

(10) A two element subgroup of G is normal if and only if it is contained in the center of
G.

1By definition, a group is simple means that its only normal subgroups are G and {eG}.



2. Consider the following two true statements.
(1) Every group of prime order p is cyclic.
(2) There are exactly two groups of order four, up to isomorphism: Z4 and Z2 × Z2.

For Problem 2 there are two parts. First, CHOOSE ONE of these two statements and prove
it carefully. THEN assuming both of these two statements, prove a complete classification
of all groups of order at most five.



3. Choose ONE of the following problems.
A. Suppose we are given (non-identity) elements A and B in SO3(R) which satisfy Av = w
and Bw = v for some non-zero vectors v and w in R3. Describe (with explanation) the axis
of rotation for the composition A ◦B.

OR

B. Let A be the rigid motion of R3 given by rotation by π
3

around the x-axis (say, counter-
clockwise from the y towards z-axis) and B be rotation around the y axis by rotation by π

3
(say, counterclockwise from the x towards z-axis). Find an equation for the axis of rotation
of AB.



4. Let A be a complex matrix. Define A∗ to be the transpose of the matrix obtained by
replacing each entry aij of A by its complex conjugate. That is, the ij-th entry of A∗ is aji.
An invertible complex matrix A is unitary if A−1 = A∗. Consider the set of all n×n unitary
matrices:

Un := {A ∈ GLn(C) | A−1 = A∗}.
Prove that Un is a subgroup of GLn(C).

If you state them clearly, it is OK to assume lemmas from class and/or the text, as well as
the following Lemma: If z, w ∈ C, then z + w = z + w and zw = z w.



5. Choose ONE of the following, A or B. Please answer in complete sentences, in essay
form. You may add more information or examples, as you see fit or interesting, for extra
credit.

A. Automorphism Groups. Define the automorphism group of a group G. Explicitly
describe and justify the existence of a homomorphism f : G → Aut G which sends an
element x to “conjugation by x.” By way of example, show that the automorphism group of
Zp is isomorphic to Zp−1, and describe the image of the “conjugation” map Zp → Aut Zp in
this case.

OR

B. Semidirect products. Fix two groups G and H and a group homomorphism γ : G→
Aut H sending each element g to an automorphism γg. (For this problem, you do not have
to show that Aut H is a group.) Show that there is a group structure on the set H × G such
that

(h, g) ? (h′, g′) = (h ◦ γg(h′), g ◦ g′).
We call this a semi-direct product and write it H ×γ G. Describe a natural surjective map
fromH×γG toG, and use it to show that the semi-direct product contains a normal subgroup
isomorphic to H . Compare Z3 ×γ Z2 for two different homomorphisms γ : Z2 → Aut Z3.


