
MATH 512. PROBLEMS FOR EXAM I

Exam I will be in class on Friday October 14. You will be asked to solve 4 of the following
12 problems, in addition to a TF section. You will not be turning in any homework that day.

In solving these problems, you may use all materials from your class notes, class website,
and textbook. However, you may not seek help from other sources including the inter-
net, your classmates, your friends, or any other unauthorized source. Seeking help from
unauthorized sources is cheating. As you know, in addition to being morally despica-
ble, cheaters inevitably wind up having no self-respect, and always lose at the game of life
eventually.

1. a. Consider the subset GLn(Z) of GLn(R) consisting of matrices whose entries are
integers. Is this a subgroup? If so, is it normal? Why or why not? Prove it!

b. Consider the subset SLn(Z) of SLn(R) consisting of matrices whose entries are inte-
gers. Is this a subgroup of SLn(R)? Why or why not? If so, is it normal? Prove it!

c. Consider the subset On(Z) of On(R) consisting of matrices whose entries are integers.
Is this a subgroup of On(R)? Why or why not? If so, is it normal? Prove it!

2. Classify all groups of order at most 5.

3. Let H be an order two subgroup of a group G. Show that H is normal if and only if it
is contained in the center of G.

4. Fix a group G. Let Aut G be the set of all automorphisms of G, ie, the set of all group
isomorphisms G→ G.

a. Explain (with proof) how Aut G is a group.
b. For x ∈ G, let σx be the map G → G defined by σx(g) = xgx−1. Show that σx ∈

Aut G.
c. Define a map f : G→ Aut G by x 7→ σx. Prove that f is a group homomorphism.
d. The image of f is a subgroup of Aut G, denoted Inn G. Show that it is normal.
e. Prove that the group InnG is isomorphic to the quotient groupG/Z(G),where Z(G)

is the center of G.

5. Compute Aut G and Inn G for the following groups: Z/pZ, S3, Z2 × Z2, Z10.

6. Fix two groups G and H and a group homomorphism γ : G → Aut H sending each
element g to an automorphism γg. Consider the following binary operation on the setH×G:

(h, g) ? (h′, g′) = (h ◦ γg(h′), g ◦ g′).
a. Prove carefully that H ×G is a group under ?. Denote this group by H ×γ G.
b. Prove a necessary and sufficient condition on the map γ so that the identity map is

an isomorphism between the product group H ×G and the group H ×γ G.
c. Prove that H is isomorphic to a normal subgroup of H ×γ G.



7. Consider the map α : Z3 → Z3 sending each element to its inverse.
a. Prove that α is a group automorphism of Z3.
b. Define a map γ : Z2 →Aut Z3 sending the class of odd numbers to the automor-

phism α and class of even number to the identity map. Prove that γ is a group
homomorphism.

c. Prove that Z3 ×γ Z2 is isomorphic to S3.

8. Let A be a complex matrix. Define A∗ to be the transpose of the matrix obtained by
replacing each entry aij of A by its complex conjugate. That is, the ij-th entry of A∗ is aji.
An invertible complex matrix A is unitary if A−1 = A∗. Consider the set of all n×n unitary
matrices:

Un := {A ∈ GLn(C) | A−1 = A∗}.
a. Prove that Un is a subgroup of GLn(C).
b. Prove that GLn(R) is a subgroup of GLn(C).
c. Prove that GLn(R) ∩ Un = On(R).
d. Prove that U1 is isomorphic to the subgroup of the complex numbers of absolute

value 1 (under multiplication).
e. Construct an explicit group isomorphism U1

∼= SO2(R).

9. Let A be an element in O3(R) which has determinant −1.
a. Prove that −1 is an eigenvalue.
b. Prove that A acts by rotation around some axis spanned a vector v, followed by

reflection over the plane through the origin orthogonal to v.

c. Find the equation for the plane over which the matrix A =
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reflects?

10. Let A be the rigid motion of R3 given by rotation by π
3

around the x-axis (say, coun-
terclockwise from the y towards z-axis) and B be rotation around the y axis by rotation by π

3
(say, counterclockwise from the x towards z-axis). Find an equation for the axis of rotation
of AB.


