
Math 512. Problems for Exam 2
Professor Karen E. Smith

Exam II will be in class on Friday, November 18. Below are some of the problems from which some of the
exam problems will be drawn. In addition, there will be at least one problem drawn from the homeworks and/or
the class worksheets. All of these are posted on the 512 webpage. Please do not discuss the problems below with
your classmates (though previous homework questions and class worksheets are of course fair game!!).

1. Prove or disprove: the rotational symmetry group of the cube has a subgroup of order 8.

2. Prove or disprove: there are no simple groups of order 12 or 28.

3. Prove or disprove: every group of order p2 is abelian.

4. Consider the subset G ⊂ GL2(Fp) of matrices of the form
(

1 x
0 y

)
, where x, y ∈ Fp and y 6= 0.

(1) Show that G is a subgroup of G ⊂ GL2(Fp) and compute its order.
(2) Show that G contains a normal subgroup of order p.

5. As proven in Section 6 of Chapter 6 of Artin, every permutation σ ∈ Sn can be written uniquely as a
composition of disjoint cycles. The cycle type of σ is the list of the orders of the cycles appearing in this
decomposition. For example, (12)(345)(6789) has cycle type {2, 3, 4} whereas (12)(23) has cycle-type {3}.

(1) Show that σ and τ are conjugate if and only if they have the same cycle type.
(2) Find and interpret the class equation for S5.

6. We say a group G is solvable1 if we can find a chain of subgroups

G = G0 ⊃ G1 ⊃ G2 ⊃ · · · ⊃ Gt ⊃ Gt+1 = {e}
such that each Gi+1 is a proper normal subgroup in Gi, and the successive quotient groups Gi/Gi+1 are abelian,
for all i = 0, . . . t. Prove or disprove that each of the following groups is solvable:

(1) Zn

(2) A non-abelian simple group.
(3) Dn

(4) Z×Dn.
(5) Any group of order p2q where p and q are distinct primes.
(6) Any group of order p3.

7. Let x and y be elements of a group G. The commutator of x and y is the element xyx−1y−1 of G.
(1) Show that x and y commute if and only if the their commutator is trivial.
(2) Show that if G is generated by a subset S and the commutator of every pair of elements in S is trivial,

then G is abelian.
(3) Show the subgroup of G generated by all the commutators of all the elements in G is normal.
(4) Given a set S, define the free abelian group on S to be the quotient of the free group FS by the smallest

normal subgroup generated by the commutators of all pairs of elements in S. Show that if S has cardinality
n, then the free abelian group on S is isomorphic to Zn.

1The reason for our interest in solvable groups will become clear in 513 (and/or 594). We will assign, to each polynomial anxn +
· · · + a1x + a0, a certain finite group called its Galois group. We will show that the polynomial is “solvable with radicals,” meaning
there is a quadratic-formula type expression for the roots of the polynomial using “radicals” (such as n-th root) if and only if the Galois
group is a solvable group.


