
MATH 512. TAKE HOME FINAL EXAM

The exam is written so that all problems can be solved using only the material in the Artin’s
book, from the chapters we covered. Solutions should be presented using only this material.
However, you may consult any written sources you like for information or inspiration. Carefully
cite any sources you use. Failure to do so is plagarism. Other students or mathematicians should
not be consulted, including on-line or in person. All problems will be graded by your professor.
There is a modest bonus for using tex (feel free to add diagrams in by hand).

The take-home portion of the final will be turned in Friday, December 16, at 1:30 pm in our
usual room. At that time, you will also take the in-class portion of the exam.

Problem 1. Compute the characters of the following representations.
(1) The trivial representation of Z4 on F6

7.
(2) The tautological action of D3 on R2.
(3) The regular representation of S3.
(4) The tautological action of D4 on R2.
(5) The vertex permutation action of D4 on R4. This is the representation described in prob-

lem set 9, Problem 10.
(6) The alternating representation of S4.

Problem 2. Permutation Representations. Suppose that G acts on finite set X .
(1) Let VX be a vector space with basis {ex}x∈X indexed by the elements of X . Show that V

has a structure of a representation of G, in which the action of G is given by g · ex = egx.
(2) Show that the character χ of this representation is the function sending g to the number

of elements of X fixed by g.
(3) Consider the action of the rotational symmetry group G of the cube on the set X of eight

vertices of the cube. Compute the character of the associated permutation representation
VX .

(4) Describe the irreducible representation (up to isomorphism) and their multiplicities in
the decomposition of the eight dimensional representation VX in (3) into a direct sum of
irreducibles over C. [Hint: for this, you may want to consult the character table of S4 you
worked out in class Friday December 9.]

Problem 3. Pullbacks of Representations. Let φ : H → G be a group homomorphism. Let V
be a representation of G.

(1) Show that there is a naturally induced “pull-back” representation of H on V defined as
follows: h · v = φ(h) · v.

(2) Prove that if φ is surjective, and V is an irreducible G-representation, then its pullback is
an irreducible H-representation.

(3) Give an explicit example to show that if φ is injective and V is an irreducibleG-representation,
then the pullback representation need not be irreducible.



(4) In the case that V is a finite dimensional representation of G, if χ denotes its character,
show that χ ◦ φ is the character of the pullback representation.

Problem 4. One dimensional representations. Prove that if G has an abelian quotient of order
n (meaning that G has some normal subgroup such that the quotient is abelian), then G has at
least n non-isomorphic one-dimensional representations over C.

Problem 5. Representations of D4.
(1) Let Z be the center of D4. Prove that the quotient group D4/Z is isomorphic to the Klein

4-group.
(2) Compute (with proof) the complete character table for D4 (over C).

Problem 6. Dual Representation. Let V be a finite dimensional representation of a group G
over F . Let V ∗ be the dual vector space consisting of all linear maps V → F .

(1) Show that V ∗ is a representation of G in a natural way (Hint: this is a special case of a
problem on Problem set 10.)

(2) Prove that χV ∗(g) = χV (g
−1) for all g ∈ G.

(3) In the case where the ground field is C and the group is finite, show1 that for all g ∈ G,
χV ∗(g) = χV (g) the complex conjugate of χV (g).

Problem 6. You get a summer job with an X-ray crystallography lab which is at the fore-
front of research into the structure of inorganic molecules using group and representation theory.
They are investigating an exciting new crystal whose bonding properties (and hence medical and
industrial value) ultimately depend on its symmetry group G, which is known to be of order
12. They want to determine G, as well as all its representations, up to isomorphism. Based on
experimental data, your labmates have constructed the following partial character table for G
which they know has at most five distinct conjugacy classes and at least three distinct irreducible
representations:

e a b c d w x y z p q r

1 1 1 1 1 1 1 1 1 1 1 1
1 η η η η η2 η2 η2 η2 ? ? ?
1 ? ? ? ? η ? ? ? ? ? ?

[Notation: η = e2πi/3 is a primitive third root of unity.] Write the mathematical portion of their
grant proposal to the National Science Foundation, explaining in precise mathematical language
either precisely how their experimental data determines G and its representations, or precisely
what further mathematical information would be needed to figure it out so that they can design
and justify their next experiment. Your proposal will be much more convincing if you rely on
and explain general mathematical principles that could be of use in analyzing other groups.

1Hint: first prove some lemmas. Lemma 1: For anyA ∈ GLn(C), the eigenvalues ofA−1 are the inverses of the eigenvalues
for A. Lemma 2: If η is a root of unity, then η−1 = η.


