
Math 512. Homework Set 10
Due Friday December 9, 2011

Professor Karen E. Smith

1. Which of the following representations are irreducible?
(1) The tautological representation of Dn on R2?
(2) The action of U(1) on C by multiplication?
(3) The tautological action of GL(V ) on V over a field F .

(4) The group homomorphism (Q,+)→ GL(Q2) given by λ 7→
(

1 λ
0 1

)
.

(5) The permutation representation of Sn on Cn.
(6) The regular representation of Z4 over F2.
(7) The action of SL2(R) on the space of all 2× 2 real matrices by left multiplication.
(8) The action of SL2(R) on space of all 2× 2 real matrices by conjugation.

2. Homomorphisms of Representations. Let V and W be finite dimensional complex representations of
a group G.

(1) Show that the vector space of linear mapsHomC(V,W ) is aG-representation with the action g ·φ =
gφg−1 for all g ∈ G; that is g · φ is the map sending v ∈ V to g · (φ(g−1 · v)).

(2) Explain why the set of all G-representation homomorphisms from V toW can be viewed as a subset
of the set HomC(V,W ) of vector space maps from V to W . Is it is a subvector space?

(3) Show that the set of G-representations homomorphisms of V to W can identified with the set of
linear transformations in HomC(V,W ) fixed by every element of G under the action in (1).

3. Finite Groups. Let V be a finite dimensional complex representation of a finite group G.
(1) Show that eigenvalues of the action of each g ∈ G on V are roots of unity.
(2) Show that the sum of all (complex) n-th roots of unity is zero.
(3) Show that if G is abelian, then the corresponding group homomorphism G → GL(V ) can, be

choosing an appropriate basis, be viewed as having its image in the subgroup U(1)× U(1)× · · · ×
U(1) (which is called a torus of dimension n = dimV ).

4. Schur’s Lemma: Let W and V are complex finite dimensional representations of G. Let HomG(V,W )
denote the space of G-representation homomorphisms V → W .

(1) Show that if W and V are irreducible, then dimHomG(V,W ) is one if V ∼= W and zero otherwise.
(2) More generally, if only one of V orW is irreducible, show that dimHomG(V,W ) is the multiplicity

of the irreducible one in the other.
5. Representations of the Klein 4-group. Completely and explicitly describe, up to isomorphism, the set
of all complex irreducible representations of the Klein 4 group. [Hint: Observe that all are one-dimensional
and hence given by group homomorphisms G → C∗. Explicitly describe all such homomorphisms.] Now
compute the class equation for the Klein 4-group and show that this confirms your calculation.

6. Representations of cyclic groups.
(1) Completely and explicitly describe, up to isomorphism, the set of all complex irreducible represen-

tations of the Zn. Now compute the class equation for the Zn and show that this confirms your
calculation.

(2) Prove that there are no irreducible representations of Zn of odd dimension (greater than one) over
R. [Hint: find a subrepresentation by thinking about the characteristic polynomial for the action of
a generator.]



7. Grassmanians. Fix a vector space V of dimension n over a field F . Consider the set G(r, V ) of r
dimensional subspaces of V .

(1) Consider the set Xr×n of r×n matrices of rank r such that at least one r× r subdeterminant is non-
zero. After fixing a basis e1, . . . , en for V , find a natural surjective map of sets π : Xr×n → G(r, V ).
[Hint: write elements of V as row vectors of coordinates with respect to the ei; a subspace of
dimension r is given by a set of r linearly independent such row vectors.]

(2) Show that GLr(F ) acts on Xr×n by left multiplication, in such a way that each orbit consists pre-
cisely of the set of r × n matrices mapping to one fixed subspace of dimension r in V under π.

(3) Show that there is a natural (non-trivial) action of GLn(F ) on both Xr×n and G(r, V ) such that π is
G-equivariant (meaning that π(g · A) = g · π(A) for all g ∈ GLn(F) and all A ∈ Xr×n). [Another
name for this could be G-linear, but probably because there is no additive structure or vector space
structure on Xr×n, G-equivariant is more common.]

9. Projective Space. The set G(1, V ) is called the projective space of V and usually denoted P(V ).
(1) Interpret the map π from Exercise 8 (1) explicitly in the case where r = 1 (what is GL in this case?

What is the map? What are the orbits?)
(2) Show that X1×n is covered by sets Ũi, where i = 1, . . . n consisting of 1× n matrices whose i− th

coordinate is not zero.
(3) Let Ui be the image of Ũi under π. Show that the map φi : F

n−1 → Ui sending [a1, . . . , âi . . . an]
(where âi means that the i− th term is omitted) to the subspace of V spanned by

∑n
j=1 ajej (where

here we take ai = 1) is a bijection.
(4) In the case where F = R, show that we can define a topology on G(r, V ) as follows: a set U is said

to be open if and only if for each i, the set U ∩ Ui corresponds to an open set in Rn−1 under the
bijection φi. This says that the projective space P(Rn) is a topological real (n− 1)-manifold. If you
know what a smooth manifold is, also show that P(R) is a smooth manifold of dimension n− 1.

[Cool aside: it is not really any harder to show that each of the Grassmannians,G(r,Rn), are real manifolds,
of dimension r(n − r). Try it if you are interested. Here is a sketch: Cover Xr×n by sets Ũi1...ir in which
the subdeterminant given by the r columns i1, . . . , in is non zero. We get a bijection from Rr(n−r) to the
image Ui1...ir under π which puts an r × r identity matrix in the column indexed by i1 . . . ir and fills in the
remaining columns arbitrarily.] [Another cool aside: the real projective space P(Rn) and indeed all the real
grassmannians are compact topological spaces. This is not so hard to prove, but I will leave it to your 395
professor to torture you with it.]


