
Math 512. Homework 6 (Due Friday October 28, 2011)
Professor Karen E. Smith

1. Let N ⊂ G be a normal subgroup contained in the kernel of some group homomorphism φ : G → H .
Show that there is a naturally induced group homomorphism φ : G/N → H . Show furthermore that φ is
injective if and only if N is the kernel of φ. In general, describe the kernel of φ as some quotient group.

2. Group of Units of a ring. Read Section 10.1 of Artin (called “Definition of a ring”). Let R (not-
necessarily commutative) be a ring.

(1) A unit in a ring R is an element which has a multiplicative inverse. Prove the set of all units in R,
denoted R×, has a natural group structure under the multiplication in the ring, called the group of
units of R.

(2) Explain the natural ring structure on the set of all n × n matrices over a field F , and describe
explicitly its group of units.

(3) Explain the natural ring structure on the set of all polynomials1 F [x] over a fixed field F and find
explicitly its group of units.

(4) Explain the natural ring structure on Zn and describe explicitly the group Z×
n (meaning, here and

above: describe exactly which elements of the ring Zn are in this group and what the operation is).

3. The automorphism group of Zn.
(1) Let m be any integer. Show that there is a group homomorphism

Z→ Zn

µM : x 7→ mx

where for any integer r, r denotes the class of r modulo n.
(2) Show that if m and n are relatively prime, then the kernel of µm is nZ.
(3) In general, the kernel of µm is some subgroup of Z, hence must be generated by some d. Find d and

prove it! (It is OK to do this first, and deduce (2) as a corollary if you like.)
(4) Show that if m and n are relatively prime, then µm induces an automorphism of Zn. (C.f. Problem

1).
(5) Show that every automorphism of Zn arises this way.
(6) Prove Aut Zn

∼= Z×
n . (C.f. Problem 2).

4. Finite Abelian Groups. Let G be any finite abelian group.
(1) Show that if the orders of two elements x and y in G are relatively prime, then the order of xy is the

product of the orders of x and y.
(2) Let m be the largest number which is the order of some element in G. Show that the order of every

element of G divides m.

5. The division algorithm for polynomials. Prove the following analog of the division algorithm for
polynomials: Given polynomials f and g in F [x] with g monic, there is a unique polynomial q and a unique
polynomial r, with the degree of r strictly less than degree g, such that f = qg + r.

1You are already very familiar with this ring, since most of high school math involves studying this ring in the special case
where the field is the field of real numbers. The elements f of F [x] are the expressions a0 + a1x+ a2x

2 + · · ·+ anx
n where the

ai are scalars in F . If an 6= 0, we say that the degree of this polynomial is n. If an = 1 we say that the polynomial is monic.



6. Unique factorization of polynomials. The purpose of this exercise is to prove the following analog of
the fundamental theorem of arithmetic. Theorem: Let F be a field, and let f be any monic polynomial
in F [x]. Then f factors uniquely (up to order) as fa1

1 f
a2
2 · · · fat

t where the polynomials fi are monic and
irreducible (meaning they can not be factored as a product of lower degree polynomials) and the ai are
uniquely determined natural numbers.2

(1) Prove that if two polynomials f and g have no non-constant common factor, then there are polyno-
mials r and s such that rf + sg = 1.

(2) Prove that if an irreducible polynomial p divides a product fg, then p divides one of the factors f or
g.

(3) Prove the unique factorization theorem for polynomials stated above.

7. Fix a polynomial f in F [x] where F is a field.
(1) Prove that α ∈ F is a root of f (meaning f(α) = 0) if and only if (x−α) divides f . (Hint: division

algorithm!)
(2) Prove that a polynomial of degree d in F [x] has at most d roots. (Hint: Unique factorization).

8. Automorphism group of Aut F×.
(1) Let F be any finite field (so it is in particular a ring), and consider the group F× of units. Prove

that F× is cyclic. [Hint: Use Exercise 4.2 and 7.2 to show that an element of largest order generates
F×.]

(2) Show that Aut Zp
∼= Zp−1.

9. The fixed point theorem. Let G be a finite group of rigid motions of Rn. Complete the proof that there
exists a point p ∈ Rn such that g(p) = p for all g ∈ G. You may use the lemma proved in class that if S
is any finite set of points and m is any rigid motion, then the center of mass of S is taken, under m, to the
center of mass of mS.

10. Finite groups of isometries of the plane. Let G be a finite group of isometries of R2.
(1) Show that we can choose coordinates so that G is identified with (isomorphic to) a subgroup of

O2(R). (Hint: fixed point theorem.)
(2) Show that if G contains no reflection, then G is a group of rotations around the fixed point.
(3) Show that every finite subgroup of SO2(R) is cyclic. [Hint: Show it is generated by the “smallest”

rotation it contains, by formulating and proving an analog of the division algorithm for rotations.]
(4) Show that the subset SO2(R) ∩G of rotations in G is a cyclic subgroup of G.
(5) Show that ifG contains a reflection (call it y), then any other reflection x inG can be written x = ry

where r is a rotation in G.
(6) Show that if G contains a reflection y and r is a generator for the subgroup of rotations in G, then

the subgroup of G generated by r and y is isomorphic to Dn for some n. [Hint: It might help to
chose convenient coordinates. See also the worksheet on Dihedral groups on the 512 page.]

(7) Show that if G contains a (non-trivial) reflection, then G ∼= Dn for some n. [Hint: this is easy if
you think about index.]

(8) Show that every finite group of isometries of the plane is either Cn or Dn.

2This is completely analogous to the proof of the same fact for the integers; See Exercise Set 5 from Math 295, Fall 2010. The
solution, following the same outline, be found in Artin’s book, the first two pages of Chapter 11 called ”Factorization.”


