
Math 512. Homework 8 (Due Friday November 11, 2011)
Professor Karen E. Smith

1. Recognizing products of groups. Let H and K be normal subgroups of a group G. Consider the map
π : H ×K → G sending (h, k) 7→ hk.

(1) Is π necessarily a group homomorphism?
(2) Describe the image of π. Is it necessarily a subgroup of G?
(3) Show that π is injective if and only if H ∩K = eG.
(4) Show that if H ∩K = eG, then π is a group homomorphism. [Hint: use normality of both H and

K to study the product hkh−1k−1 where h ∈ H and k ∈ K.]
(5) Show that if H ∩K = eG and HK = G (meaning that every element of G can be written an hk for

some h ∈ H and some k ∈ K), then π is an isomorphism. That is, G ∼= H ×K.

2. Show that D6
∼= S3 × Z2. [Hint: Find normal subgroups isomorphic to Z2 and S3 and use 1.]

3. Groups of Order 15.
(1) Let p and q be distinct prime numbers. Show that if G has order pq and contains normal subgroups

of orders p and q respectively, then G is cyclic.
(2) Classify all groups of order 15 up to isomorphism [Hint: Sylow.]
(3) Classify all groups of order 35 up to isomorphism.

4. Groups of order 6. Use Sylow’s theorems to classify all groups of order six (even if you did this some
other way before).

Artin: Chapter 6:
Section 1: 2, 5, 7, 8(a-d), 14
Section 3: 6, 8, 9
Section 4: 3, 6, 9
Section 6: 2, 4, 6, 9, 11. You should read and understand Section 6; we have covered much of this earlier.

Please note: Artin has a different convention for the order of composition of two permutations!


