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Guide for Continued Reading. You now have all the tools to go quickly through the
classical material of Chapters IV and V of Hartshorne and related material. I suggest for a
first read through:

• IV §1,
• IV §2 First three pages. Cor 2.4 is crucial. Try exercises 2.2, 2.3. Don’t be intimi-

dated by differential forms–everything you need here we did in 631—now it should
seem easy. Don’t use Hartshorne’s II §8 (he is just quoting technical stuff from com-
mutative algebra texts anyway). Shafarevich is a better reference because it sticks
to the main case where we have a smooth variety over a field, and everything is
straightforward—this is the only case you need here. Also, just worry about the sep-
arable case on a first read through). If you are interested in char p, you can also
continue in that section later.
• IV §3 First three pages. Prop 3.1 and its corollaries are important. The theorem that

“every curve embeds in P3 is an interesting application. Exercises: 3.1, 3.2, 3.3, 3.4,
3.6,
• IV §4 First few pages. The rest mainly if you like number theory–this one section is

a condensed version of a whole book on elliptic curves, so you might find an easier
source. Exercises 4.1, 4.2, 4.4, 4.5. More if you like number theory and some catch
your eye.
• IV §5 Interesting, the idea of the canonical map is crucial. 5.1, 5.2, 5.3, 5.4, 5.5, 5.6
• IV §6 Interesting but not essential on a first read through; Somewhat specialized to a

quirky interest of the author.
• V Surfaces: All sections are good here. The point is to learn intersection theory

on surfaces, which you can do also form Shafarevich. Read in turn and try a few
exercises from each section that catch your eye. Other good sources for surfaces:
Miles Reid’s ”Chapters on Algebraic Surfaces” is right to point (though some details,
such as cohomology, are relegated to a black box, most of which you know from
632). Beauville’s Complex Algebraic Surfaces.

Tuesday, April 23. We proved the following criterion: Let D be a divisor on a curve X .
The complete linear system |D| is base point free if and only if for all P ∈ X , the dimension
of |D−P | is dim |D| − 1; The complete linear system |D| is very ample if and only if for all
P,Q ∈ X , the dimension of |D − P − Q| is dim |D| − 2 (including the case P = Q). We
should think of |D| as the collection of all effective divisors linear equivalent to D. When
|D| is base point free, the member of |D| are the pullbacks of the hyperplanes in Pn under
the corresponding map φD : X → Pn. The linear system |D − P | is the sublinear system
of divisors in |D| which contain P in their supports—we showed its dimension drops by



at most one compared to that of |D|, and that |D − P | = |D| if and only if P is a base
point of |D|. Similarly, (assuming |D| is base point free), if Q 6= P , the linear system
|D − P − Q| is the sublinear system of |D| which have both P and Q in their support; we
have |D − P − Q| properly contained in |D − P | if and only if there is a divisor in |D|
with P but not Q in its support, which means there is a global section of OX(D) vanishing
at P but not Q, which means that the corresponding map φ : X → Pn sends Q and P to
different points of Pn. We say |D| “separates the points” P and Q. Likewise |D − 2P | is
properly contained in |D−P |means that there is a section s ofOX(D) whose local equation
is in mp but not m2

p—-that is, is a generator for the (co)tangent space mP/m
2
P . So the map

dPφ : TPX = (mP/m
2
P )∗ → Tφ(P )Pn is injective— we say |D| “separates tangents” at P

in this case. A map is an isomorphism if and only if it separates (every pair of) points and
tangents (at every point). A corollary is: If D has degree ≥ 2g, then |D| is base point free; If
D has degree≥ 2g+1, then |D| is very ample. For more details on all of this, see Hartshorne
IV §3.

We then continued our classification of curves. The only genus zero curve is P1. A genus
one curve always admits an embedding into P2 as a degree three curve, and a 2:1 projection
from that P2 onto P1 ramified at four points. Since we can change coordinates to call three
of the points 0, 1,∞, that fourth point gives one degree of freedom in parametrizing genus
one curves. For genus two or more, we saw that |KX | is base point free: the corresponding
map φKX

: X → Pg−1 is called the “canonical model” of X . The members of |KX | are the
pullbacks of hyperplanes on Pg−1; they are of degree 2g−2. For genus two, this map is a 2 : 1
cover of P1. Using the Hurwitz formula (See Hartshorne IV §2), we compute that there are
six ramification points in P1, which without loss of generality can be called 0, 1,∞, a, b, c.
This gives a three-parameter family of genus two curves. For genus 3 or more, there are two
possibilities: either |KX | is very ample, in which case φKX

: X ⊂ Pg−1 is embedded as a
curve of degree 2g − 2. (For example, for genus three, this is a degree four curve in P2).
Or, if |KX | is not very ample, then it turns out that X admits a 2:1 map to P1 (such a curve
is called ”hyper-elliptic”). The importance of the canonical embedding is that it turns (the
difficult) notion of isomorphism into the (relatively easy) notion of projectively equivalent.
That is, two (non-hyperelliptic) curves are isomorphic if and only if their canonical models
in Pg−1 are the same up to projective change of coordinates.

Thursday, April 18. We (finally!) got to the real business of algebraic geometry—
classifying varieties–well, at least starting to classify curves! By curve we mean smooth
projective irreducible one dimensional scheme X over an algebraically closed field k. Some
basic preparatory facts we proved:

1) If a divisor D has negative degree, thenOX(D) has no non-zero global sections (proved
last time);

2) If degree D is zero, then OX(D) has no non-zero global sections unless D is principle,
in which case H0(X,OX(D)) ∼= H0(X,OX) ∼= k;

3) The degree of the invertible sheaf ωX is 2g − 2;



4). A divisor of degree at least 2g − 1 has H1(D) = 0. This least statement is especially
helpful since it implies that h0(D) = 1− g + degD for any divisor D of degree ≥ 2g − 1.

Theorem: A curve has genus one if and only if it is isomorphic to P1. We already
computed that H1(P1,OP1) = 0, so P1 has genus zero. Conversely, suppose X has genus
zero. Let D = P − Q. Using Riemann-Roch, we found that then H0(X,D) has dimension
one, so D is a degree zero divisor with a section, hence D = div f for some f ∈ k(X). We
then saw that the map X → P1 sending x 7→ [x : 1] is degree one (Note: the preimage of
[0 : 1] is P , the preimage of [1 : 0] is Q, so degree, being the cardinality of the fibers, is
one.) This says X and P1 are birationally equivalent, hence isomorphic (we proved in 631
that birational equivalence and isomorphism are the same for smooth projective curves—the
point is that the locus of indeterminacy of a rational map of smooth projective varieties has
codimension two). Note that in the course of this proof we also showed that if a curve X
(of any genus) has two distinct points linearly equivalent to each other, then X ∼= P1. [See
Example 1.3.5 in IV §1 of Hartshorne.]

Theorem: A curve of genus one admits a two-to-one map to P1. For this, we took any
point P0 on X , and considered the linear system |D| of effective divisors linearly equivalent
to 2P0. Using Riemann-Roch and Serre Duality, we computed that h0(X, 2P0) = 2. We
also saw that 2P0 is base-point free [The only possible base point of |2P0| is P0. But if
Q + P0 ∈ |2P0|, then Q ≡ P0 for some Q 6= P0 (since dimension H0(2P0) ≥ 2). But then
X ∼= P1, a contradiction since genus X is one]. If we let s, t be a basis for H0(X, 2P0),
then the corresponding map X → P1 is of degree two, since the pullback of the hyperplane
system of P1 is |2P0|, which means that the preimages of points in P1 under this map are the
members of the linear system |2P0|, all of which are degree 2. [See Hartshorne IV §4 first few
paragraphs.] [The Hurwitz formula gives a formula for the precise number of ramification
points of a finite map between smooth curves. If f : X → Y is a finite map of curves of
degree d, then the preimage of every point of y ∈ Y is a set of d points (counting multiplicity).
For “most” y ∈ Y , the pre-image consists of exactly d distinct points, but there may be a
finite subset of ramification points of Y , ie, points p ∈ Y where the f−1(p) has fewer than
d points in its support, that is, where the points in the fiber “come together” to form double
or triple points.1 Anyway, in this case, we can easily compute, using the Hurwitz formula,
that when we express the genus one curve as a 2:1 cover of P1, there are precisely four
ramification points. See Hartshorne, IV §2.]

Theorem: A curve of genus one embeds as a degree three curve in P2. This is proved
by taking the linear system |3P0|. [Do it as an exercise! Use the fact (not yet proved) that if
the degree of a divisor D is greater than 2g, then OX(D) is very ample.] Since H0(2P0) ⊂
H0(3P0),we can think of the map given by |2P0| as the composition of the one given by |3P0|
with projection. Chosing coordinates appropriately, we get the “usual picture” of an elliptic

1That there are only finitely many ramification points is literally true only when the function field extension
k(Y ) ↪→ k(X) is separable (for example, always if k has characteristic zero). In general, the set of ramification
points is closed; it is proper if and only if f is separable. That is, ff the function field extension is not separated,
then f is ramified everywhere!



curve as a cubic in P2, and the projection to P1 becomes the projection to the horizontal axis
(and the four ramification points are the three places the curve crosses the horizontal axis,
plus the point at∞.) Read: IV §2, §3.

Tuesday, April 16. We proved Riemann-Roch for curves. We showed that if an invertible
sheaf has a non-zero global section, then its degree is non-negative. [The point is that the
degree is the degree of the divisor of zeros of a global section, which is necessarily non-
negative.] Also, the only degree zero sheaf with a global section is OX . However, there are
LOTS of degree zero (non-isomorphic) invertible sheafs on a curve2 X—it’s just that none
of them (except the trivial sheaf) have any global section. Indeed, there are so many that
the set of all of them, denoted Pic0(X), turns out to form a smooth projective variety of
dimension g which is also (obviously) a group, called the Jacobian of X . This is an example
of an abelian variety, or a projective abelian group variety. For genus one curves (elliptic
curves) the Jacobian is (isomorphic to) X—this is the famous group structure on an elliptic
curve. The study of Jacobians of curves, and abelian varieties more generally, is a huge
branch of algebraic (and arithmetic) geometry. [We mentioned that there is an analogue in
higher dimension: inside the Picard group Pic(X) of a smooth projective varietyX there is a
subgroup Pic0(X) of so-called “numerically trivial invertible sheaves” (which are invertible
sheaves which have degree zero when pulled back to any smooth closed curve contained in
X). The cokernel turns out to be a finitely generated free abelian group called the Neron-
Severi group of X; its rank is an invariant called the Picard number of X .] As an example,
we considered a smooth plane curve X ⊂ P2 of degree d. We saw that the “obvious” very
ample invertible sheaf L (the pullback ofOP2(1)) has corresponding linear system of divisors
the “hyperplane sections H ∩ X” on X as we range through all hyperplanes in P2. Thus
L has degree d. We used Riemann-Roch to compute the dimension of H0(X,Ln). Serre
vanishing guarantees that H1(X,Ln) = 0 for large n, so for large n we have dimension
of H0(X,Ln) = 1 − g + nd. If S is the graded ring k[x, y, z]/(Fd), we also know that
H0(X,Ln) = Sn (at least for n � 0), so Riemann-Roch is actually the statement that for
n� 0,

dimk Sn = dn+ (1− g);

this shows that the Hilbert function of S is eventually a polynomial of degree one in n, with
leading coefficient d and constant term (1 − g). More generally, Riemann-Roch on higher
dimensional projective varieties can also be interpreted as giving a formula for the Hilbert
polynomial of the corresponding homogeneous coordinate ring. Each of the coefficients
will be certain invariants of the variety called intersection numbers of certain Chern classes.
You can see the Riemann-Roch formula for surfaces in Chapter 5 §1 of Hartshorne; it gets
still hairier in higher dimensions—see Appendix A §4. Read: IV §1. It might also be
helpful/enlightening for you to reread some of the classical language from Shafarevich, III
§2-6.

2with the exception of P1



Thursday, April 11. We proved the following important theorem: ifF is a coherent sheaf
on a projective schemeX over a Noetherian ringA, thenH i(X,F) is finitely generated as an
A-module. In particular, if X is a projective variety over k, then the space of global sections
of any coherent sheaf on X is a finite dimensional vector space over k. We prove this by
first reducing to the case where X = Pn and F = M̃ for some finitely generated M -module
over S = A[x0, . . . , xn]. [Check it: the point is that Hp(X,F) = Hp(Pn, i∗F) if i : X ⊂ Pn
is a closed embedding.] We then take a presentation of M as a graded S-module, meaning
if M is generated by m1, . . . ,mt where degree mi = di, then we consider the corresponding
surjection of a free module of free t onto M (whose kernel is, say, K) giving a short exact
sequence

0→ K → S(−d1)⊕ · · · ⊕ S(−dt)→M → 0.

This gives rise to a short exact sequence of sheaves

0→ K → O(−d1)⊕ · · · ⊕ O(−dt)→ F → 0

and hence a long exact sequence of cohomology groups (which are all A-modules). Since
we have computed explicitly that the Hp(PN , O(−d)) are all finitely generated over A, and
that Hp = 0 for p > n, we gave an easy (Do it!) induction by descending induction on p that
all Hp(X,F) is finitely generated over A. Similarly, we can prove Serre Vanishing: If F is
a coherent sheaf on a projective scheme X over a Noetherian ring A, and L is a (very) ample
invertible sheaf, then there exists an n0 (depending on F) such that Hp(X,F ⊗ Ln) = 0 for
all n ≥ n0 and all i > 0. [Do it! In class we used the projection formula to reduce to the case
X = Pn and L = OPn(1). It then follows from a similar exact sequence induction argument.]

Then we stated Riemann Roch for curves. If X is a smooth irreducible projective curve
over an (algebraically closed) field k and L ∼= O(D) is any invertible sheaf, then

χ(L) = 1− g + deg D,

where g is the genus of X and the degree of a divisor D =
∑
niPi is

∑
ni. The proof is not

hard: we use induction on the support of D. Say P is in the support of D. We have a short
exact sequence

0→ OX(−P )→ OX → OP → 0

where the rightmost sheaf is the skyscraper sheaf k(p) at P . This stays exact after tensoring
with OX(D) so

0→ OX(D − P )→ OX(D)→ OP → 0.

Taking the corresponding long exact sequence, and noting that the alternating sum of the
dimensions of a long exact sequence of vector spaces must be zero, we have:

χ(O(D)) = χ(O(D − P )) + 1.

Since degree D = degree (D − P ) + 1, we are done by induction: we can keep subtracting
off (or adding) points in the support of D until we get the zero divisor, then we’ll have

χ(O(D)) = χ(OX) + deg D.

Read: Hartshorne III §5, Hartshorne IV §1.



Tuesday, April 9. We defined Cech cohomology for any sheaf F of abelian groups on a
topological space X with respect to a fixed open cover U . We observed that there is always
a natural map Ȟp(U ,F) → Hp(X,F) (induced by a map of cochain complexes from a
sheafified Cech complex of F to an an injective resolution of F). We sketched the proof that
if X is a Noetherian separated scheme, U is an affine cover, and F is quasi-coherent, then
this map is an isomorphism. So, we can compute cohomology of quasi-coherent sheaves on
(most) schemes using Cech cohomology. We then did so (very carefully!) for H1(P1

A,O(d))
using the standard cover by (two) open affines D+(x) and D+(y). The most interesting part
was that H1(P1

A,OP1(−2)) turned out to be free of rank one—we can think of it as the A-
module generated by the class of the fraction 1

xy
(in the cokernel of the last non-zero map in

the cech complex). More generally, H1(P1
A,OP1(−d − 2)) is the free A module spanned by

the (classes of) the monomials xayb where both a, b < 0 and ab = −d − 2. In particular,
there is a perfect pairing:

[A[x, y]]d ×H1(P1
A,OP1(−d− 2))→ H1(P1

A,OP1(−2)) ∼= A.

The elements of the free A-basis xiyj (where i, j ≥ 0 and i+ j = d) act on the basis {[xayb]
where a, b < 0 and a+b = −d−2} for the cokernelH1(P1

A,OP1(−d−2)) by multiplication:
〈xiyj, [xayb]〉 = [xi+ayj+b] = 0 unless i = −a−1 and j = −b−1. [Write out the actual Cech
complex and think about this until it makes sense!]. We then generalized this computation to
H i(Pn,OPn(d)). Please see the statement in Hartshorne: III §5. You should memorize this!

We then talked about Serre Duality. Indeed, if X is any smooth projective variety of
dimension n over k, the cotangent sheaf ΩX/k is locally free of rank n. Its n-th exterior power
ωX/k = ∧nΩX/k is called the canonical sheaf of X . It is free of rank one, that is, invertible.
An important exercise: ωPn/k

∼= OPn(−n− 1). The canonical sheaf is also called the
dualizing sheaf because it has an important dualizing property: first Hn(X,ω) ∼= k; and
there is a perfect pairing for any invertible L and any i:

H i(X,L)×Hn−i(X,L−1 ⊗ ωX)→ Hn(X,ωX) ∼= k.

So H i(X,L) is dual to Hn−i(X,L−1 ⊗ ωX) as vector spaces over k. In particular, if X is a
smooth projective curve, its genus (which we defined as the dimension of H1(X,OX)) can
also be interpreted as the dimension of H0(X,ωX).

Finally (for those familiar with local cohomology), we observed that the Cech complex
of a quasicoherent sheaf F = M̃ with respect to an affine cover {D+(fi)} of X = Proj S
is (essentially) the same as the complex (shifted by one) used to compute local cohomology
Hp+1
m (M) of the graded S-module M at the irrelevent ideal m. In particular, for all p ≥ 1,

Hp(X,F(n)) is the n-th graded piece of the the local cohomology module Hp+1
m (S). See

Mel Hochster’s local cohomology notes.

Thursday, April 4. Let F be a sheaf of abelian groups on a topological space X . To com-
pute its cohomology, instead of first taking a resolution of F by injective sheaves of abelian
groups, it is not too hard to show that we can resolve by any acyclic sheaves. A sheaf J is
acyclic (for the global section functor Γ) if all RpΓJ = 0 for p > 0. In practice, it is often



easier to show a sheaf is acyclic than injective; anyway acyclic sheaves are more abundant.
For example, on a smooth (say compact) manifold X , the sheaf of smooth functions C∞X is
acyclic, as are the sheaves of smooth p-forms, or any sheaf with “partition of unity.” This
leads to the cool application that the (sheaf) DeRham complex of smooth forms:

0→ C∞X → Ω1
X → Ω2

X → · · ·
is an acyclic resolution of the sheaf of locally constant R-valued functions R onX . So, taking
global sections and computing cohomology, we see that the sheaf cohomology Hp(X,R)
agrees with the DeRham cohomology Hp

DR(X) of X!
One useful class of acycylic sheaves are the flasque or flabby sheaves: a sheaf is flabby

if the restriction maps are all surjective. Flasque sheaves are useful in resolving the follow-
ing subtlety in the definition of sheaf cohomology. Suppose that X is a scheme and that F
is a quasi-coherent sheaf. Our definition of Hp(X,F) forgets the scheme structure of X
and the OX-module structure of F , using only the fact that F can be viewed of a sheaf of
abelian groups on the topological space X . That is, when we resolve F , we do so in the
category of sheaves of abelian groups. An injective sheaf of abelian groups on X need not be
a quasi-coherent sheaf— indeed, in general it does not have any kind of OX-module struc-
ture. BUT, because the category of quasicoherent sheaves on X has enough injectives, we
could instead resolve F in the category of quasicoherent sheaves. The resulting resolution is
certainly an exact complex of sheaves of abelian groups, but an injective quasicoherent sheaf
is not in general injective as a sheaf of abelian groups. [Think this through!]3 Fortunately,
these potentially different ways to compute cohomology all wind up giving the same result.
The point is that an sheaf of injective quasi-coherent sheaves is flasque (as is an injective
sheaf of OX-modules), hence acyclic for the global section functor. So we can compute the
cohomology of a quasi-coherent sheaf on a scheme (or of an arbitrary sheaf ofOX-modules),
by resolving by injective quasi-coherent sheaves (or injective OX-modules), and computing
the cohomology of the resulting complex of global sections. The result is the same (up to
unique isomorphism) as if we had forgotten the extra structure, and computed cohomology
by resolving by injectives in the category of sheaves of abelian groups. So there is no danger
of confusion.

We then began discussing Cech cohomology, and computed Ȟ1 for OX(d) on P1, where
d ≥ −1. I will write more about this in the next Daily Update. Read: Hartshorne III §4,
§5.

Tuesday, April 2. We gave two (hopefully motivating) applications of cohomology. One
was a technique for determining when an invertible sheaf L is globally generated at a point
p. We considered the short exact sequence induced by the “evaluation at p” map:

0→ mp ↪→ OX → i∗Op → 0

3Even in the affine case, an injective R module is not usually injective as a Z-module (abelian group).
However the following is a useful exercise: if I is an injective Z-module, then HomZ(R, I) is an injective
R-module. [Hint: Adjointness of tensor and Hom.] From this, one can show that if the category of abelian
groups has enough injectives, so does the category of R-modules.



which tensored with the (locally free, hence flat) sheaf L is still exact:

0→ L⊗mp ↪→ L → L/mpL → 0.

The sheaf L is globally generated at p if and only if this sequence remains exact on the right
after taking global sections. Cohomology keeps track of this for us:

0→ Γ(L ⊗mp) ↪→ Γ(L)→ Γ(L/mpL)→ H1(L ⊗mp)→ H1(L)→ · · ·
so much of the “game” in algebraic geometry involves finding conditions under which co-
homologies are zero. For example, here, if H1(L ⊗ mp) = 0, it follows that L is globally
generated at p. This explains the importance of “vanishing theorems”—Kodaira vanishing,
Serre vanishing, etc—-which are all different statements of conditions under which cohomol-
ogy groups are zero.

Another application of cohomology: we can use it define invariants of varieties. For ex-
ample, the genus of a smooth projective curve C over k is by definition the dimension over
k of H1(C,OC). We then “computed” the genus of a plane curve C of degree d. The short
exact sequence

0→ OP2(−C)→ OP2 → OC → 0

gives rise to a long exact sequence (remembering also that OP2(−C) ∼= OP2(−d))

· · · → H1(P2,OP2)→ H1(C,OC)→ H2(P2,OP2(−d))→ H2(P2,OP2)→ · · · .
From computations we will soon do, we will know the cohomology groups of allH i(Pn,O(d))
(we have already done the cases where i = 0). In particular, we will know thatH1(P2,OP2) =
H2(P2,OP2) = 0 so that H1(C,OC) ∼= H2(P2,OP2(−d)). We will also soon compute that
Hn(Pn,OPn(−d)) is dual to the space of degree d− (n+ 1) forms in k[x0, x1, . . . , xn]. Thus
H1(C,OC) is dual to the space of d−3-forms in k[x, y, z], so has dimension (d−1)(d−2)/2.
This is the formula for the genus of a plane curve of degree d. [You should confirm that it
works for d = 1, 2 and the elliptic curve case d = 3.]

Having motivated (I hope) cohomology, we introduced Grothendieck’s derived functor
definition. Given any left exact covariant functor Γ from one abelian category4 to another,
Grothendieck introduced the “right derived functors” RpΓ which are functors (indexed by
p ∈ N) with the same source and target categories. They can be defined under the added
assumption that the source category has enough injectives.5 An object I is injective if when-
ever there is a map A → I , we can extend it to a map to any over-object A ⊂ B → I.

4We discussed the following examples of abelian categories: the category abelian groups, the category of
vector spaces over a fixed field, the category of modules over a fixed ring, the category of sheaves of abelian
groups on a fixed topological space, the category of sheaves of modules on a fixed ringed space, the category
of quasi-coherent sheaves on a fixed scheme. Basically: an abelian category is a category where it makes sense
to talk about exact sequences; geometric categories like the category of topological spaces or the category of
schemes, are not abelian categories, nor is the category of rings abelian (since for example, the kernel of a ring
map is not a ring, nor does the cokernel make sense).

5All the above mentioned categories have enough injectives. The category of finitely generated abelian
groups does not however, since injective groups are essentially never finitely generated. Ditto for finitely gen-
erated modules and for coherent sheaves.



(Equivalently, the functor Hom(−, I) is exact). A category has enough injectives if every
object embeds in an injective object. If a category has enough injectives, then every object
admits an injective resolution. [Prove this!]. [An injective resolution of an object M is an
exact sequence 0→M→ I0 → I1 → I2 → · · · in which each Ip is an injective object.]

If the functor Γ is the global section functor from the category of sheaves of abelian groups
to abelian groups, the resulting derived functors are, by definition, the cohomology functors.
For concreteness, we consider this case. Let F be a sheaf of abelian groups on a fixed
topological space X . To compute the cohomology of F , we first take an injective resolution
of F : an exact sequence 0 → F → I0 → I1 → I2 → · · · in which each Ip is an
injective sheaf of abelian groups. Next, we apply the functor to the truncated sequence:
0 → Γ(I0) → Γ(I1) → Γ(I2) → · · · . The resulting complex of abelian groups is not
usually exact. Its cohomology at the p-th spot is by definition the p-th derived functor of
Γ, or the p-th cohomology, of F . This group is denoted by RpΓ(F) or more commonly
Hp(X,F).

It is immediate (study ’til it is!) that the zero cohomology is Γ(F), that short exact se-
quences become long exact sequences of cohomology (snake lemma), that Hp(I) = 0 for
any injective I, and of course that the definition does not depend on the choice of injective
resolution. So Grothendieck’s theory has the properties we want for cohomology.

You should think about this in some other settings where you might be familiar. For exam-
ple, the functorHomR(M,−) is a left exact covariant functor fromR-modules toR-modules
(which has enough injectives). Its derived functors RpHom(M,−) are usually called “Ext
modules” and writtenExtp(M,−). You can also consider, say, right exact covariant functors:
these have “left derived functors” (if the source category has “enough projectives”). For ex-
ample, the left derived functors of−⊗RM from R-modules to R-modules are usually called
Torp(−,M). [Think this through!] What about the functorHom(−,M) onR-mod? It is left
exact contravariant, and has right derived functors computing using projective resolutions.
Read: Hartshorne III §3, §4. You may also want to look at Dummit and Foote’s Chapter 17,
which does this general homological algebra (in the friendly category of R-modules) if your
homological algebra needs a brush-up.

Thursday, March 28. We summarized the “big picture” of maps to Pn, global sections
of invertible sheaves, and linear systems of divisors, describing the theory from both the
algebraic (sections of sheaves) point of view and the geometric (linear systems of divisors)
point of view. We noted that an invertible sheaf is globally generated if and only if the
corresponding linear system of (effective) divisors (“divisors of zeros” of the sections) is
base point free. We defined a very ample invertible sheaf (over A) as one whose global
sections define an immersion (open subset of closed embedding) into Pn (over A). An ample
invertible sheaf (over A) is one which has a (positive) power which is very ample. [Note:
Hartshorne defines ampleness differently, and somewhat non-standardly, although he shows
in the main cases that the definitions are equivalent.] We considered three examples, with the
details left to you as an IMPORTANT and hopefully illuminating exercise. Let X be the
blowup of P2 at the point [0 : 0 : 1], the “origin.” So by definition, X is the subset of P2× P1



(where the P1 here is the variety of lines in P2 through [0 : 0 : 1]) consisting of pairs (p, `)
where p lies on the line `. If the coordinates of P2 are [x : y : z] and the coordinates of the
P1 (of lines though [0 : 0 : 1] in P2) are [s : t], then X is defined by the bi-homogeneous
equation xt− ys in P2 × P1. There are three “obvious” maps to consider from X to various
projective spaces. As an exercise, you should fully examine each of them in both the
algebraic and the geometric language! Each of them will be given by a linear system of
divisors (or equivalently, a vector space of global sections of an invertible sheaf) on X . Since
Pic X is a free abelian group generated by π∗H (for H any line in P2) and the exceptional
divisor E, we can express the linear systems in a question in terms of the divisors π∗H and
E.

First, the projection to P2 (the “blowing down” map) π : X → P2. It is given by the
invertible sheaf L = π∗OP2(1) and global sections x, y, z. The corresponding linear system
of divisors is given by the pullbacks of all lines in P2 to X . For example, if we let L∞ be
the line V(z) in P2, it pulls back to its preimage L̃∞, an irreducible line on X . But the line
Lx = V(y) (the “x-axis” in the chart Spec k[x/z, y/z]) pull backs to E + L̃x, the sum of the
exceptional divisor E (pre-image of [0 : 0 : 1]) and closure of the generic point of Lx on X .
This linear system is denoted |π∗H| and can be thought of as divisors onX which are either a
line on P2 not through [0 : 0 : 1] OR a line on P2 though [0 : 0 : 1] PLUS E. Some members
of this linear system include E + L̃x and L̃∞.

The other projection X → P1 is given by an invertible sheafM whose global sections are
spanned by s and t. The corresponding linear system consists of the lines inX corresponding
to the fibers of the projection X → P1, that is, fibers of the tautological line bundle. For
example, the global section λs − µt of OP1(1), which defines the point [µ : λ] in P1 pulls
back to the section λs− µt ofM whose divisor of zeros is the line ([µ : λ]; [µ : λ : z]) ⊂ X
(the closure in X of the generic point of the line in P2 through [0 : 0 : 1] and [µ : λ : 1]).
The map X → P1 given by this linear system collapses this entire line to the point [µ : λ] on
P1. Using the notation above, for example, the divisor of zeros of t is L̃x. You can check that
the corresponding linear system |L̃x| = |π∗H − E|. (Note: In class, I wrote in error that this
linear system is | − E|).

The third map to consider is the embedding in P5 obtained by composing the closed em-
beddingX ⊂ P2×P1 with the Segre embedding P2×P1 ↪→ P5. This is given by a very ample
invertible sheafN , and the global sections sx, sy, sz, tx, ty, tz. The corresponding complete
linear system of divisors is |2π∗H −E|. Since sy = tx on X , we see that it actually maps X
into a hyperplane in P5.You should think about these three maps in the context of all this
until it starts to make sense! There are a lot of details to work through!

We then started discussing cohomology of sheaves of abelian groups on a topological space
X as the right derived functors of the (left exact, covariant) global sections functor. We will
continue with this next time. READ: Hartshorne, III §1, §2.

Tuesday, March 26. We discussed the equivalence between A-morphisms of an A-scheme
to PnA with an invertible sheaf L together with a choice of global generators s0, . . . , sn. We



saw some examples, for example, if L = OP1(d), with global sections xd, xd−1y, . . . , yd, the
corresponding map is the d-th Veronese P1 → Pd. If we instead take only the sections xd, yd,
the map is the degree d cover of P1 [x : y] 7→ [xd : yd]. As an application, we proved that the
automorphism group of PNk is PGL(n,K) We defined the divisor of zeros (or the ”associated
divisor”) to a global section s ∈ L. Note that for a section s of L, we can think of s locally
in a neighborhood of any point as a “function,” after trivializing L so that L|U ∼= OX|U .
We can not really “evaluate” this function because it depends on the choice of trivialization
(isomorphism with OX locally)— however, we can say whether or not is is ZERO, and with
what multiplicity. Precisely, the divisor of zeros of a section s is the Cartier divisor given
by the data (Uλ, φλ(s)), where φλ : L(Uλ) → OX(U); note that it is always effective. For
example, a global section F of OX(d) on Pn is a degree d homogeneous polynomial. Its
divisor of zeroes is the corresponding degree d divisor on Pn. Note that as we range over all
sections of O(d), we get all effective degree divisors on Pn as the corresponding divisors of
zeros, that is, the complete linear system of all degree d divisors on Pn. This is true more
generally: If s ∈ L(X) has corresponding divisor of zeroes D, then we showed that there is
an isomorphism of sheaves OX(D)→ L (which can be interpretted as “multiplication by s)
in every sufficiently small open. (CHECK THIS!). This means that although all the global
sections of L give rise to different divisors of zeroes, they are all linearly equivalent! They
form a linear system—a collection of linearly equivalent divisors. Note that if L = OX(D′),
then a global section f of L is a rational function such that div f + D′ is effective. The
divisors of the form div f + D′ thus range through all effective divisors linear equivalent
to D′—another way of looking at a complete linear system. An incomplete linear system
corresponds to having a proper subspace of the vector space of of global sections. This ties
the ends together with the classical point of view in Math 631 in which maps to projective
space were given by linear systems of divisors. READ: Hartshorne II §7.

Thursday, March 21. We discussed Weil divisors and Cartier divisors on normal schemes
(integral, Noetherian and separated), and the corresponding reflexive and invertible sub-
sheaves of K. We considered the induced isomorphism between Pic X and the Cartier divi-
sors up to linear equivalence. We computed several examples explicitly, noting for example,
that if Y is a prime divisor on X , then its ideal sheaf IY ⊂ OX is equal to OX(−Y ). We
studied explicit isomorphisms of sheaves on X = PnA; for example, if C is a prime divisor
defined by an irreducible degree 3 homogeneus polynomial G and H is the prime divisor
defined by X0, then if we set D = C + 3H , we saw that its ideal sheaf corresponds to the
graded S module (F ) = (GX3

0 ), which is isomorphic to the graded S-module S(−6), so that

(̃F ) = ID = OX(−D) ∼= OX(−6) = S̃(−6). In particular, we can think of Pic(Pnk) as the
free abelian group generated byOX(1) or byOX(L), where L is any hyperplane. We looked
explicitly at the transition functions for all these invertible sheaves.

We then began discussing maps to projective space. First, we saw that if there is a mor-
phism φ : X → PnA = Proj A[x0, . . . , xn] of A-schemes, then the invertible sheaf O(1) on
PnA, which is globally generated by the xi, pulls back to an invertible sheaf L := φ∗(O(1))



which is globally generated by the sections φ∗(xi). Conversely: if X is an A-scheme, and
L is an invertible sheaf globally generated by s0, . . . , sn, then there is a unique map of A-
schemes X → PnA such that φ∗(O(1)) = L and si = φ∗(xi) for each i. The point of the proof
is this: we can cover X by open sets Xi ⊂ X , where Xi the set on which si generates L; then
for each sj , we can interpret the symbol sj/si as a element of OX(Ui). [Indeed, on Xi, sj
can be written as rsi for a unique r ∈ OX(Ui), since si generates there, so we interpret sj/si
to be r.] Now, we get maps Xi → Spec A[x0

xi
, . . . , xn

xi
] determined by the A-algebra maps

A[x0
xi
, . . . , xn

xi
] → OX(Xi) sending xj/xi to sj/xi, which glue up to a map X → PnA. Read:

Hartshorne II §7.

Tuesday, March 19. Thanks to those who have turned in QUIZ 4. The rest of you should
do it now and get it to me ASAP. We continued discussing divisors, and the sheaves they
determine. Assume X is a normal integral Noetherian separated scheme, with function field
K. IfD is a Weil divisor, then the sheafOX(D) is the subsheaf ofK assigning to the open set
U the (element zero and the) elements f ∈ K∗ such that divU(f)+D|U ≥ 0. Note that on the
open set U = X \ SuppD, this agrees with OX . We saw that this is a sheaf of OX-modules
in general, and that ifD is the trivial divisor (empty divisor, or zero), thenOX(D) = OX . We
proved that if D is Cartier, the OX(D) is invertible. Indeed, if on some U , D|U = divU(f)
for some f ∈ K∗, then the sheaf OX(D)|U = 1

f
OU on U . Note: the local defining equations

for the divisor are reciprocals of local generators for the sheaf. Conversely, we showed every
invertible subsheaf of K is of the form OX(D) for some Cartier divisor D (and because X
is integral, every invertible sheaf is isomorphic to an invertible subsheaf of K). We saw that
under the correspondence between Cartier divisors and invertible subsheaves of K, the dual
of OX(D) is OX(−D), the tensor product OX(D1) and OX(D2) is OX(D1 + D2), and that
D1 and D2 are linearly equivalent (meaning D1 −D2 = divf for some f ∈ K∗) if and only
if the corresponding sheaves are isomorphic. Thus the group of Cartier divisors up to linear
equivalence is isomorphic to the Picard group of invertible sheaves up to isomorphism.

The sheaves OX(D) are not invertible if D is Weil but not Cartier. However, these corre-
spond one-to-one with the so-called reflexive subsheaves of K. (A sheaf F is reflexive if the
natural map F → F∗∗ is an isomorphism.) We will not pursue this point of view here, but
you may run into it in seminars or reading of modern papers in AG. READ: Hartshorne II
§6, and also start looking at §7.

Thursday, π-day. We introduced divisors. Fix a scheme X which is integral, Noetherian,
separated and regular in codimension one. [This last condition means that the stalk OX,P is
regular (hence a DVR) for every point P whose closure is a codimension one subscheme of
X . For example, for an affine scheme Spec A it means that AP is DVR for every height one
prime. This is automatically satisfied if X is normal.] We then defined a prime divisor as a
closed integral subscheme of codimension one, and a divisor (or Weil divisor) as an element
of the free abelian group Div X on the prime divisors. Each prime divisor Y gives rise to a
valuation νY of the function fieldK (by definition, the stalk ofOX at the generic point ofX),
namely, called “order of vanishing along Y , which is the valuation onK corresponding to the



DVROX,Y , the stalk at the generic point of Y . In an affine chart (containing the generic point
of Y ): Y corresponds to a height one prime P in SpecA = U ⊂ X , andOX,Y = AP , and the
value of f ∈ A is the highest power of the maximal ideal of AP containing f ; for elements
in K, we write them as fractions f/g of elements in A and use νY (f/g) = νY (f) − ν(g).
There is a natural group homomorphism K∗ → Div X sending f to

∑
νY (f)Y , where the

sum is taken over all prime divisors. (Be sure you see why it is a finite sum and a group
homomorphism!). This can be thought of as “the divisor of zeros and poles” just as in the
classical setting. The image is the subgroup of principle divisors, and the quotient group
is called the divisor class group Cl(X). For example, Cl(Spec k[x, y]) is trivial, since every
height one prime is principle. More generally, for a normal ring A, we have Cl(Spec A)
is trivial if and only if A is a UFD. (In fact, the class group was first introduced in number
theory, whereAwas a number ring and mathematicians wanted to understand when/if unique
factorization holds in A; it is usually called the ideal class group in this setting.) Another
example: for any field k, the “degree map” gives a natural isomorphism Cl(Pnk) ∼= Z.

One important point: ifX is normal, and U ⊂ X is open, then if f ∈ K is inOX(U) if and
only if for all prime divisors Y whose generic point is in U , we have νY (f) ≥ 0. This comes
down to the commutative algebra fact that a normal Noetherian domain is the intersection of
its localizations at height one primes. The intuition is precisely the same as in the classical
setting: a rational function should be regular if if has no poles on U .

A Cartier divisor on X is a special kind of (Weil) divisor which is “locally principle”. If D
is a divisor onX , we say it is locally principle (or Cartier) if there is an open cover ofX, {Ui}
and functions fi ∈ K such that D|Ui

= divfi on Ui. Note that since fi and fj determine the
same divisor on Ui ∩ Ui, the quotient fi/fj satisfies νY (fi/fj) = 0 for all Y whose generic
point is contained in Ui ∩ Uj . Equivalently, fi/fj ∈ O∗X(Ui ∩ Uj). Put differently, we can
think of a Cartier divisor as a global section of the sheaf K∗/O∗X , represented by (the class
of) fi on Ui. In fact, even if X does not satisfy our standing assumption that it is integral,
Noetherian, separated and regular in codimension one, we can (and Hartshorne does) define
a Cartier divisor as a global section of K∗/O∗X , where K∗ is the sheaf of total quotients on
X (meaning the sheaf associated to the presheaf which assigns to the open set U the ring
OX(U) localized at its multiplicative system of non-zero divisors. READ: Hartshorne §6 on
divisors; much of this is ‘the same’ as stuff we did in Math 631, so I will not lecture explicitly
on a lot of it. I seriously owe you a quiz. Please print out and write down the answers to
QUIZ 4 that I have on the webpage and turn it in next time.

Answer to Patricia’s question about an example of a non-normal ring which is regular in
codimension one: LetR = k[s4, s3t, st3, t4], which is a subring of the polynomial ring k[s, t].
It is not normal (check s2t2 is in the integral closure). However it is regular on the open set
Spec R \ m where m is the unique homogeneous max ideal (generated by s4, s3t, st3, t4).
Indeed, this set is covered by Spec R[1/s4] and Spec R[1/t4], both of which are regular
rings.



Tuesday March 12. We reviewed (quasi)coherent sheaves on projective schemes, focusing
especially on global generation. A sheaf F of OX-modules on a scheme X is globally gen-
erated if there exist a set of global sections of F whose images in every stalk generate FP as
an OX,P -module. For example, the structure sheaf is globally generated for any scheme: the
global section 1 ∈ OX(X) restricts to a generator of every stalk. Also, more or less by defi-
nition, every quasi-coherent sheaf on an affine scheme is globally generated. The projective
case is quite different. For example, the coherent sheaves OX(n) on PNA have no non-zero
global sections if n < 0, so these certainly can not be generated at each stalk by the (restric-
tion of) global sections! Let A be a (Noetherian) ring and let X be a projective scheme over
A, meaning that X = Proj S for some N-graded A-algebra S = A[x0, . . . , xN ]/I where the
xi are degree 1, or equivalently, that X is (isomorphic to) a closed subscheme of PNA . Recall
that a quasi-coherent sheaf on X corresponds to a (equivalence class of) finitely generated
graded S modules. Lemma: A quasicoherent sheaf F on X is globally generated if and
only if there is a corresponding module M generated by elements of degree ≤ 0. Using this,
we deduced a Theorem of Serre: for a coherent sheaf F on X , there exists a d such that
for all n ≥ d, the sheaf F ⊗ O(n) is globally generated. [Indeed, the point is that if M is
generated by elements of degree d1, . . . , dt, then M(n) is generated by elements of degrees
d1 − n, . . . , dt − n. So taking d = max di, we see M(n) is generated by elements of degree
≤ 0 for any n ≥ d. So the corresponding sheaf, F ⊗O(n) is globally generated. This means
that there is a surjective map

⊕
OX → F(n), or after “untwisting” by tensoring with the

locally free (hence flat) sheafO(−n), there is a surjective map
⊕

OX(−n)→ F . Using this
result, we sketched a program (using cohomology) to prove the following Theorem: If F is
a coherent sheaf on a projective variety X over a Noetherian ring A, then its global sections
Γ(X,F) are a finitely generated A-module. Hartshorne gives a different proof than the one
we outlined, but ours is more general and natural (and we’ll fill in the details soon as we
develop cohomology). Ours goes as follows: first, we reduced to the case X = PNA . We then
write F as a surjective image of a direct sum of O(n)’s, and let K be the kernel. The short
exact sequence of coherent sheaves on PNA leads to a long exact sequence of cohomology,

0→ H0(K)→ ⊕H0(O(n))→ H0(F)→ H1(K)→ ⊕H1(O(n))→ H1(F)→ H2(K)→ . . .

We can explicity compute the H i(PNA ,O(n)) for all i and all n (it turns out all are finitely
generated over A and most are zero, including for all i > N ), and use descending induction
on i to show that all H i(PNA ,F) are finitely generated A-modules. READ: Hartshorne §6
on divisors.

Thursday Feb 28. The main point of the lecture was the equivalence of categories between
quasi-coherent sheaves on Proj S, where S is finitely generated in degree one, and the Z-
graded S-modules up to equivalence (where two modules M and N are equivalent if there is
an integer T such that the submodules of M and N generated by the elements of degree at
least T are isomorphic] as graded S-modules). To prove it, we need the “Serre construction:”
Fix a quasi-coherent sheaf F on X = Proj S. Let Γ∗F be defined as ⊕n∈ZΓ(X,F ⊗OX

OX(n)). This is obviously an abelian group; it is easy to see also that is it a graded S-module:



the element s ∈ Sd can be viewed as a global section ofOX(d) and then it acts on (“multiplies
with”) a global section m of F ⊗OX(n) to give a section sm of F ⊗OX(n)⊗OX(d), which
we saw to be isomorphic toF⊗OX(n+d),which is the n+d-graded piece of Γ∗F . Theorem:
there is a natural isomorphism of sheaves Γ̃∗F → F . This allows us to reconstruct from any
quasicoherent sheaf F on Proj S some corresponding graded S-module which recovers F
under the ˜-construction. Of course, as we saw, there are many modules which determine the
same sheaf, but Γ∗F is the “biggest”.

A nice application is the following: if i : Y ↪→ PNA = Proj A[x0, . . . , xN ] is a closed
subscheme, then Y is isomorphic to Proj A[x0, . . . , xN ]/I for some homogeneous ideal I ⊂
A[x0, . . . , xN ] (again, the I here is not unique, but there is a natural largest such ideal defining
Y ). To see this, consider the surjectionOPN

A
→ i∗OY , and let IY be the corresponding kernel

sheaf of ideals. We showed that Γ∗IY ⊂ Γ∗OPN
A

= A[x0, . . . , xN ], so that Γ∗IY = I is an
ideal in A[x0, . . . , xN ], from which it is not hard to see that the surjection A[x0, . . . , xN ] →
A[x0, . . . , xN ]/I = S induces the closed embedding Y = Proj S ↪→ Proj A[x0, . . . , xN ] =
PnA. Of course, any ideal of A[x0, . . . , xN ] which agrees with I in large degree would work:
Serre’s construction produces the largest I which works, sometimes called the “saturated
ideal” of Y . Over the break, make sure you straighten out in your head what a quasicoherent
sheaf is, especially in the affine and the projective case. Also, make sure to relax a bit. I will
be here for office hours; you can also email to meet at other times.

Tuesday Feb 26. We first discussed the valuative criterion for properness and separatedness
a bit more, elaborating on Speyer’s lecture. Then we considered a neat idea it implies. Fix a
function field K over k. A model of K is a complete integral finite type scheme over k (eg,
a projective variety) whose function field is K. Fix any valuation ν of K/k—this means that
ν(λ) = 0 for all λ ∈ k, so that in particular, the valuation ring Rν contains k. Now for any
model X of K/k, its generic point Spec K is also the generic point of Spec Rν and we have
a diagram

Spec K → X
↓ ↓

Spec Rν → Spec k.

Since the right side arrow is a proper morphism (this is the definition of completeness of X),
the valuative criterion for properness ensures that there is a unique map from Spec Rν to X
making the diagram commute. The unique closed point of Spec Rν must map to some (not
necessarily closed) point in X; we think of this point as the “point on the model X chosen by
ν.” Indeed, since the valuation ring Rν only has one chain of prime ideals descending from
the closed point to the generic point, the image of each of these points of Spec Rν on the
model X is also such a chain: it will be a collection of nested points on X whose closures
form a chain of subvarieties of X . We looked at this explicitly in the case of three different
explicit valuations on C(s, t). We saw that the taking the model P2

C = Proj C[x, y, z] where
s = x/z and t = y/z, each of the three valuations we looked at was centered at (“chose”)
the point [0 : 0 : 1], but that after blowing up this point, the three valuations chose different



points on the blowup. The valuations we took were: first, the standard ”lowest degree”
valuation (where ν(s) = ν(t) = 1 and ν(

∑
λabs

atb is the minimum of the a + b appearing
with non-zero coefficient); second, the unique valuation taking ν(s) = 1 and ν(t) = π; and
third, ν(f) = order of f(u, eu − 1) in the power series ring k[[u]]. Try to work it out! See
Hartshorne II $ Exercise 4.12 for more.

We then continued with coherent sheaves. Fix an N-graded ring S, and letX = Proj S. We
observed that there is a functor from the category of Z-graded S-modules to quasi-coherent
sheaves on Proj S, sending M to the sheaf M̃ , whose values on D+(g) are [M [1/g]]0. [CAU-
TION: Morphisms in the category of graded S modules are always degree preserving! ]
We asked the question: is this an equivalence of categories, analogously with the affine case?
We then saw that the answer is NO by proving the following proposition: if M and N are
graded S modules and there exists an integer T such that the submodules M≥T and N≥T are
isomorphic as graded S-modules, then M̃ ∼= Ñ as sheaves on X . On the other hand, we
will soon see that this is the only problem, at least under mild hypothesis: we will be able
to construct a graded S module M from a given quasicoherent sheaf F on X such that M̃
recovers F . More next time. Read §5.

Tuesday and Thursday Feb 19 and 21. Professor David Speyer guest lectured on the
topic of separated and proper morphisms. This material is all in Hartshorne, II §4. Please
review it and make sure you understand the main concepts. For example, given a list of ten
morphisms (say, a closed embedding, a blowup, the natural map of a variety over k to Spec
k, the projection Proj A[x0, . . . , xn] → Spec A), could you say which are separated and/or
proper? Be sure you can, since I may test you on a a quiz to make sure!

Thursday Feb 14. First: apologies for the missed office hour. Your professor was having
a very bad day, as you surely noticed in lecture. We discussed material from §5 of Chapter
2 of Hartshorne—please read Hartshorne carefully! Some highlights: For a map of schemes
X → Y we saw that f∗ is a functor from OX modules to OY -modules. For schemes, we
should think of it as the “globalization” of the idea of restriction of scalars for modules. That
is, if M is a B-module and we have a map φ : A → B, we can view M as an A-module
via “restriction of scalars” (so a ∈ A acts on m ∈ M by a · m = φ(a)m.) We denote this
A module by AM . Viewing M as the quasicoherent sheaf M̃ on Spec B, the sheaf f∗M ,
where f is the induced map of spectra is also quasicoherent, namely, it is equal to ÃM . In
general, if F is quasicoherent and f : X → Y is a map of schemes, then f∗F is quasi-
coherent under very weak hypothesis which will nearly always hold in mainstream algebraic
geometry (see Prop 5.8), but not in general (as I mistakenly said and) as Roman correctly
pointed out. However, if F is coherent, there is no reason to expect f∗F to be coherent, even
in very nice circumstances: note OX is coherent on X = Spec k[t] but f∗OX is not coherent
on Spec k (where f is induced by k ⊂ k[t], since k[t] is not finitely generated as a k-module.

For a map of schemes f : X → Y , we discussed also the functor f ∗ which transforms a
sheaf of OY modules to a sheaf of OX-modules. Let F be an OY -module. Note that f−1F
is naturally a sheaf on X which is a sheaf of modules over the sheaf of rings f−1OY , but



not necessarily over the sheaf of rings OX . But because we have a natural map f−1OY →
OX (adjoint to the structure map OY → f∗OX), we can define f ∗F = OX ⊗f−1OY

F . I
have a long handout, available on my web page, which goes through the gory details of this
definition. If you are having trouble with sheaves, please take a look.

We then talked about how to associate a quasicoherent sheaf on Proj S to any Z-graded
S-module M . We denote it by M̃ , even though it is different from the corresponding con-
struction on Spectra. Its values on the basic open set D+(f) are

M̃(D+(f)) = [M [1/f ]]0,

the zeroth graded piece of the Z-graded S-module M [1/f ]. This is clearly a module over
[S[1/f ]]0. It is not hard to check that the sheaf M̃|(D+(f)) on the affine scheme D+(f) = Spec
[S[1/f ]]0 is the quasi-coherent sheaf associated to [M [1/f ]]0. We defined the twists of the
structure sheaf on Proj S as the sheaves associated to the graded S modules S(d). Here, for
any graded S module M , we can define another graded S-module, M(d), to be the same S-
module but with the grading shifted by d, so for any n, the n-graded piece [M(d)]n is Md+n.
We explicitly computed the sheaves S̃(d) on Proj S for any dwhere S = k[x, y] with the usual
grading. For example, we saw that S̃(d)(D+(x)) is the free rank one k[y/x] = OP1(D+(x))
generated by xd. Indeed, all of the S̃(d) are locally free rank one OP1-modules, but none of
them are free except d = 0. Indeed, we computed that the global sections of S̃(d) is Sd in this
case, the vector space of elements of degree exactly d. The sheaves S̃(d) are non-isomorphic
for different d. For positive d we saw indeed that the global sections consists of the elements
of S of degree d, which has basis xd, xd−1y, . . . , xyd−1, yd. So the spaces of global sections
have different dimensions over the OP1(P1) = k. READ Hartshorne’s section on sheafs of
modules. You are responsible for essentially all of it though not every detail will be discussed
in class. Also look at the supplementary write-up on the course webpage if you are needing
help filling in the details. NEXT WEEK I WILL NOT BE HERE. Guest lecturere David
Speyer will cover §4. No office hours. Please hold on to your homework and turn it in the
following Tuesday.

Tuesday Feb 12. We talked about sheaves of modules on a ringed space, including the
important special case of quasi-coherent sheaves on a scheme. A sheaf of modules on a
ringed space (X,OX) is a sheaf of abelian groups F such that for every open U , F(U) is
an OX(U)-module, compatibly with restriction. We looked at the example of the sheaf of
sections of a (say, smooth) vector bundle on a (smooth) manifold (which is a ringed space
with the sheaf of smooth functions C∞X ). We saw it has stalks which are free modules (of rank
the rank of the bundle) over the stalks of C∞X . An important example is the sheaf associated
to a module on an affine scheme: Let M be an A-module. The associated sheaf on Spec A,
denoted M̃ assigns to the basic open set D(g) the A[1/g]-module M [1/g] = M ⊗A A[1/g].
Its stalk at p is Mp = M ⊗A Ap. [We easily check this is a presheaf (Check!), but it can be
checked that M̃ is equal to its sheafification, so it is a sheaf.] Sheaves of this type locally
on a scheme are called quasi coherent. More precisely: a sheaf M of OX modules on a



scheme X is quasi coherent if there is a cover of X by open affine sets, Ui = Spec Ai, and
Ai modules Mi, such that M|Ui

= M̃i. It turns out (prove it!) that for every open affine

U , M|U = M̃(U). The category of quasicoherent sheaves on an affine scheme spec A is
equivalent to the category of A-modules. You should think of a quasicoherent sheaf as just a
“globalization” of the idea of an A-module. Examples of quasicoherent sheaves include the
OX , and the sections of a (algebraic) vector bundle. Quasicoherent sheaves are closed under
⊕, direct and inverse limits, kernels, cokernels, etc. In particular, if i : Y ⊂ X is a closed
embedding of schemes, then the kernel of the map OX → i∗OY is a sheaf of ideals, IY ,
called the ideal sheaf of the closed subscheme Y . It is obviously a sheaf of modules on X ,
and easily checked to be quasicoherent. A quasicoherent sheaf is coherent if the underlying
scheme is Noetherian and we can find a cover Ui such that the modules Mi are all finitely
generated. We will do more examples next time. READ: Hartshorne II, §5. Very important!

Thursday Feb 7. We did many examples of different uses of the product construction.
If X → B is a family of schemes over some base B and B′ is some other B-scheme, we
can “change base to B′”, meaning replace the family X → B by X ×B B′ → B′, where
here the morphism is the projection map of the fiber construction. For example, the scheme
Spec R[x, y, z]/(x3 + y3 + z3) (which is a scheme over R can be base changed to Spec
C[x, y, z]/(x3 + y3 + z3) (which is a scheme over C). Formally, Spec C[x, y, z]/(x3 + y3 +
z3) = Spec R[x, y, z]/(x3+y3+z3)×R Spec C. Another use is the fiber. Say f : X → Y is a
map of schemes and p ∈ Y is any point. Then we can view p as a Y -scheme via the canonical
map Spec k(p)→ Y where k(p) is the residue field of p. By definition, the scheme theoretic
fiber of f over p is the scheme X×Y Spec k(p). The “projection map” f−1(p) = X×Y Spec
k(p)→ X is easily seen to define a homeomorphism between this scheme theoretic fiber and
the actual set theoretic fiber of the morphism f over p (with the induced subspace topology
of course). This comes down to the commutative algebra exercise: if R → S is a map of
rings, then the fiber over p ∈ Spec R for the induced map of specs is homeomorphic to Spec
RP/PRP ⊗R S. We looked at examples of what different fibers look like. For example, the
map Proj Z[x, y, z]/(x3 +y3 + z3)→ Spec Z has closed fibers Proj Fp[x, y, z]/(x3 +y3 + z3)
and generic fiber (fiber over the zero ideal) Proj Q[x, y, z]/(x3 + y3 + z3). For properties
which are open in families (as many are, including smoothness, as we saw in 631 at least in
the classical setting), we will know that if there is any member in the family with this property,
then the generic member will have it, since the generic point is in every non-empty open set.
This leads to the idea of “reduction to characteristic p:” to study Proj Q[x, y, z]/(x3+y3+z3),
we instead study Proj Fp[x, y, z]/(x3 + y3 + z3) for a “typical” p. [For example, here, (3)
is not typical.] We also saw examples that showed that even if we are mainly interested
in varieties over C, say, often we have a natural family of them which included members
which are schemes, not varieties. For example, the family Spec C[t][x, y]/(ty − x2)→ Spec
C[t] has closed fibers Spec [x, y]/(λy − x2) which are all parabolas, except when λ = 0,
in which case it is the scheme Spec [x, y]/(x2), which we can easily interpret as a “double
line,” a limit of parabolas which is not a parabola or any kind of variety. Note here as well



that the generic fiber is Spec C(t)[x, y]/(ty − x2), which is just a parabola itself, over the
field L = C(t). Again, the “generic fiber” looks like the ”typical” closed fiber, since t is
just a non-zero element of the field L. READ Hartshorne II §5. We will start talking about
coherent sheaves. Section 4 (properness and separatedness) will be covered by guest lecturer
David Speyer Feb 19 and 21. You may want to start reading that section too.

Tuesday Feb 5. We took a vocabulary quiz. We will grade these together as a class next time.
We studied several examples. First we noted that a point p of a scheme Spec A corresponds
to a unique map of schemes Spec k(p)→ Spec A, where k(p) is the residue field Ap/pAp at
p and the map is the canonical one corresponding to A → Ap/pAp. If A is a k-algebra, we
say p is a k-point if the residue field is k; in this case p is a closed point of Spec A.

Next, a map of k-schemes Spec k[ε]/(ε2) → Spec A is essentially the same as a choice
of k-point p of Spec A together with a tangent vector at p. Indeed, this map of schemes is
the same as a map of k-algebras A → k[ε]/(ε2). If we let mp be the inverse image of the
unique point in k[ε]/(ε2), then it is clear that this map factors uniquely as A/m2

p → k[ε]/(ε2).

If we decompose the ring as a k-vector space k ⊕ εk, we see that the restriction to mp/m
2
p

has image in εk ∼= k, so it determines a tangent vector in Homk(mp/m
2
p, k). Conversely,

given a k-point p and a tangent vector α : Homk(mp/m
2
p, k), we can build a k-algebra map

A→ k[ε]/(ε2), which sends f to f(p) + α(f − f(p))ε. (CHECK THIS IS A RING MAP!).
For a closed point m ∈ Spec A, we talked about how the closed subschemes Spec A/mn

form a sequence of closed subschemes Spec A/m ⊂ Spec A/m2 ⊂ Spec A/m3 ⊂ . . . of
Spec A. Each is just the point m as a topological space, but with “extra information”—
more and more as n increases. For example if A = k[x, y] and m = (x, y), then the map
A → A/(x, y)2 sends f to f(0, 0) + ∂f

∂x |(0,0)x + ∂f
∂y |(0,0)

y. Thus the scheme Spec A/(x, y)2

retains the information of the value of a function at the point (0, 0) together with the value
of the first derivative with respect to x and y. the scheme Spec A/(x, y)3 contains more: the
values of the second derivatives, so it is a ”bigger” scheme. Taking the direct limit lim A/mn

amounts to taking the inverse limit of the corresponding rings: so the limit is Spec Â, the
completion ofA atm. This is not a subscheme of SpecA, though there is a natural (dominant)
map Spec Â → A. This is sometimes called an “analytic neighborhood” of the point m: it
retains the information of all the partials, in other words, of the power series representation
for functions at the point m. We saw that this can be thought as an ”neighborhood” which is
smaller than any Zariski open neighborhood of m. For example, we saw that for m = (x, y)
in Spec k[x, y], the function y2 − x2 − x3 never factors as the product of two functions in
any Zariski open neighborhood of (x, y). But pulling back to Spec k[[x, y]] it does factor
[CHECK THIS!].

We then talked about products in the category of S-schemes. The product of S-schemesX
and Y is an S-scheme X ×S Y together with S-scheme maps X ×S Y → X and X ×S Y →
X satisfying the following universal property: if W is some S scheme which also maps
to Y and X , then there is a unique map W → X ×S Y of S-schemes commuting with
everything. Products exist in the category of S-schemes, which is proved by dealing first



with the affine case, then glueing. Details are in Hartshorne. In the affine case, if R and T are
two A-algebras, then the product of Spec A-schemes, Spec R×A Spec T is Spec (R ⊗A T ).
We looked at several examples including the idea of ”base change.” For example, the R-
scheme Spec R[x, y]/(x2+y2) can be “base changed” to a scheme over C by Spec C×R Spec
R[x, y]/(x2+y2) = Spec C[x, y]/(x2+y2). This example is interesting because it shows that
the product of two irreducible schemes over an irreducible scheme need not be irreducible.
Another cool application is for completing fibers. For example the product of the two Spec
k[t] schemes Spec k[t]/(t− λ)→ Spec k[t] (a k point) and Spec k[t][x, y]/(xy − t)→ Spec
k[t] ( a family of hyperbolas) is the fiber of the family over the point. [Check!] In general,
we can think of fibers this way—more on this next time. READ Hartshorne, all of II §3, and
start looking at §5. Skip §4 for now; that will be covered by David Speyer when he guest
lectures in two weeks.

Thursday January 31. We finished up discussing Proj of a graded ring. The main point is
that Prof S is a (not usually affine) scheme which has a cover by affine schemes D+(f) ∼=
Spec [S[1/f ]]0. The scheme Proj S depends on the grading of S, not just the abstract ring
structure. For example, if we let S = k[x, y, z] with the usual grading by degree (so x, y and
z all have degree one), then the scheme Proj S, which we denote P2

k, is a regular scheme,
meaning all its local rings are regular. However, if we let T = k[x, y, z] be the graded
ring where x had degree 2 and y, z are degree one, then the affine patch D+(x) = Spec
k[y2/x, yz/x, z2/x] = k[A,B,C]/(AC − B2), which is not isomorphic to any open set of
P2. For Tuesday, please learn all the vocabulary words from §3 of Hartshorne (up to and
including the dimension of a scheme.). We will have a quiz on that vocabulary (irreducible,
reduced, connected, integral, finite, finite type, Noetherian, dimension, etc).

Tuesday January 29. We proved that the category of (commutative) rings (with 1) is
anti-equivalent to the category of affine schemes. We already studied the functor last time
sending R to the locally ringed space (SpecR, R̃). In the other direction, we can assign the
affine scheme (X,OX) to the ring OX(X). We need to check that these functors define an
equivalence of categories. The part we haven’t already explicitly checked is the following: If
f : (X,OX)→ (Y,OY ) is a map of locally ringed spaces both of which are affine schemes,
then the induced map of rings φ : A = OY (Y ) → f∗OX(Y ) = B induces precisely f
when we take the associated scheme map. in other words, we need to check that for all P ∈
Spec B, φ−1(P ) = f(P ). We checked this reasonably carefully in class—it is crucial that the
morphism on stalks Af(P ) → BP is a local map of local rings. Using this, we saw that also
Aφ−1(P ) satisfies the universal properties to make Af(P ) = Aφ−1(P ). So also f(P ) = φ−1(P ).
See Hartshorne for details. The point is: an affine scheme is “essentially the same” as a
ring: it is completely determined by the ring of its global sections. Likewise, a map of affine
schemes is “essentially the same” as a map of rings, namely, the map on global sections. This
all is essentially contained in Prop 2.3 of §2 of Chappter II of Hartshorne.

We then took QUIZ 2. After that, we introduced an important example of a non-affine
scheme: the proj construction. This is also in Hartshorne II §2. For any N-graded ring S,



we defined the scheme Proj S. As a set, it is the set of homogeneous prime ideals in Spec
S not containing the irrevelent ideal S+ generated by all elements of positive degree. As
a topological space, it is simply the induced Zariski topology on the subset Proj S of Spec
S \ V (S+). Each closed set is V(I) = {P ∈ Proj S |P ⊃ I} where I is a homogeneous
ideal. A basis is D+(f) = {P ∈ Proj S | f /∈ P} for f homogenous. The value of the
structure sheaf S̃ on the basic open set D+(f) is the zeroth graded piece of the Z-graded
ring S[1/f ]. That is, S̃(D+(f)) = {s/f t | s ∈ Std where d = deg f.} [CHECK THIS IS A
RING!]. We saw that if S = k[x, y] this recovers P1 (plus a “generic point” corresponding to
the zero prime ideal) and the “usual” sheaf of regular functions on P1. We will continue with
this next time. READ: Finish up Hartshorne II §2 and read §3 up to page p 87. Please learn
the vocabulary of §3: I will expect you to know it and quiz you on it next Tuesday, but will
not cover all of it in lecture.

Thursday January 24. We defined the structure sheaf OX (also denoted R̃) on the topo-
logical space X = Spec R. By definition, on U ⊂ X , it is the inverse limit (where maps
are given by localization) OX(U) = proj limD(g)⊂U R[1/g]. To see that this makes sense:
note that if D(g) ⊂ D(h), then there exists an n ∈ N and f ∈ R such that gn = hf , so
that there is a localization map R[1/h] → R[1/h][1/g] = R[1/g]. This is easily seen to be a
presheaf, and in fact, it is not much harder to check that it satisfies the sheaf axiom (see Sha-
farevich). This is the structure sheaf on Spec R. It is easy to see (do it!) that OX(X) = R,
OX(D(g)) = R[1/g], and also OX,P = RP for all P ∈ Spec R. Hartshorne gives a differ-
ent way to construct this same sheaf which we also discussed (see II §2). We observed that
(X,OX) is a locally ringed space, meaning all the stalks OX,P are local rings. In general, if
f : (Y,OY ) → (Z,OZ) is a morphism of ringed spaces, there is a naturally induced map of
stalks OZ,f(P ) → OY,P for all P ∈ Y . [CHECK this!]. If the spaces are locally ringed and
this induced stalk map is a local map of local rings for all P ∈ Y , then we say the map is a
map of locally ringed spaces. If φ : R→ S is a ring map, then there is an induced map of lo-
cally ringed spaces (SpecS, S̃)→ (SpecR, R̃). We have already seen how a map is induced
(contravariantly) on Spec—namely P ∈ Spec S is sent to φ−1(P ) ∈ Spec R. The sheaf map
R̃ → f∗S̃ is defined on a basis D(g) ⊂ Spec R by R̃(D(g)) → S̃(f−1(D(g)) as the natural
map φ : R[1/g] → S[1/φ(g)] obtained from φ. We then looked at a couple of examples:
first, if R is the coordinate ring of an affine variety V , we saw that there is an continuous map
V ↪→ Spec R which we can interpret as the embedding on the closed points of Spec R into
Spec R. The direct image of the sheaf of regular functions OV on V (in the 631 sense) is
the structure sheaf R̃ of Spec R [Check this!!]. Proposition 2.6 in Hartshorne formalizes this
idea; please read it! Keep READING the sections assigned last time, and start working on
§3 of Hartshorne as well. EXPECT A QUIZ NEXT TIME ON SOME IDEA FROM THIS
LECTURE.

Tuesday January 22. We discussed concepts from Hartshorne II §1 including, morphism
of presheaves and sheafification, proving some of the things claimed last time. We also
discussed direct and inverse image sheaves. This completes the classroom discussion of



Hartshorne II §2.1, so please read and understand it! We defined a ringed space, and a
morphism of ringed spaces, concepts from the next section. We also discussed that given
a sheaf F of (say) abelian groups on X , we can construct the sections over any open U if
we know the sections on a basis. Indeed, we can define F(U) as the inverse limit, over
all F(Ui)), where the Ui are all basis open sets contained in U and the maps are given by
restriction. If we know a priori that F is a sheaf, then this will in fact uniquely define the
sections of F over U . We saw that if X is a affine variety and OX is the structure sheaf, then
we can interpret OX(U) for any open set this way, where we use the basis D(g). Indeed,
since all the OX(D(g)) are subrings of the function field k(X), and all the restriction maps
are inclusions, the inverse limit is the intersection: OX(U) =

⋂
D(g)⊂U OX(D(g)). Exercise:

Check directly from the 631 definition of regular function that this true. We will ultimately
define the structure sheaf of rings on Spec R in exactly this way. Stay tuned for next time.
Read: Hartshorne II §1.1 and §1.2 through p 75, and Shafarevich I §2 Sheaves (all four
subsections) and §3.1.

Thursday January 17. We discussed the notions of direct and inverse limits in any category.
Suppose we have a collection of objects {Ai}i∈I indexed by some poset I . A direct limit
system is a commutative diagram of maps between these objects: Ai → Aj whenever i ≤ j
in the poset. A inverse limit system is the same but with the arrows reversed: a commutative
diagram of maps with Ai ← Aj whenever i ≤ j in the poset. We will assume the indexing
poset is directed which means that for any two i, j ∈ I , there exists k ∈ I such that i, j ≤ k.
In terms of the direct limit system of objects, it means that any two objects Ai and Aj always
admit a map to a third Ak, and for an inverse limit system, it means that for any two objects
Ai and Aj , there is always a third Ak mapping to each. Now, the direct limit of the direct
limit system {Ai}i∈I (if it exists) is an object A, denoted limAi, to which all the Ai map
functorially and which is universal with respect to this property—meaning that if all the Ai
also map to some object B, then there is a unique map A → B. The inverse limit of the
inverse limit system (if it exists) is an objectA, denoted proj limAi, from which there is a map
to every Ai map functorially and which is universal with respect to this property—meaning
that if someB also maps to all theAi, then there is a unique mapB → A. Both types of limits
are unique up to unique isomorphism when the exist. [Prove it!]. Direct limits generalize
unions and inverse limits generalize intersections in the following sense: if the limit systems
consist of objects Ai which are all subobjects of some fixed object, and the maps are all
inclusion maps, then limAi =

⋃
i∈I Ai and proj limAi =

⋂
i∈I Ai. [CHECK THIS!] Direct

and inverse limits exists in the categories of rings, abelian groups, vector spaces over a fixed
field, modules over a fixed ring, and sheaves of any of these categories on a fixed topological
space (among others). In all of these, one shows that the direct limit is tAi/ ≡ where two
elements ai and aj are equivalent if they eventually map to the same element in some Ak.
Likewise, the inverse limit is the subobject of the cartesian product Πi∈IAi of elements (ai)
in which the entries satisfy whenever i ≤ j, we have aj is mapping to ai. [CHECK THESE
REALLY SATISFY THE DEFINITION!]. However, they do not exist in every category: we
gave examples in class of direct and inverse limits of finitely generated k algebras in which



the direct (resp inverse) limit is not finite. An important example is the stalk of a sheaf F on
X at p, which is the direct limit of the limit system of F(U) where the U range over all open
sets containing p and the maps are restriction. We know that for every U containing p, there
is a natural map F(U)→ Fp (which exist by the definition of direct limit if you like) sending
a section s to the equivalence class it represents in the limit, which we call its germ at p.

We defined a skyscaper sheaf at p ∈ X with fiber k as the sheaf that takes the value k on
an open set containing p and 0 on any U not containing p. Let’s denote it by k(p). Its stalks
are zero at all points except q in the closure of the point p, where the stalk is k.

We defined a morphism of presheaves (say, of abelian groups) φ : F → G on X as a
collection of group maps F(U) → G(U) which commute with the restriction maps. We
observed that given a morphism of presheaves, there is an induced map of stalks for all pinX
φ : Fp → Gp. [Make sure you can prove this using the definition and universal property.] We
defined a map of sheaves to be surjective (respectively injective) if the induced map of stalks
is surjective (respectively injective) at every point. This makes sense: since sheaves should
be completely determined by local data in a neighborhood of each point, so indeed should
maps between them. We will not talk about surjective/injective maps of presheaves, though
Hartshorne does give a definition for them which is different from ours, but equivalent for
sheaves. Indeed, in the assigned exercises, you will prove that his definition is equivalent
to ours. We stated a proposition: If F → G is an injective map of sheaves, then for every
open set U , the map F(U) → G(U) is injective. The analogous statement for surjective
maps is FALSE!. Here is a counterexample: Let F be sheaf of locally constant k-valued
functions on a topological space and let G be the k(P ) ⊕ k(Q). There is an “evaluation map”
F → G sending f → (f(P ), f(Q)). This is a surjective map of sheaves. However, the map
on sections F(U)→ G(U) is not surjective if U is a connected set containing both P and Q.
[CHECK THIS!]. Note: at the end of class, I gave a similar map with F being all continuous
functions onX—this map is surjective on every U . READ: Hartshorne Chapter 2 §1. Expect
a quiz. Do the problems on the sheet.

Tuesday January 15. We took a quiz. We proved carefully that the sets D(f) form a basis
for the Zariski topology on SpecR. We then started talking about ringed spaces, with the goal
in mind that Spec R is actually a ringed space not just a topological space, and in general, a
scheme will be a ringed space which locally looks like Spec R. Like any sheaf of rings, the
sections are determined by their values on a basis (by the ”sheaf axiom”) so we will rarely
need to think about the values of this sheaf other than on the basis D(f). For the record, we
state up front right now that if OX is the sheaf of rings on the scheme X = Spec R, then the
sections OX(D(f)) = R[ 1

f
] for all f . In particular, the global sections are R. This is the

same as what happens for varieties with their sheaf of regular functions.
A ringed space is a topological space together with a sheaf of rings on it. We formally

defined a presheaf (of rings) as a contravariant functor from the category of open sets of X to
rings—meaning an assignment to each open set U some ring F(U) (the “sections of F over
U”) and to each inclusion of open sets U ⊂ V some ring homomorphism F(V ) → F(U)
(“restriction map”), which respects compositions U ⊂ V ⊂ W . If the sheaf axiom is



satisfied—meaning if sections are determined by their local properties— then the presheaf is
a sheaf. More precisely, the sheaf axiom says if U =

⋃
i∈I Ui and si ∈ F(Ui) such that for

all pairs of indices si and sj map to the same element of F(Ui ∩ Uj), then there is a unique
section s ∈ F(U) which restricts to the si on Ui. Examples of sheaves include the sheaf
of regular functions on a variety, the sheaf of smooth functions on a complex manifold, the
sheaf of continuous R-valued functions on a topological space, the sheaf of analytic functions
on Cn. The presheaf of constant function on a topological space is not a sheaf in general:
if U and V are disjoint open sets, a constant function λ on U and a constant function λ′

on V do not determine any constant function on U ∪ V . They do however, define a locally
constant function on U ∪ V . The locally constant functions on X do form a sheaf—it is the
sheafification of the presheaf of constant functions. Every presheaf has a uniquely associated
sheaf, called its sheafification, in a similar way, which is of course the sheaf itself if the
presheaf happened to be a sheaf to start. The presheaf and its sheafification have the same
stalks.

The stalk of a sheaf F at a point p ∈ X is the direct limit

lim
p∈U
OX(U)

where the directed system of rings here is indexed by the directed set of open sets of X
containing p with the maps in the limit system being the usual restriction maps. For example,
the stalk of the structure sheaf of a variety at p gives us the usual local ring of X at p.
Likewise, the stalk of the sheaf of analytic functions on C at the origin gives us the ring of
convergent power series. PLEASE REVIEW DIRECT AND INDIRECT limits if this is
fuzzy for you! READ: Hartshorne: Chapter 2, Section 1.

Thursday January 10. We discussed the category of affine schemes in analogy with affine
varieties. Just as an affine variety is certain set V with a uniquely associated ring (its co-
ordinate ring k[V ]) to which it is (categorically anti-) equivalent, and affine scheme will
essentially “be the same as” a (commutative) ring R (with 1). Recall that If R is any ring,6

the affine scheme Spec R as a set is simply the set of prime ideals of R. The set Spec R has a
natural topology, the Zariski topology whose closed sets consist of the prime ideals contain-
ing a fixed set (or the ideal it generates). The set of maximal ideals is denoted maxSpec R:
these are exactly the points which are closed in the Zariski topology. A ring map φ : R→ S
induces a continuous map Spec S → Spec R sending P to φ−1(P ). [Be sure to check this!].
Note that closed points need not map to closed points under this map in general— although,
as we know from the correspondence given by Hilbert’s Nullstellensatz, closed points are
sent to closed points if both R and S are coordinate rings of affine algebraic varieties—this
is the reason for enlarging are set of “points” to include non-maximal prime ideals. Some
important special cases: a surjection φ : R→ S gives rise to a closed embedding Spec S →
Spec R identifying Spec S with the closed set V(kerφ). A localization R → R[U−1] cor-
responds to the inclusion of a subset of Spec R—namely the subset of prime ideals disjoint

6In this course, “ring” means commutative ring with unit.



from U . For example, if U consists of the powers of some element f ∈ R, then SpecR[ 1
f
]

is identified with the set of prime ideals which do not contain f , that is, the open set Spec
R \ V(f), which we denote D(f). These sets D(f) form a basis for the Zariski topology
on Spec R, as you should check. Finally, the residue field of a point P ∈ Spec R is the
field RP/PRP . The natural map R → RP/PRP induces a natural map of schemes Spec
RP/PRP → Spec R which should be viewed as the inclusion of the point P in Spec R.
This association of a ring R to a topology space Spec R and a map of rings to continuous
map is easily checked to be a (contravariant) functor from the category of rings to the cate-
gory of topological spaces. However, an affine scheme is not “just” a topological space: the
original ring R is an important part of the data of a scheme. The one-point schemes Spec
C and Spec Z/4Z are radically different schemes! Indeed, the category of affine schemes is
anti-equivalent to the category of commutative rings. Read Shaf Vol 2, first three sections.
Expect a quiz next time.


