
Math 732 Daily/Weekly Update Winter 2019

This Daily Update will be written as soon as possible after I finish teaching at 3. On many days, that could mean after kids go to bed. It is basically a log of what we

did, for example, by listing the relevant page numbers in the notes, but will also will correct errors and make clarifications, and provide announcements.

Monday April 15: We discussed log canonical threshold, and proved it is a positive rational number. Pages
117-120 in the notes. Thank you for filling out the course evaluations!

Friday April 12: I discussed log resolutions and did several examples in detail. This corresponds to pages 113
to 117 in the notes.

Wednesday April 10: Alapan told us about local cohomology.

Monday April 8: Zhi Jiang proved that toric varieties are Frobeniius split and Globally F-regular.

Friday April 5: Attilio talked about mixed characteristic, mentioning a ”mixed characteristic Kunz’s Theorem.”

Monday April 1 and Wednesday April 3: Devlin Mallory introduced (global/local) F-regularity for pairs,
and defined log-Fano. Next he will prove of Theorem of Schwede and Smith that a globally F-regular variety is log
Fano.

Friday March 29: We finished the proof of Fedder’s Criterion.

Monday March 25 and Wednesday March 27: Will Dana lectured on ”F-regularity of Cluster Algebras”

Friday March 22: Shubhodip Mondal lectured on ”Frobenius Splitting for Abelian Varieties”

Monday/Wednesday March 18/20: We discussed Fedder’s Criterion for Frobenius splitting of a ring R
which is a homomorphic image of a regular local F-finite ring (S,m). We deduced several interesting corollaries,
for example, about elliptic curves.

• Friday March 22: Shubhodip Mondal will lecture on ”Frobenius Splitting for Abelian Varieties”
• Monday March 25:
• Wednesday March 27: Devlin Mallory will talk about ”Cartier Algebras”

All students are expected to attend (as usual). In addition, I am asking for a one-paragraph (or more, if you like)
synopsis of what was covered, and anything else you’d like to add about the talk.

Friday March 15: We proved that a projective variety is Frobenius split if and only if the induced map
HdimX(X,ωX)→ HdimX(X,F∗OX⊗ωX) is injective. This shows, for example, that an elliptic curve is Frobenius
split if and only if it is ordinary. We also discussed a local version due to Hochster and Roberts, and sketched how
this local version implies the statement for projective varieties by looking at the cone over the projective variety
with respect to (any) ample invertible sheaf. We did not go through the proof of this Hochster Roberts statement,
because to do it carefully would require a digression about injective modules, but it is carefully written down in the
notes and ought to be especially accessible to anyone who’s taken Jack’s course on local cohomology or read Mel’s

1



notes on the subject (in Chapter IV, Section 3). I will not assume everyone has read and absorbed all that material
in IV, §3, but it is there for completeness.

Wednesday March 13: We discussed section rings and proved that any section ring of a globally Frobenius
split (or F-regular) projective variety is Frobenius split (or F-regular). In the notes, this completes Chapter 3, that
is, through page 90.

Will Dana will talk about F-regularity of locally acyclic cluster algebras on March 25. I am also looking for
volunteers for March 22 and March 27.

Monday March 11: We reviewed the projective scheme ProjS associated to a graded ring S, and proved that
if S is Frobenius split, then so is Proj S. This shows that there are projective varieties that are globally Frobenius
split, including Pn and quotients of it by finite groups (as long as p does not divide |G|). A key point was that the
sheaf F∗OX corresponds to the graded module [F∗S]Z = F∗S

(p), which is the integral part of the 1
p
N-graded part of

F∗S. Next time, we’ll prove the converse for section rings of ample invertible sheaves.
Will Dana will talk about F-regularity of locally acyclic cluster algebras on March 22. I am also looking for

volunteers for March 15 and March 27.

Wednesday Feb 27 and Friday March 1: We reviewed divisors, invertible sheaves, linear equivalence,
sections of line bundles, etc. We then defined globally F-regular in several equivalent ways, and proved some basic
properties and vanishing theorems. This put us through page 77 in the notes. Typos, remarks, etc welcome! Have a
good break, and thank you for your notebooks and talk proposals.

Monday Feb 25: We proved several vanishing theorems for cohomology of invertible sheaves on Frobenius
split varieties. Basically pages 65-68 in the notes. I also posted some Worksheets on Macaulay 2, if you would like
to play around and learn some computing for algebra instead of giving a talk. It is not necessary to do exactly those
worksheets; you can use one (or both) of them to get started on things of interest to yourself if you like.

Friday Feb 22: We proved that a Noetherian F-regular ring is normal and Cohen-Macaulay. One week from
today, if you haven’t yet today me your plan for your talk, please let me know then.

Wednesday Feb 20: Kannanpan completed his introduction to CMness by proving the Auslander Buchsbaum
formula (which says that, over a local ring R, a finitely generated module M of finite projective dimension satisfies
projdim(M) + depth(M) = depthR). He concluded with the fact that a local ring R finite over a regular local
ring A is Cohen-Macaulay if and only if R is free over A.

Monday Feb 18: Kannanpan gave a lecture in which he defined the dimension and depth of modules (finitely
generated over a local Noetherian ring), proving that the depth can be defined as the length of the longest regular
sequence on M . He will finish up next time, defining Cohen-Macaulayness.

Wednesday and Friday Feb 13 and 15: We proved all the main basic results about F-regularity: that F-
regular implies Frobenius split (hence reduced), that R is F-regular if and only if RP is F-regular for all P ∈ Spec
R (equivalently, maxSpec R), that (R,m) is F-regular of and only if R̂ is F-regular, and that the F-regular locus
is OPEN. The latter two results depended on a important theorem (the existence of “test elements”) saying that
to check F-regularity, we can check eventual Frobenius splitting for one carefully chosen c. This ”test element”



theorem depends on an important corollary of Kunz’s theorem: the regular locus of an F-finite ring is open. In
general, the regular locus of a Noetherian ring need not be open.

Next class period, Kannanpan will do a review of Cohen-Macaulayness in preparation for the next step: F-regular
rings are normal and Cohen-Macaulay.

Monday Feb 11: We proved some basic properties of Frobenius splitting, discussed several examples, and
introduced the definition of a strong form of Frobenius splitting called F-regularity. Basically, through page 51 in
the notes.

Friday Feb 8: Zhan Jiang finished up the proof of Kunz’s theorem. An interesting statement (due to Bhatt-
Sholze) that he proved: the perfection of any complete local ring of characteristic p has finite Tor dimension. In
some ways, even if we start with a singular ring, by passing to the perfection, the ring become ”smooth” from a
homological point of view. (This is the notes, pages 40-42). See also these notes of Rankeya Datta.

We then had a few minutes to start on Frobenius Splitting. I defined Frobenius split rings, and proved regu-
lar local F-finite rings are Frobenius split. We then defined Frobenius split schemes, and locally Frobenius split
schemes. This is pages 43-45 in the notes.

I posted a worksheet on Hilbert-Kunz Multiplicity for you to try.

Wednesday Feb 6: Zhan Jiang lectured on a different proof of Kunz’s theorem using a result about perfect rings
of Bhatt and Scholze. He was following these notes of Rankeya Datta.

Monday Feb 4: We proved Kunz’s Theorem, giving Kunz’s original argument which uses Lech Independence.
Next time, Zhan Jiang will explain a recent proof of Bhatt and Scholze which uses the perfection of a ring. I have
posted a worksheet on Hilbert-Kunz multiplicity, which you should try with some other students in the class. It
is supposed to be straightforward and fun, and get you to think about this singularity invariant as compared to the
usual multiplicity. Please try it! You can turn in your work when you turn in your Notebook for the class March 1.

Friday Feb 1: We started discussing Kunz’s theorem stating that a Noetherian ring of prime characteristic is
regular if and only if its Frobenius is flat. We reviewed completion, both some basic properties (from 614) and the
Cohen Structure theorem, which says that any complete local ring containing a field is a quotient of a power series
ring. We then used this facts to reduce the proof of Kunz’s theorem to the complete local case.

Monday January 28: Friday David Speyer subbed and proved one direction of Serre’s theorem. Today, I
finished it. So we have now proved carefully that a local Noetherian ring is regular if and only if its residue field
has finite projective dimension. Moreover, in this case, its projective dimension is equal to the dimension of R and
every R-module has projective dimension at most the dimension of R. At the end, we looked at a few examples to
see geometrically what completion looks like. Basically, pages 29-33 in the notes.

Wednesday January 23: We proved that a regular local ring is always a domain. We then stated Serre’s
theorem, and proved the important consequence that a localization of a regular local ring is regular. We the reviewed
projective modules and resolutions, and carefully defined a minimal projective resolution. We proved a result that
allows us to use Tor to detect the projective dimension of a finitely generated module over a local ring. This was
basically Proposition 2.10 (note also 2.11) from page 18, and then pages 23-27 in the notes. The notes contain some

https://rankeya.people.uic.edu/Kunz's%20theorem%20perfect%20rings.pdf
https://rankeya.people.uic.edu/Kunz's%20theorem%20perfect%20rings.pdf


basic results relating projective, free and flat modules whose proofs (mostly using Nakayama’s Lemma) we did not
do in class. Next time, David Speyer will sub.

Friday January 16: We showed that the local ring of a point on a variety (over an algebraically closed field) is
regular if and only if the point is a smooth point. Along the way, we reviewed the Jacobian criterion for smoothness,
and saw that the classical ”closest approximating linear space to V at p can be naturally identified with the dual
of mp/m

2
p, the Zariski tangent space. We also defined the derivations at p and saw that there is a canonical

isomorphism between Derp(OV,p, K) and the Zariski tangent space HomK(mp/m
2
p, K). This brings us through

page 22 in the notes. Next time we will begin talking about homological characterizations of regularity. If you are
rusty on the terms flat and projective, please read section 2.4.1 (page 24) in the notes; I will not go through these
proofs in class but you should be comfortable with them.

Wednesday January 16: We defined F-finite and then proved a formula for the minimal number
of generators for F∗R when R is F-finte local ring. We discussed the following topics: Krull di-
mension, system of parameters, Zariski tangent/cotangent spaces, embedding dimension, regular
local ring. We proved systems of parameters always exist using the Prime Avoidance Lemma,
and the dimension of a local ring is at most the embedding dimension (equality holds if and only
R is regular, by definition). This is statement analogous to the fact that in classical algebraic
geometry, the tangent space at any point has dimension at least the dimension of the variety at
that point, with equality if and only if the point is a smooth point.

Monday January 14: We discussed the functor F∗ on R-modules, and proved it commutes with
localization and is exact. The exactness is trivial: F∗ doesn’t change the underlying abelian
group at all, only the R-module action. We reviewed Nakayama’s lemma and showed how
to use it to give a formula for the minimal number of generators of F∗R. This was all done
first in excruciating detail for the ring F2[x, y]/(x

3 − y2) = R. We saw that F∗R is minimally
generated by F∗1, F∗x, F∗y, F∗xy as an R-module, even though it has rank 2 generically. In
the notes, we are now done with §1, so through page 15. The notes have some exercises, if
you would like to start working some out in your notebook. I am also very interested in your
feedback/questions/comments/corrections in the notes!

Friday January 11: We defined the Frobenius carefully for any scheme of characteristic p.
We showed the Frobenius on rings is injective if and only if the ring is reduced. We reviewed
the definition of flatness (for modules, ring maps, scheme maps) and started looking at what
”Frobenius is flat” means. We defined the notation F ∗ R and proved that for R = Fp[x], the R
module F∗R is free of rank p on the basis {1, x, . . . , xp−1}. This is roughly through page 11 of
the notes.



Wednesday January 9: I gave a lecture defining Frobenius and overviewing some of its appli-
cations. This roughly corresponded to what is called Chapter 1 in the Notes. The last paragraph
of the Chapter 1 discusses what is meant (by me) precisely by a “local property” of a point on a
scheme. Please read this over so that we are all on the same page.

For Homework: If you are actually enrolled in Math 732 (and think there’s a good chance
you will stay), please send me an note (on paper or email) introducing yourself a bit (eg what
you are studying, or if relevant who is your advisor or potential advisors, where you think you
fit in regarding prereqs, what you hope to get out of the course, whatever you want me to know
or don;t mind sharing! ) Also, please self-assess your familiarity with the following concepts on
a scale of 1 to 10 (1 being ”never even heard of it” and 10 being ”can definitely state/prove, give
examples, and explain the importance of”). Please be free to be honest, and to elaborate as you
see fit.

(1) An irreducible scheme of finite type over a field k.
(2) A system of parameters for a local ring.
(3) Log resolution of singularities.
(4) Tor and Ext
(5) Derived functor/category
(6) The canonical sheaf ωX on a normal variety
(7) The cohomology H i(X,L) of an invertible sheaf on a scheme X .


