
Algebra 2: Harjoitukset 11. Due Decemeber 7

A. Let G be a finite abelian group.

(1) Suppose g ∈ G has order m. Show that if gn = id for some positive n, then m divides n.
(2) Suppose that g1, g2 ∈ G have orders n1 and n2 respectively, where n1 and n1 have no common factors.

Show that the order of g1g2 is n1n2.
(3) Let n1 and n2 be arbitrary positive integers, and let d be their greatest common divisor and n their

least common multiple. Show that n1n2 = dn.1

(4) Suppose n1 and n2 are orders of two elements in G. Show that there is an element in G of order n,
where n is the least common multiple n1 and n2.

(5) Let m be the maximal order as we range over all elements of G. Show that the order of every element
of G divides m.

B. Let L/K be a finite normal extension of fields containing Q. Let F and G be the sets of intermediate fields
and subgroups of the Galois group G = Gal(L/K), respectively, and recall that G acts on both F and G.

(1) Show that if H ∈ G and F ∈ F correspond under the Galois correspondence, then H ⊂ Stab(F ), the
stabilizer subgroup of F ∈ F .

(2) Show that equality never holds in (1) if H is a proper non-trivial normal subgroup.

(3) For the field extension Q ⊂ L where L is the splitting field of x3−2, let F = Q( 3
√

2). Find the stabilizer
subgroup of F for the Galois action on F .

C. Let F be a finite field of characteristic p. Let φ : F → F be the map φ(x) = xp.

(1) Prove that φ is a field automorphism.
(2) Show that φ is an element of Gal(F/Fp). Can you find its order?

D. Let L be the splitting field of x4 − 2 over Q. Find the complete labeled diagrams of intermediate fields F
between L and Q, as well as the corresponding labelled diagram G of subgroups of the Galois group. Indicate
the degree/index of each inclusion, and which are normal. Indicate the orbits of the Galois-group action on
each set.

E. Let V be a finite dimensional vector space over a field K, and let T : V → V be a linear transformation.

(1) Let f(x) =
∑d
i=0 aix

i be a polynomial in K[x]. Show that f(T ) is a linear transformation V → V ,

where by definition f(T )(v) =
∑d
i=0 aiT

i(v).
(2) Show that the set of all polynomials f(x) ∈ K[x] such that f(T ) is the 0-transformation forms an ideal

of K[x]. The unique monic generator for this ideal is called the minimal polynomial of T .
(3) Show that if the minimal polynomial of T has degree 1, then T is multiplication by some scalar in K.
(4) Show that if T has a basis of eigenvectors, then the minimal polynomial of T is Πd

i=1(x−λi), where the
λi range through the set of distinct eigenvalues of T .

(5) Find the minimal polynomial for the linear transformation given by multiplication by the matrix

(
1 1
0 1

)
on K2.

(6) Let T = d
dx be the linear transformation on the real vector space of polynomials (in one variable x) of

degree less than 5. What is the minimal polynomial of T .

F. Let K be a field containing all p-th roots of unity and let L be a normal extension of degree p (prime).

(1) Let η be any p-th root of unity other than 1. Show that the polynomial Gη(x) =
∑p−1
n=0 η

−nxn has roots
exactly ηi for all 0 ≤ i < p except i = 1.

(2) Prove the the ideal in K[x] generated by the polynomials Gη, as η ranges through the p− 1 non-trivial
roots of 1, is generated by (x− 1).

(3) Prove that if φ is a generator for the Galois group of L/K, then for some non-trivial p-th root of unity,
the linear transformation Gη(φ) 6= 0. [Hint: use the minimal polynomial introduced in Exercise E.]

(4) Prove that there exists β ∈ L \K and a non-trivial p-th root of unity such that
∑p−1
n=0 η

−nφn(β) 6= 0.
(5) Verify that you have a complete solution now to Problem B from Problem Set 10.

1Remember the Fundamental Theorem of Arithmetic!
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